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Preface 


In 2008, November 23-28, the workshop of “Classical Problems on Planar Polyno- 
mial Vector Fields ” were held in Banff International Research Station of Canada. 
So called “classical problems”, it concerns with the following: (1) Problems on inte- 
grability of planar polynomial vector fields. (2) The problem of the center stated by 
Poincaré for real polynomial differential systems, asks us to recognize when a planar 
vector field defined by polynomials of degree at most n possesses a singurality which 
is acenter. (3) Global geometry of specific classes of planar polynomial vector fields. 
(4) Hilbert’s 16th problem. 

These problems had been posed more than 110 years. Therefore, they are called 
“classical problem” in the studies of the theory of dynamical systems. 

The qualitative theory and stability theory of differential equations, created by 
Poincaré and Lyapunov at the end of the 19th century had major developments as 
two branches of the theory of dynamical systems during the 20th century. As a part 
of the basic theory of nonlinear science, it is one of the very active areas in the new 
millennium. 

This book presents in an elementary way the recent significant developments 
in the qualitative theory of planar dynamical systems. The subjects are covered 
as follows: The studies of center and isochronous center problems, multiple Hopf 
bifurcations and local and global bifurcations of the equivariant planar vector fields 
which concern with Hilbert’s 16th problem. 

We are interested in the study of planar vector fields, because they occur very of- 
ten in applications. Indeed, such equations appear in modelling chemical reactions, 
population dynamics, travelling wave systems of nonlinear evolution equations in 
mathematical physics and in many other areas of applied mathematics and mechan- 
ics. In the other hand, the study of planar vector fields has itself theoretical sig- 
nification. We would like to cite Canada’s mathematician Dana Schlomiuk’s words 
to explain this fact: “Planar polynomial vector fields and more generally, algebraic 
differential equations over the projective space are interesting objects of study for 
their own sake. Indeed, due to their analytic, algebraic and geometric nature they 
form a fertile soil for intertwining diverse methods, and success in finding solutions 
to problems in this area depends very much on the capacity we have to blend the 
diverse aspects into a unified whole.” 

We emphasize that for the problems of the planar vector fields, many sophisti- 
cated tools and theories have been built and still being developed, whose field of 
application goes far beyond the initial areas. In this book, we only state some im- 
portant progress in the above directions which have attracted our study interest. 
The materials of this book are taken mainly from our published results. 

This book is divided ten chapters. In Chapter 1 we provide some basic results in 
the theory of complex analytic autonomous systems. We discuss the normal forms, 
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integrability and linearized problem in a neighborhood of an elementary singular 
point. 

In order to clearly understand the content in Chapter 2~Chapter 10 for young 
readers, and to save space in the following chapters, we shall describe in more detail 
the subjects which are written in this book and give brief survey of the historic 
literature. 


I. Center-focus problem 


We consider planar vector fields and their associated differential equations: 


d d 
= = Xey) m -YG) (E) 
where X (zx, y), Y (x,y) are analytic functions or polynomials with real coefficients. If 
X, Y are polynomials, we call degree of a system (E), the number n = max(deg( X), 
deg(Y)). Without loss of generality, we assume that X (0,0) = Y (0,0) = 0, i.e., the 
origin O(0, 0) is a singular point of (E) and the linearization at the origin of (E) has 
purely imaginary eigenvalues. 

The origin O(0,0) is a center of (E) if there exists a neighborhood U of the 
origin such that every point in U other than O(0,0) is nonsingular and the orbit 
passing through the point is closed. In 1885, Poincaré posed the following problem. 

The problem of the center Find necessary and sufficient conditions for a 
planar polynomial differential system (E) of degree m to possess a center. 

'This problem was solved in the case of quadratic systems by Dulac who proved 
that all quadratic systems with a center are integrable in finite terms. Actually 
they could be shown to be Darboux integrable by the method of Darboux by using 
invariant algebraic curves. Similar results were obtained for some classes of cubic 
differential systems with a center. Darboux integrability is an important tool, al- 
though not the only one. The problem of the center is open for general cubic systems 
and for higher degrees. 

Poincaré considered the above problem. He gave an infinite set of necessary and 
sufficient conditions for such system to have a center at the origin. In his memoir 
on the stability of motion, Lyapunov studies systems of differential equations in n 
variables. When applied to the case n — 2, his results also gave an infinite set of 
necessary and sufficient conditions for system (E) with X,Y polynomials to have a 
center. (Actually, Lyapunov's result is more general since it is for the case where 
X and Y are analytic functions). In searching for sufficient conditions for a center, 
both Poincaré and Lyapunov's work involve the idea of trying to find a constant of 
the motion F(x,y) for (E) in a neighborhood U of the origin, where 


oo 


F(x,y) = $5 F(a, y), (1) 


k=2 


Fi is a homogeneous polynomial of order k and F is a positive definite quadratic 
form. If F is constant on all solution curve (a(t), y(t)) in U, we say that F is a first 
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integral on U of system (E). If there exists such an F which is nonconstant on any 
open subset of U, we say that system (£) is integrable on U. 

Poincaré and Lyapunov proved the following theorem. 

Poincaré-Lyapunov Theorem The origin of the polynomial (or analytic) 
system (E) is a center if and only if in an open neighborhood U of the origin, (E) 
has a nonconstant first integral which is analytic. 


Thus, we can construct a power series (1) such that 


dF 
ul. = VG +97)? + Vale? evy +--+ Vesu(t ey (2) 
(E) 
with V3, Vs,--- , Vor41,°+: constants. The first non-zero Vo441 give the asymptotic 


stability or instability of the origin according to its negative or positive sign. Indeed, 
stopping the series at Fk, we obtain a polynomial which is a Lyapunov function for 
the system (E). The Voi44's are called the Lyapunov constants. Some people also 
use the term focal values for them. In fact, Andronov et al defined the focal values 
by the formula v; = AC (0)/i!, where A® (po) is the ith-derivative of the function 
A(po) = P(po) — po, P is the Poincaré return map. The first non-zero focal value 
of Andronov corresponding to an odd number i = 2n + 1. It had been proved that 
the first non-zero Lyapunov constant Vzn+1 differs only by a positive constant factor 
from the first non-zero focal value, which is AC" (0). Hence, the identification in 
the terminology is natural. 

In terms of the V5;,4's, the conditions for a center of the origin become Voz41 = 
0, for all k = 1,2,3,---. Now V3, Vs,- ,Vox41,--- are polynomial with ratio- 
nal coefficients in the coefficients of X(r,y) and Y (x, y). Theoretically, by using 
Hilbert’s basis theorem, the ideal generated by these polynomials has a finite basis 
Bı, B2,--- , Bm. Hence, we have a finite set of necessary and sufficient conditions 
for a center, i.e., B; = 0 for i = 1,2,--- , M. To calculate this basis, we reduce each 
Vox 41 modulo < V3, V5,--- , Voy 4 >>, the ideal generated by V3, V5,--- , Vox 4. The 
elements of the basis thus obtained are called the Lyapunov quantities or the focal 
quantities. The origin is said to be an k-order fine focus (or a focus of multiplicity 
k) of (E) if the fist k — 1 Lyapunov quantities are 0 but the k-order one is not. 

The above statement tell us that the solution of the center-focus for a parti- 
cular system, the procedure is as follows: Compute several Lyapunov constants 
and when we get one significant constant that is zero, try to prove that the system 
obtained indeed has a center. Unfortunately, the described method has the following 
questions. 

(1) How can we be sure that you have computed enough Lyapunov constants? 

(2) How do we prove that some system candidate to have a center actually has 
a center? 

(3) Do you know the general construction of Lyapunov constants in order to get 
general shortened expressions for Lyapunov constants V3, V5,--- . 

In Chapter 2 we devote to give possible answer for these questions. 

In addition, we shall consider the following two problems. 
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Problem of center-focus at infinite singular point 


A real planar polynomial vector field V can be compactified on the sphere as fol- 
lows: Consider the x,y plane as being the plane Z = 1 in the space RÌ with 
coordinates X,Y,Z. The center projection of the vector field V on the sphere of 
radius one yields a diffeomorphic vector field on the upper hemisphere and also an- 
other vector field on the lower hemisphere. There exists an analytic vector filed 
p(V) on the whole sphere such that its restriction on the upper hemisphere has 
the same phase curves as the one constructed above from the polynomial vector 
field. The projection of the closed northern hemisphere H+ of S? on Z = 0 un- 
der (X,Y, Z) — (X,Y) is called the Poincaré disc. A singular point q of p(V) is 
called an infinite (or finite) singular point if q € S! (or q € S?/S'). The vector 
field p(V) restricted to the upper hemisphere completed with the equator is called 
Poincaré compactification of a polynomial vector field. 

If a real polynomial vector field has no real singular point in the equator Ts of 
the Poincaré disc and Tæ can be seen a orbit. All orbits in a inner neighborhood of 
Tx are spirals or closed orbits, then T ə is called the equator cycle of the vector field. 
T can be become a point by using the Bendixson reciprocal radius transformation. 
'This point is called infinity of the system. For infinity, there exists the problem of 
the characterization of center for concrete families of planar polynomial (or analytic) 
systems. In Chapter 5, we introduce corresponding research results. 


Problem of center-focus at a multiple singular point 


The center-focus problem for a multiple (degenerate) singular point is essentially 
difficult problems. There is only a few results on this direction before 2000. This 
book shall give some basic results in Chapter 6. 


II. Small-amplitude limit cycles created by multiple Hopf bifurcations 


So called Hopf bifurcation, it means that a differential system exhibits the phe- 
nomenon that the appearance of periodic solution (or limit cycle in plane) branching 
off from an equilibrium point of the system when certain changes of the parameters 
occur. Hopf's original work on this subject appeared in 1942, in which the author 
considered higher dimensional (greater than two) systems. Before 1940s, Andronov 
and his co-workers had done the pioneering work for planar dynamical systems. 
Bautin showed that for planar quadratic systems at most three small-amplitude 
limit cycles can bifurcate out of one equilibrium point. By the work of Andronov 
et al, it is well known that the bifurcation of several limit cycles from a fine focus 
is directly related with the stability of the focus. The sign of the first nonvanishing 
Lyapunov constant determines the stability of the focus. Furthermore, the number 
of the leading Va;41/s(i = 1,2,---) which vanish simultaneously is the number of 
limit cycles which may bifurcate from the focus. This is the reason why the inves- 
tigation of the bifurcation of limit cycles deal with the computation of Lyaponov 
constants. 

'The appearance of more than one limit cycles from one equilibrium point is called 
multiple Hopf bifurcation. How these small-amplitude limit cycles can be generated? 
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The idea is to start with a system (E) for which the origin is a k-th weak focus, 
then to make a sequence of perturbations of the coefficients of X (x,y) and Y (x, y) 
each of which reverses the stability of the origin, thereby causing a limit cycle to 
bifurcate. 

In Chapter 3 and Chapter 9 the readers shall see a lot of examples of systems 
having multiple Hopf bifurcation. 


III. Local and non-local bifurcations of Z,-equivariant perturbed planar 
Hamiltonian vector fields 


The second part of Hilbert's 16th problem deals with the maximum number H(n) 
and relative positions of limit cycles of a polynomial system 


dx 


A dy — 
dt nal Pa (x, y), dt = Qn(z, y), (En) 


of degree n, i.e., max(degP, degQ) = n. Hilbert conjectured that the number of limit 
cycles of (En) is bounded by a number depending only on the degree n of the vector 
fields. 

Without any doubt, the most famous one of the classical problems on planar 
polynomial vector fields is the second part of Hilbert’s 16th problem. This a doubly 
global problem: It involves the behavior of systems in the whole plane, even at 
infinity, and this for the whole class of systems defined by polynomials of a fixed 
degree n. Not only is this problem unsolved even in the case of quadratic systems, 
ie. for n — 2, but it is still unproved that the uniform upper bound of the numbers 
of limit cycles occurring in quadratic systems is finite. T'his in spite of the fact that 
no one was ever able to construct an example of a quadratic system for which more 
than four limit cycles can be proven to exist. 


n 
Let x, be the space of planar vector fields X = (P, = 5 aijt yI, Qn = 
i+j=0 


n 

5 bi jay?) with the coefficients (aij, bij) € B C RN, for0 <i+j <n, N= 
i+j=0 

(n 4- 1)(n +2). The standard procedure in the study of polynomial vector fields is 
to consider their behavior at infinity by extension to the Poincaré sphere. Thus, 
we can see (E,,) as an analytic N-parameter family of differential equations on S? 
with the compact base B. Then, the second part of Hilbert’s 16th problem may be 
splited into three parts: 

Problem A Prove the finiteness of the number of limit cycles for any concrete 

system X € x, (given a particular choice for coefficients of (E) i.e, 


HL.C. of (En)} < oc. 


Problem B Prove for every n the existence of an uniformly bounded upper 
bound for the number of limit cycles on the set B as the function of the parameters, 
i.e., 

Vn, V(aij, bij) € B,3H(n) such that #{L.C. of (E,)} € H(n), 


and find an upper estimate for H (n). 
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Problem C For every n and known K — H (n), find all possible configurations 
(or schemes) of limit cycles for every number K, K —i,i = 1,2,--- , K—1 respectively. 

Hence, the second part of Hilbert’s 16th problem consists of Problems A~Prob- 
lem C. 

The Problem A for polynomial and analytic differential equations are already 
solved by J.Ecalle [1992] and Yu.Ilyashenko [1991] independently. Of course, as S. 
Small stated that “These two papers have yet to be thoroughly digested by mathe- 
matical community". 

Up to now, there is no approach to the solution of the Problem B, even for n — 2, 
which seem to be very complicated. But there exists a similar problem, which seems 
to be a little bit easier. It is the weakened Hilbert's 16th problem proposed by 
Arnold [1977]: 

*Let H be a real polynomial of degree n and let P be a real polynomial of 
degree m in the variables (x,y). How many real zeroes can the function 


I(h) = J Pdady 
H&h 


have ? ” 

The question is why zeroes of the Abelian integrals [(h) is concerned with the 
second part of Hilbert's 16th problem ? 

Let H(z,y) be a real polynomial of degree n, and let P(x, y) and Q(z, y) be real 
polynomials of degree m. We consider a perturbed Hamiltonian system in the form 


dx OH dy OH 


di^ ny CO m hog 7G UD A), (Ex) 


in which we assume that 0 < £ < 1 and the level curves 
H(z,y) —h 


of the Hamiltonian system (Err)e—o contain at least a family Ij, of closed orbits for 
h € (hi, hà). 
Consider the Abelian integrals 


i) f Pay- Qa - f] (+3) dady. 


Poincaré-Pontrjagin-Andronov Theorem on the global center bifurcation 


The following statements hold. 

(i) If Z(h*) = 0 and I'(h*) F 0, then there exists a hyperbolic limit cycle Lp» 
of system (6.1) such that La» — Ia» as € — 0; and conversely, if there exists a 
hyperbolic limit cycle Lp» of system (Eg) such that La» — PIa» as € — 0, then 
I(h*) = 0, where h* € (hi, hg). 

(ii) If I(h*) = J'(h*) = I"(h*) = «T5 0(8*) = 0, and TUX(A*) Æ 0, then 
(Eg) has at most k limit cycles for & sufficiently small in the vicinity of Tp». 

(iii) The total number of isolated zeroes of the Abelian integral (taking into 
account their multiplicity) is an upper bound for the number of limit cycles of system 
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(Eg) that bifurcate from the periodic orbits of a period annulus of Hamiltonian 
system (Eg )e=0. 

'This theorem tells us that the weakened Hilbert's 16th problem posed by Arnold 
[1977] is closely related to the problem of determining an upper bound N(n,m) = 
N (n, m, H, P,Q) for the number of limit cycles in a period annulus for the Hamilto- 
nian system of degree n — 1 under the perturbations of degree m, i.e., of determining 
the cyclicity on a period annulus. Since the problem is concerned with the number 
of limit cycles that occur in systems which are close to integrable ones (only a class 
of subsystems of all polynomial systems). So that it is called the weakened Hilbert's 
16th problem. 

A closed orbit IT,» satisfying the above theorem (i) is called a generating cycle. 

To obtain Poincaré-Pontrjagin-Andronov Theorem, the problem for investigating 
the bifurcated limit cycles is based on the Poincaré return mapping. It is reduced 
to counting the number of zeroes of the displacement function 


d(h,&) = €Mi(h) + &? Ma(h) +---+e*My(h) +, 


where d(h,¢) is defined on a section to the flow, which is parameterized by the 
Hamiltonian value h. I(h) just is equal to Mi(h). The function M;(h) is called 
k-order Melnikov function. If J(h) = Mi(h) = 0, we need to estimate the number 
of zeroes of higher order Melnikov functions. The zeroes of the first nonvanishing 
Melnikov function My (h) determine the limit cycles in (Eg) emerging from periodic 
orbits of the Hamiltonian system (Ep )e. 

In Chapter 8, we discuss a class of particular polynomial vector fields: Z;-equivar- 
iant perturbed planar Hamiltonian vector fields, by using Poincaré-Pontrjagin- An- 
dronov Theorem and Melnikov's result. The aim is to get some information for the 
studies of the second part of Hilbert's 16th problem. 


IV. Isochronous center problem and periodic map 


Suppose that system (E) has a center in the origin (0,0). Then, there is a family of 
periodic orbits of (E) enclosing the origin. The largest neighborhood of the center 
entirely covered by periodic orbits is called a period annulus of the center. If the 
period of the orbits is constant for all periodic orbits lying in the period annulus of 
the origin, then the center (0,0) is called an isochroous center. It has been proved 
that the isochronous center can exist if the period annulus of the center is unbounded. 

If the origin is not an isochronous center, for a point (£,0) in a small neighbor- 
hood of the origin (0,0), we define P(£) to be the minimum period of the periodic 
orbit passing through (£,0). The study for the period function £ — P(€) is also very 
interesting problem, since monotonicity of the period function is a non-degeneracy 
condition for the bifurcation of subharmonic solutions of periodically forced inte- 
grable systems. 

The history of the work on period functions goes back at least to 1673 when 
C. Huygens observed that the pendulum clock has a monotone period function and 
therefore oscillates with a shorter period when the energy is decreased, i.e., as the 
clock spring unwinds. He hope to design a clock with isochronous oscillations in order 
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to have a more accurate clock to be used in the navigation of ships. His solution, the 
cycloidal pendulum, is perhaps the first example of nonlinear isochronous center. 

In the last three decades of the 20th century, a considerable number of papers 
of the study for isochronous centers and period maps has been published. But, for 
a given polynomial vector field of the degree is more than two, the characterization 
of isochronous center is still a very difficult, challenging and unsolved problem. 

In Chapter 4, we introduce some new method to treat these problems. 

Except the mentioned seven chapters, we add three chapters to introduce our 
more recent study results. 

In Chapter 7, we consider a class of nonanalytic systems which is called “quasi- 
analytic systems”. We completely solve its center and isochronous center problems 
as well as the bifurcation of limit cycles. 

In Chapter 8, as an example, for a class of Z2-symmetric cubic systems, we give 
the complete answer for the center problem and the bifurcations of limit cycles. We 
prove that this class of cubic systems has at least 13 limit cycles. 

In the final chapter (Chapter 10), we study the center-focus problem and bifur- 
cations of limit cycles for three-multiple nilpotent singular points. The materials are 
taken by our recent new papers. 

We would like to cite the following words written by Anna Schlomiuk in 2004 
as the finale of this preface: “Planar polynomial vector fields are dynamical sys- 
tems but to perceive them uniquely from this angle is limiting, missing part of their 
essence and hampering development of their theory. Indeed, as dynamical systems 
they are very special systems and the prevalent generic viewpoint pushes them on 
the side. This may explain in part why Hilbert’s 16th problem as well as other prob- 
lems are still unsolved even in their simple case, the quadratic one. But, Poincaré’s 
work shows that he regarded these systems as interesting object of study from sev- 
eral viewpoints, and his appreciation of the work of Darboux which he qualifies as 
‘admirable’ emphasizes this point. This area is rich with problems, very hard, it 
is true, but exactly for this reason an open mind and a free flow of ideas is neces- 
sary. It is to be hoped that in the future there will be a better understanding of 
this area which lies at a crossroads of dynamical systems, algebra, geometry and 
where algebraic and geometric problems go hand in hand with those of dynamical 
systems.” 

The book is intended for graduate students, post-doctors and researchers in dy- 
namical systems. For all engineers who are interested the theory of dynamical sys- 
tems, it is also a reasonable reference. It requires a minimum background of an 
one-year course on nonlinear differential equations. 

The publication of this book is supported by the research foundation of the Center 
for Dynamical Systems and Nonlinear Scienu Science Studies given by Zhejiang Nor- 
mal University. The work described in this book is supported by the grants from the 
National Natural Science Foundation of China (11371373,11071222 and 11261013). 
The third author would like to thank the support by Guangxi Key Laboratory of 
Trusted Software in Guilin University of Electronic Technology and Guangxi Educa- 
tion Department Key Laboratory of Symbolic Computation and Engineering Data 
Processing in Hezhou University. 
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Chapter 1 


Basic Concept and Linearized Problem of 
Systems 


In this chapter, we discuss the normal forms, integrability and linearized problem for 
the analytic autonomous differential system of two variables in a neighborhood of an 
elementary singular point. In addition, we give the definition of the multiplicity for a 
multiple singular point and study the quasi-algebraic integrals for some polynomial 
systems. 


1.1 Basic Concept and Variable Transformation 


Consider the following two-order differential equations 


^ = X(n9) 2 = Y (z, y). (1.1.1) 
When z, y, t are real variables, X (x, y), Y (x,y) are real functions of x and y, we say 
that system (1.1.1) is a real autonomous planar differential system, or (X,Y) isa 
real planar vector field. When z, y, t are complex variables and X (x,y), Y (v, y) are 
complex functions of « and y, we say that system (1.1.1) is a two-order complex 
autonomous differential system. 

When the functions X(x, y), Y (x,y) are two polynomials of x and y of degree n, 
system (1.1.1) is called a polynomial system of degree n. It is often represented by 
(En). 

If the functions X (x, y), Y (x,y) can be expanded as a power series of x — a and 
y — yo in a neighborhood of the point (zo, yo) with non-zero convergent radius, then 
system(1.1.1) is called an analytic system in a neighborhood of (xo, yo). 

If system (1.1.1) is real and analytic in a neighborhood of (xo, yo), then, we can 
see z, y, t as complex variables in this small neighborhood to extend system (1.1.1) 
to complex field. 

We next assume that X(z, y), Y (x,y), F(x, y) is continuously differentiable in a 
region D of the (a, y) real plane (or (x,y) complex space). 
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Along the orbits of system (1.1.1), the total derivative of F in D is given by 


dF 
dt 


= eg (1.1.2) 
(1.1.1) y 


= 0 in D, then F is called a 
(1.1.1) 


dF 
If F(x,y) is not constant function and — 


first integral of (1.1.1) in D. 

If M(x,y) is a non-zero function in D and 

O(MX) O(MY) _ 

t» $^ 8 (1.1.3) 
in D, we say that M is an integral factor of (1.1.1) in D. On the other hand, if M^! 
is an integral factor of (1.1.1) in D, we say that M is an inverse integral factor of 
(1.1.1) in D. 

If X(xo,yo) = Y(xo,yo) = 0, the point (ao, yo) is called a singular point or 
equilibrium point of (1.1.1). Otherwise, (zo, yo) is called an ordinary point of (1.1.1). 

When (xo, yo) is a singular point of (1.1.1) and xo, yo are real, we say that (xo, yo) 
is a real singular point. Otherwise, (ro, yo) is a complex singular point. 

If (ao, yo) is a unique singular point in a neighborhood of the singular point 
(zo, yo) of (1.1.1), we say that (xo, yo) is an isolated singular point of (1.1.1). In 
this case, if 

OX OY  0YOX 
gn = ML uM #0, (1.1.4) 
L=£0,Y=Yo 
then, (xo, yo) is called an elementary singular point. Otherwise, it called a multiple 
singular point. 
Suppose that the functions 


u = (x,y), v = y(x, y) (1.1.5) 


are continuously differentiable in D and when (x,y) € D, (u,v) € D'. Write that 


ðu ðu Ox Ox 

|| Ox Ody _| du dv 
J= w a |” h= By aN (1.1.6) 

Ox Oy ðu Ov 


If for all (x,y) € D, Jı is bounded and Jı Z 0, we say that (1.1.5) is a non-singular 
transformation in D. 

Clearly, if (1.1.5) is non-singular in D, then, for all (x,y) € D, JiJ2 = 1. 

It is easy to prove the following two conclusions by using the chain rule. 
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Proposition 1.1.1. Suppose that the functions X(x,y), Y (x,y), M(x,y) are 
continuously differentiable in D and (1.1.5) is a non-singular transformation. Under 
(1.1.5), system (1.1.1) becomes 


— = U(u, v), a^ V (u, v). (1:1:7) 


Then, for all (x,y) € D and any continuously differentiable function F(x, y), 


dF 
dt 


_ dF 
—. dt 


(1.1.8) 


(1.1.1) (1.1.7) l 


Proposition 1.1.2. Under the conditions of Proposition 1.1.1, in addition, if the 
functions p(x, y), w(x, y) are two-order differentiable in D, then, for all (x,y) € D, 


AX) 0(AhY) , (a av 
a ^w. CA a) (1.1.9) 
O(JoU)  O(ÀV)  ,f8X ƏY 
m b. cu HI (1.1.10) 
For system 
da d 
= = M(2,9)X (z9) = MG) (2,9) (1.1.11) 


by Proposition 1.1.2, we have 


Proposition 1.1.3. Under the conditions of Propositions 1.1.1 and 1.1.2, for 
all continuously differentiable function M (x, y) in (x,y) € D, 


AMX) AMY) _ , [A(MU) , 8(MV) 

m pe E (1.1.12) 
O(JoMU) (JMV) |, [A(MX) , &(MX) 
mc bxc ee a (1.1.13) 


By the above proposition, we obtain 


Proposition 1.1.4. Under the conditions of Propositions 1.1.1 and 1.1.2, If 
M(x,y) is an integral factor of (1.1.1) in D and M(x,y) is continuously differen- 
tiable, then, Jo M is an integral factor of (1.1.7) in D’. 


1.2 Resultant of the Weierstrass Polynomial and Multiplicity 
of a Singular Point 


In this section, we first study the resultant of Weierstrass polynomials. By using their 
properties, we give the definition of multiplicity of singular points. For a multiple 
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singular point, we investigate its division and composition from some simple singular 
points. 
Suppose that 


P(x,y) = po(x)y™ + v1(x)y 
Q(x, y) = vo(z)y" + Va (x)y"7* +--+ + vs (a), (1.2.1) 


are two polynomials of y, where m and n are two positive integers, qi (x), vi (x) are 
power series of x with non-zero convergent radius, x and y are complex variables. 
In addition, co(z)vo(x) is not identically vanishing, 


Definition 1.2.1. The following (n + m)-order determinant 


Res(P, Q, y) 
Yo Q1 * moe eee eee Ym 
Yo Q1 PE TY ... aaa Pm merous 
Yo Q1 eee one eee Ym 
1.2.2 
dee E (1.2.2) 
Vo Vi co > Yn 
oe eae eae see mM rows 
Wo V1 ad PET Wn 
is called the resultant of P(x,y) and Q(x, y) with respect to y. 
Definition 1.2.2. Write that 
H(z,y) = y" + ha(z)y" 7 + ha(z)y" ^ +- + Rm(2), (1.2.3) 
where m is a positive integer, hi (x), k = 1,--- , m, are power series of x with non- 
zero convergent radius. If 
h;(0) = ha(0) = ++ = hm(0) =0, (1.2.4) 


we say that H(x,y) is a Weierstrass polynomial of degree m of y. 


Definition 1.2.3. Let U(x,y) be a power series of x,y with a non-zero con- 
vergent radius and U(0,0) = 1. We say that U(a,y) is an unitary power series of 
p. 


Definition 1.2.4. Let f(z) be a power series of z with a non-zero convergent 
radius, q be a positive integer. If f(0) — 0, we say that x — 0 is an algebraic zero 
of the function f(x’). If there is a positive integer p, such that f(x) = cpx? + o(a?) 
and Cp #0. Then, "I is called the first term of f(x). 
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By the theory of the algebraic curves, we know that 


Theorem 1.2.1. Let 
Pis a TIC y—fr(z)), Q(my (x) [[@- 9;(« (1.2.5) 
k=1 
Then, 


Res(P, Q, y) = vo (2) Wr" (x H Ho — 9;(z)) 


= 5 () [[ Qa, fea) = CDa) D [ Pe 95(@)). (1.2.6) 


Theorem 1.2.2. Let Ap(x) be the algebraic cofactor of (1.2.2) with the k-row 
and the (m+n)-column, Bj(x) be the algebraic cofactor with cone -row and (m-+n)- 
column, k = 1,2,--- n, j =1,2,---,m. Then 

Res(P, Q, y) = A(z, y)P(z, y) + B(x, y) Q(z, y): (1.2.7) 
where 
A(z, y) = A, (ny hr A»(z)y^? sp ees Ag (x), 
B(z,y) = By(x)y™"* + B(z)y" 7? +--+ + Bm(2). (1.2.8) 


Theorem 1.2.3 (Weierstrass preparatory theorem). Let F(x,y) be a power 
series of x,y with a non-zero convergent radius. If there exists a positive integer m, 
such that 

F(0,y) = cmy™ +h.o.t., Cm #9, (1.2.9) 


where h.o.t. stand for the high order terms. Then, there is a unique Weierstrass 
polynomial H(x,y) of y with the degree m and an unitary power series U(a,y), such 
that in a small neighborhood of the origin 


F(a,y) = cmH (a2, y)U (a, y). (1.2.10) 


Theorem 1.2.4. Under the conditions of Theorem 1.2.3, there exist two positive 
number a4 and a2, such that when |x| < o1, F(a, y) as a function of y, it has exactly 
m complex zeros y = f(x) inside the disk |y| < o2, where f, (0) = 0 and x = 0 is 
an algebraic zero of fy(x), k = 1,2,--- ,m 

Corollary 1.2.1. If H(x,y) is a Weierstrass polynomial of y with the degree 
m, then, there exist m functions fi(z), falx), , fo. (x), for which x = 0 is their 
algebraic zero, such that in a small neighborhood of the origin, 


m 


H(x,y) = | [U - fe(2)). (1.2.11) 


k=1 
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Corollary 1.2.2. Let F(x,y) be a power series of x,y with a non-zero convergent 
radius. If there exist an integer m, such that 


| OF™-1(0,0) OF" (0, 0) 


ise ir NN = ——_— : 1.2.12 
Oy Oy™—1 0, Oy™ E 0 ( ) 


Then, the implicit function equation 
F(x,y)=0, yļlz=0=0 (1.2.13) 


has exactly m complex solutions y = f(x) in a small neighborhood of the origin and 
x =0 is an algebraic zero of f(x), k = 1,2,--- ,m. 


We know consider the multiplicity of singular point for the complex autonomous 


differential system: 
dx dy — 


— = F = 
di 12, y), a 


where F(x, y) and F(a, y) are power series of x, y with a non-zero convergent radius, 
F1(0,0) = F2(0,0) = 0. Suppose that O(0, 0) is an isolated singular point of (1.2.14). 
Without loss of generality, we assume that F (0, y) 4 0. Hence, there is an integer 


F(x, y), (1.2.14) 


m, such that 
F\(0,y) = amy" + h.o.t., Am #0. (1.2.15) 


By Theorem 1.2.3 and Corollary 1.2.1, in a small neighborhood of the origin, Fi (x, y) 
has the form as follows: 


m 


F(a, y) = amı (x, y)Ui(@,y) = aUi, y) [TY — fe(a)), (1.2.16) 
k=1 


where 


Es 


Hi(z,y) = | [G — f(x) (1.2.17) 


k=1 


is a Weierstrass polynomial of y of degree m. x = 0 is an algebraic zero of fi (x). 
U(x, y) is a unitary power series of x, y. 
Consider the function 


R(x) = | [ (v. fi (2). (1.2.18) 
k=1 


Lemma 1.2.1. Let the origin be an isolated singular point of (1.2.14). Then 
there is an integer N > 0, such that 


R(x) = Az" + o(2%), AO. (1.2.19) 
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Proof. We can write that 
Fo(a, y) = x° Fy (a, y), (1.2.20) 
where F(x, y) is a power series of x, y with a non-zero convergent radius and F2(0, y) 
is not identically vanishing. Consider the following two cases. 
1. Suppose that F>(0,0) 4 0. Since F2(0,0) = 0, so that, s is a positive integer. 
(1.2.18) and (1.2.20) follow that 


R(x) = F"(0,0)a°™ + o(a°™). (1.2.21) 


By (1.2.21), when F2(0,0) 4 0, the conclusion of Lemma 1.2.1 holds. 
2. Suppose that F2(0,0) = 0. Since F2(0,y) is a non-zero function, thus, there 
is an integer n > 0, such that 


F3(0,y) = bnz” + h.ot., bn #0. (1.2.22) 


By Theorem 1.2.3 and Corollary 1.2.1, in a small neighborhood of the origin, F»(z, y) 
can be written as 
F(a, y) = b, Ho(ax, y)U2(a, y). (1.2.23) 


where Ho(x,y) is a Weierstrass polynomial of y with the degree n and Us(x, y) isa 
unitary power series of z, y. By (1.2.18), (1.2.20) and (1.2.23), we know that 


R(x) = ba" M (a) II Ha(z, fy(2)), (1.2.24) 
where m B 
M(x) = | [| V(x, fe(x)) = 14 o(1). (1.2.25) 
By Theorem 1.2.1, € 
ID f(a) = Res( H1, Ho, y) (1.2.26) 


is a power series of x with a non-zero convergent radius. Because the origin is an 
isolated singular point of (1.2.14), it follows that Res(H1, H», y) is not zero function. 
By (1.2.24), (1.2.25) and (1.2.26), when £5(0,0) = 0, the conclusion of Lemma 1.2.1 
is also holds. L1 


Definition 1.2.5. Suppose that the origin is an isolated singular point of (1.2.14). 
Fi(x,y) is given by (1.2.16), where for all k,x = 0 is an algebraic zero of f(a) and 
Ui(x,y) is a unitary power series of z,y, Gm #0. If there is a positive integer N, 
such that 


R(x) = | [| (s. fa(w)) = Az" + o(s*), AZO, (1.2.27) 


then the origin is called a N-multiple singular point of (1.2.14). N is called the 
multiplicity of the origin. 
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In the theory of algebraic curves, there is the definition of the crossing number 
of two curves. We see from Definition 1.2.5 that if the origin is an isolated singular 
point of (1.2.14) and Fi(xz, y), F(x, y) are polynomial of x,y, then, the multiplicity 
of the origin is the same as the crossing number of the two curves of Fi(r,y) = 0 
and P5(z,y) = 0. 

How to determine the multiplicity of a singular point? The following examples 
give some results. 

Consider the following autonomous analytic system in a neighborhood of the 


origin: 
dx = 
= Yo Gua) = Xs y) 
k=m 
dy 
k=n 


where m, n are integers, for all k, X,(x,y), Yz(z, y) are homogeneous polynomials of 
degree k of x,y. In addition, X,,(x, y)Y, (x, y) is not identically vanishing. 


Theorem 1.2.5. If Xm(a,y) and Y,(x,y) are irreducible, then the origin is a 
mn-multiple singular point of (1.2.28). 


Proof. Since Y, (s, 1) is a polynomial of degree n, so that, there is a complex number 
s such that Y, (s, 1) Z 0. By the transformation 


€=x2-sy, n=y (1.2.29) 


(1.2.28) becomes 


E L XE + onn) - Y m) = X9). 
Em = Y(E& 5n) = X Yel, n) = Y(6n). (1.2.30) 


Notice that Y (0, n) = Yn(s, 1)g" + o(g"). We can write 
Y, (£v) DIT n — An€). (1.2.31) 


By Corollary 1.2.2 and (1.2.30), in a neighborhood of the origin, the implicit function 
equation 

Y(&m) =0, nle=o = 0 (1.2.32) 
has exact n solutions n = fx(€) = Aké + o(£), k — 1,2,--- ,n. Denote Xp(E,7) = 
Xml€E + ST] n), then 
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TL 


II X fe@©) = [] XE  sf«(5. fE) 
k=1 k= 
= [ | Xx«( 56 X6) + o(e""7) 
= [| Xin(é, « «e"7) 


= TI «(1 £7" + of). (1.2.33) 


II Xna, Ax) 40 (1.2.34) 
k=1 
Thus, (1.2.33) follows the conclusion of Theorem 1.2.5. o 


Obviously, by this theorem, the multiplicity of an elementary singular point is 1. 
In addition, by Definition 1.2.5, we have 


Theorem 1.2.6. Suppose that 
F(x,y) = az + by + h.o.t., Fə(x,y) = cx + dy + h.o.t., bÆ0. (1.2.35) 
If y = f(x) is the unique solution of the equation 
Fy(z,y) =0, yla=o = 0, (1.2.36) 
then, when F(x, f(x)) = 0, the origin is not a isolated singular point of (1.2.14). 
When Fo(a, f(x)) = Az + o(x"), where N is a positive integer, A £ 0, the origin 
is a N-multiple singular point of (1.2.14). 


Consider the polynomial system 
dx m 
dt = 3 Xr(z,y) = Am, y), 


d TL 
= = X_ Veg) =n eh), (1.2.37) 
k=l 


where m,n are positive integers, X(x, y), Yk (x, y) are homogeneous polynomials of 
degree k. Xm(x, y) and VYn(x, y) are irreducible. 

By Definition 1.2.5 and Bezout theorem in the theory of algebraic curves, we 
obtain 


10 Chapter 1 Basic Concept and Linearized Problem of Systems 


Theorem 1.2.7. The sum of multiplicities of all finite singular points of (1.2.37) 
is less than mn or equals to mn. 


In addition, we have 
Theorem 1.2.8. If 
Xm(o,y) =ay™, Yn(0,y) = by", ab#0 (1.2.38) 
and Res(X¥m, Ym, y) = Az" + o(xN), A #0, then, the origin of (1.2.37) is a N- 


multiple singular point. 


Finally, we investigate the division and composition of the singular points. Take 
m =n. We consider the perturbed system of (1.2.37): 


OS ew He 
k=1 


= z,y) + Yn(z,y,£). (1.2.39) 
where 


(£, Y, E e Ekj ry, W(x, y,€ => euh Eyi, (1.2.40) 
k+j=0 k+j=0 
for all k, j, £kj, kj are small parameters. & stands for a vector consisting of all 
£k; Ej: 

We have the following conclusions. 

Theorem 1.2.9. Suppose that when £ = 0, two functions of the right hands of 
(1.2.39) are irreducible and the origin is a N-multiple singular point of (1.2.39)... 
Then, there exist two positive numbers ro and £o, such that when |e| < £o, the sum of 
multiplicities of all singular points of (1.2.39) in the region |x| < ro, |y| < ro is exact 
N. In addition, the coordinates of these singular points are continuous functions of 
€. When £ — 0, these singular points attend to the origin. 

By choosing the parameters of ®,(x,y,¢) and V,,(x,y,¢), system (1.2.39) can 
have exactly N complex elementary singular points. 


1.8 Quasi-Algebraic Integrals of Polynomial Systems 


In this section, we consider the polynomial system of degree n as follows: 


-Yea- As (o, y); 


^ = Ys y) = Ying). (1.3.1) 
k=0 


1.3 Quasi-Algebraic Integrals of Polynomial Systems 11 


In [Darboux, 1878], the author first studied systematically the invariant algebraic 
curve solutions of (1.3.1) and gave a method to construct first integrals and integral 
factors of (1.3.1), by using finitely many invariant algebraic curve solutions. 


Definition 1.3.1. Let f(x, y) be a nonconstant polynomial of degree m. If there 
is a bounded function h(x,y), such that 


df _ Of af E 
dign Bq m9) a, ED) =h(x,y) f(x,y), (1.3.2) 


then, f = 0 is called an algebraic curve solution of (1.3.1). The polynomial f is 
called an algebraic integral of (1.3.1). The function h is called a cofactor of f. 


Clearly, we see from (1.3.2) that the following conclusion holds. 


Proposition 1.3.1. If f is an algebraic integral of (1.3.1), then the cofactor h 
of f is a polynomial of degree at most n — 1. 


In [Liu Y.R. etc, 1995], the authors developed Darboux's results to that f is not 
polynomial. They defined a quasi-algebraic integral of (1.3.1). We next introduce 
their main conclusions. 


Definition 1.3.2. Suppose that f(x,y) is a continuously differentiable noncon- 
stant function in a region D. If there is a polynomial h(x,y) of degree at most n — 1, 
such that (1.3.2) holds in D. We say that f(x,y) is a quasi-algebraic integral of 
(1.3.1) in D. 


It is easy to see that an algebraic integral must be a quasi-algebraic integral. 


Example 1.3.1. Obviously, the quintic system 


^ = y z(z^ +y’ — 1}, 
E =2+y(2? +y -1» (1.3.3) 


has the following quasi-algebraic integrals: 


fes axa!t-i, f=, 
f — r2 L y?, fa — earctan z, 
fs =x + iy, fe = 2 — iy. (1.3.4) 
They satisfy 
dfi. 
x = hi (x,y) fk(z, y), k = 1,2, 3,4,5,6, (1.3.5) 


12 Chapter 1 Basic Concept and Linearized Problem of Systems 


where for all k = 1 — 6, hy(x,y) are as follows: 


hy = 2(z? +y?) (a? + y? — 1), ha = —2(x? + ?), 


hg = 2(z? + y? — 1y?, ha — 1, 
hg = (z? +47 — 1)* +3, he = (£? + y? — 1)? — i. (1.3.6) 
Because 
hy + ha — ha + 2h4 = 0, (1.3.7) 


by (1.3.5) and (1.3.7), (1.3.3) has the first integral 


F = fifefs fi = constant, (1.3.8) 
which satisfies 
dF 
UTE = (hi + hə — ha + 2h4)F — 0. (1.3.9) 
dt (3.3) 
Definition 1.3.3. Let fi, fo, :--, fm be m quasi-algebraic integrals of (1.3.1). 
If there exists a group of complex number ay, 03, +++, Am, such that fj^ f2? +++ far 
is identically equal a constant, then, fi, fo, **-, fm is called dependent. Otherwise, 
fi, fo, +++, fm is called independent. 


For example, in (1.3.4), we have that fs fe = fs and fsfg | = f?', hence, fs, fs, fe 
and f4, fs, fa are dependent, respectively. 


Theorem 1.3.1. The first integral F and the integral factor M of (1.3.1) are 
quasi-algebraic integrals of (1.3.1). 


Proof. By the definition of the first integral, a first integral of (1.3.1) in a region 
must be a quasi-algebraic integral of (1.3.1). 
Let M is an integral factor of (1.3.1) in a region. Then, we have 
OM %X,)  O(MY,,) 


EE EE EUN 
a WE 0, (1.3.10) 


i.e. 


OM M Xn n 
An + : Yn 2 + om 
Ox Oy 


2 —= M — O0. 1.3.11 
Ox Oy ) i oo 


It follows that 
dM 


dt 


OXn c) 
——[(——--——|M. (1.3.12) 
(1.3.1) ( Ox Oy 


This implies that M is a quasi-algebraic integral of (1.3.1). L1 
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Theorem 1.3.2. Suppose that fi, fo, ---, fm are m independent quasi-algebraic 
integrals of (1.3.1) satisfying 
d, 
dfi EE. PST Bosse dit (1.3.13) 
dt [(.3.1) 
Then, for any group of non-zero complex numbers o4, a2, +++, Am, the function 
ffe fam is also a quasi-algebraic integral of (1.3.1) satisfying 
df 
— = (aihı F ash» +--+ aih 4 Oma )f. (1.3.14) 
dt (1.3.1) 


We know from the above theorem that 


Theorem 1.3.3. Suppose that fi, fa, >>, fm are m independent quasi-algebraic 
integrals of (1.3.1) satisfying (1.3.13). If there is a group of non-zero complex num- 
bers 04, 02, +++, Am, such that 


ayhy t ah» [see ayh, t Oy hy, = 0. (1.3.15) 


Then, f = fp fs? --- fom is a first integral of (1.3.1). 
By using Theorem 1.3.2 and (1.3.12), we obtain 


Theorem 1.3.4. Suppose that fi, fo, >>, fm are m independent quasi-algebraic 
integrals of (1.3.1) satisfying (1.3.13). If there is a group of non-zero complex num- 
bers 04, 02, +++, Am, such that 


OX, OVa 
arly agli +--+ ashy + amhin = - ( a 2). 


-— 1.3.16 
Ox Oy ( ) 
Then, f = fF f3? --- fg are an integral factor of (1.3.1). 

1 2 m 


Because the set of all polynomials of degree n—1 forms a linear space of dimension 
n(n + 1)/2. Every polynomial of degree n — 1 is a vector of this linear space. Thus, 


by Theorem 1.3.2 and Theorem 1.3.3, if fi, fo, ---, fm are m independent quasi- 
algebraic integrals of (1.3.1) satisfying (1.3.13), then 
1. If hy, h2, ---, hm are linear dependent, then, by using fi, fo, ---, fm, we can 
construct a first integral of (1.3.1); 
2. If hy, h2, ---, hm are linear independent and 
OX. | OY, 
hy, ho,-++ , hm, —— + —— 
15/52, , a dy 
are linear dependent, then, by using fi, f2, ---, fm, we can construct an integral 


factor of (1.3.1). 
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For a given polynomial system, we hope to know that under what parametric 
conditions, it has a quasi-algebraic integral and we wish to get more quasi-algebraic 
integrals. In principle, if there exists an algebraic integral of (1.3.1) which satis- 
fies (1.3.2), then, we can obtain f and h, by using the method of undetermined 
coefficients. Letting 


m n—1l 
f= Ww oque h= NO duty (1.3.17) 
k+j=0 k+j=0 


and substituting (1.3.17) into (1.3.2), comparing the coefficients of the corresponding 
terms in the two sides of obtained representation, it gives rise to a linear system of 
algebraic equations with respect to Ckj, dk j,k, j = 1,---. Solving this system, it 
follows f and h. 

Unfortunately, generally, we do not know the existence and its degree m of an al- 
gebraic integral f for a given polynomial system. This is a difficult classical problem 
in the theory of the planar dynamical systems. 

We next discuss some special cases. 


Consider the following polynomial system of degree n + m: 


dx dy 

dt = G(x) Xn (x, y), di = Varm tY), (1.3.18) 
where 1 <k <m, 

Gy(z) = ao c ayz +-+ + apa", ak #0 (1.3.19) 


Because a polynomial of degree k has exact k complex roots. We have the 
following conclusion. 


Proposition 1.3.2. If x = xo is a simple zero of Gy (x), then, system (1.3.18) 
has a quasi-algebraic integral f = x — zo. If x = xo is a j-multiple zero of G(x), 
then, system (1.3.18) has j independent quasi-algebraic integrals as follows: 


1 1 1 
fı =£- To, fo=er-*, fa =e, ---, fj cem, (1.3.20) 


Proposition 1.3.3. The system 


dx dy 
has the following m independent quasi-algebraic integrals 


m 


fie, fo=e™, +, fm=e. (1.3.22) 
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Proposition 1.3.4. Suppose that system (1.3.1) is real and f = fi + ifo is a 
quasi-algebraic integral of (1.3.1) satisfying 


= (hi + ih3)f, (1.3.23) 


where fı and fa are two real non-zero functions, hy and hg are real coefficient poly- 
nomials. Then, f = fı — ifa, fa = ff and fa = f'f-* are quasi-algebraic integrals 
of (1.3.1) respectively satisfying 


er = (hi — tha)f, 
dt | (4.3.1) 
d 
4h — 2hi fs, 
(1.3.1) 
d 
da ccm (1.3.24) 
dt | (1.3.1) 


Example 1.3.2. Consider the following real quadratic system 


dx 


d 
= 79 — (1 + by). (1.3.25) 


= —y + ôx + lx? + may + ny’, di 


This system has the following quasi-algebraic integral 


_f G+by)?, ifbz0, 
[= { " if b=0. (1.3.26) 


$ as b — 0. 


where e" is a limit function of (1 + by) 
1.4 Cauchy Majorant and Analytic Properties in a 
Neighborhood of an Ordinary Point 


For the complex differential equations, in order to investigate the convergence of 
a solution of the power series, Cauchy posed the classical majorant method. It 
provided an important tool. In this section, we introduce this method. 


oo oo 
Definition 1.4.1. Let f — 5 cagz^y^ and F = 5 Caga^yP be two 
o 8-0 ar 8—0 
power series of x,y, where x,y are complex variables and for all a, 8 € N, Cag are 
complex coefficients, Cag are non-negative real numbers. If Vo, B, the inequalities 
lcag| € Cag hold, then, F is called a majorant of f, denoted by f < F or F > f. 


Proposition 1.4.1. Suppose that fi, f2, F1, F5 are power series of x,y. Fi, Fə 
have non-negative real coefficients and non-zero convergent radius. If fi < Fi, 
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fo < Fh, then, fi, fo also have non-zero convergent radius and 


htf ~ M+, fife <~ MF, 
05 | 0h dh jh 
Oz Oz’ Ow Ow’ 


n < m n < n (1.4.1) 


In addition, if f1(0,0) = F1(0,0) = 0, then 


1 1 ns 
———— —95À Moa 1.4.2 
1f 1- Fi 2. t e) 


oo 
Suppose that f — 5 capa? y? has a non-zero convergent radius. By Cauchy 
a+8=0 
inequality, there are positive numbers M, r, such that 


Icag| € IP (1.4.3) 
From (1.4.3) and (1.4.2), we have 
Proposition 1.4.2. If f = 5 Cog? y? has a non-zero convergent radius, 
acr 8-0 
then, there exist positive numbers M,r, such that 
M M 
Í < ————— s ———. (1.4.4) 
moe 
T T T 
Proposition 1.4.3. If f = »» cag y? has a non-zero convergent radius, 
ar 8-0 
then, there exist positive numbers M,r, such that for any positive integer m, 
oo M m 
p» cagx? y" < ai aa : (1.4.5) 
a+B=m r (r es y) 
Proof. By (1.4.3), for any positive integer k, we have 
a, ; k 
V^ egy «MY LU 2 uw (=) (1.4.6) 
a+B=k a+B=k T7 g 
Thus, 
~ e(ztyy — M(rry" 
5 Capt y? < MM ——— | = —— B (1.4.7) 
Mice eed r rm—l(r — g — y) 
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We next discuss the analytic properties of the solutions of system (1.1.1) in a 
neighborhood of an ordinary point. Suppose that the right hand of (1.1.1) are 
analytic in a neighborhood of (zo, yo) and (xo, yo) is an ordinary point of (1.1.1). 
We can see (zo, yo) as the origin. Consider system 


dx 
— = ao + a," + azy + h.o.t., 


dt 
dy 
where 
|ao| + |bo| £ 0. (1.4.9) 


Since the origin is an ordinary point of (1.4.8). Cauchy proved the following result. 


Theorem 1.4.1. If ao #0, then system (1.4.8) has a unique power series solu- 
tion with the initial condition y(0) — 0 as follows: 


y= as, (1.4.10) 
k=1 


which has non-zero convergent radius. 


By using the non-singular linear transformation 


u = —boz--agy, v= —Gox — boy, (1.4.11) 
system (1.4.8) becomes 
= Uu.) = Y orlu) 
dt = u, vj = (ku JU 
k=0 
dv = k 
g7 ATV (u,v) = -A+ 2 oov (1.4.12) 


where for all k, «i (u), vi (u) are power series of u and 


A= lao]? + [bo]? 0, 
U(0,0) = yo(0) =0, V(0,0) = vo(0) = 0. (1.4.13) 


oo 
Definition 1.4.2. Let f — 5 Capt” yf be power series of x,y. If we do not 
a+B=0 
consider the convergence of f, then f is called a formal power series of x,y. 
If f(x,y) is a formal power series of x,y and f(0,0) = 1, then f is called a 
unitary formal power series of x, y. 
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Let {Ca,,6, } for some k be a subsequence of {cag}, then b» Car B2 YF is called 
a subseries of f. 

For two formal series, when we make the algebraic operations and analytic op- 
erations of term by term, if we do not consider their convergence, these operations 
are called the formal operations. 


Definition 1.4.3. Suppose that the functions of right hand of (1.1.1) are analytic 
in a neighborhood of the origin. If a formal series F(x,y) of x,y satisfies 


dF F F 
— = ony + iy =0 (1.4.14) 
dt (1.1.1) Ox Oy 
and F is a nonconstant function in a neighborhood of the origin, then, F is called a 
formal first integral of (1.1.1) in a neighborhood of the origin. 
If a formal series M(a,y) of x,y satisfies 


O(M X) " O(MY) 
Ór Oy 


=0 (1.4.15) 


and M is a nonconstant function in a neighborhood of the origin, then, M is called 
a formal integral factor of (1.1.1) in a neighborhood of the origin. 


Lemma 1.4.1. For system (1.4.12), one can determine term by term the formal 


series »" 
H(u,v) 2 M h&(u)v^, | ho(u) =u, (1.4.16) 
k=0 
such that 38 
E =0. (1.4.17) 
dt |& 4.12 
Proof. Using (1.4.16) and (1.4.12) to do formal operation, we have 
H H H 
uu = 2 H a A+V) 
dt (1.4.12) Ou Ov 
=N h (u)v! x Q5 (u)v? 
k=0 j=0 
+) khu)! |-A + So (uv 
k=1 j=0 
m 5 [-(m + 1)(A — Yo)hm+1 + gm] v”, (1.4.18) 
m=0 
where m 
Jm = 3 emn + khkYm-k+1) (1.4.19) 


k=0 
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is a polynomial of hx, hy, p4, Yj with positive coefficients. (1.4.17) and (1.4.18) imply 
the recursion formulas of Am as follows: 


hinge = Im m-0,1,2,.-.. (1.4.20) 


m 4 1)(A — vo)' 
Because the relationship of ho(u) = u has been given, by (1.4.20), this lemma 
holds. a 


Lemma 1.4.2. The function H(u,v) defined by (1.4.16) has a non-zero conver- 
gent radius. 


Proof. Since the functions U (u,v), V (u,v) are analytic in a neighborhood of the 
origin and U(0,0) = V(0,0) = 0, by Proposition 1.4.3, there exist two positive 
numbers M,r, such that 


M(u+v) M(u+v) 


U(u,v) < , V(a,y) < (1.4.21) 
r—u-—v r—u-—v 
Consider the majorant system 
d M d M 
a) EP E a (1.4.22) 


dt r—-u—v’ dt Tr—u—wu' 


It is easy to see that system (1.4.22) has the following formal first integral 


H(u,v) = u 4- G(u +v), (1.4.23) 
where 
-MAr [A+2M A+2M 
TUNE E + aM Par w + In 3 mc w)| 
MA A+2M 
=A 2M7 > P» J w" = o(w) (1.4.24) 


is a power series of w with positive coefficients, which is analytic in the disk |w| < 
Ar/(A 4- 2M). In order to prove 


H(u,v) < H(u,v), (1.4.25) 
write that 
~ E ; M(utv) <= ; 
H -y k DL - s 1.4.2 
(eq, TEE Dw 1420) 


then, 


prlu) 4 xk(u), prlu) < xx(u) &=0,1,2,---. (1.4.27) 
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Similar to the proof of Lemma 1.4.1, we have the recursion formulas for the compu- 
tation of hz as follows: 


e Im 
ina = — 2, i S01 PM 1.4.28 
B Gy) en 

where " 
Gm = X LR Xm t kħrXm-r41). (1.4.29) 

k=0 


By using Proposition 1.4.1, (1.4.19), (1.4.20) (1.4.27), (1.4.28), (1.4.29) and mathe- 
matical induction, for any positive integer m, we obtain 


Om < Gm, hm < Èm. (1.4.30) 

It follows (1.4.25) and this lemma. Li 
Theorem 1.4.2. Let 

ho(u) = u + h.o.t. (1.4.31) 


be a power series which is convergence in a neighborhood of u = 0. One can derive 
successively every term of the following unique power series of u,v, 


H*(u,v) = V; hg(u)o*, (1.4.32) 


with a non-zero convergent radius, such that 


dH* 
-= =Ü; (1.4.33) 
dt 5412) 
and 
H* (u,v) = ho (H (u, v)). (1.4.34) 


Proof. Similar to the proof of Lemma 1.4.1, for any positive integer k, we use hý 
instead of hy, of (1.4.19) and (1.4.20) to get the the recursion formulas for hy (u). 
When h$(u) has been obtained, then, there is unique formal series H* (u, v) satisfying 
(1.4.33). Write that 

H(u, v) = ho (H(u, v)). (1.4.35) 


By Lemma 1.4.1 and Lemma 1.4.2, H(u,v) is a power series with a non-zero con- 
vergent radius and 


H(u,0) = h&(u), =0. (1.4.36) 


dt (1.4.12) 


By the uniqueness, we have H*(u, v) = H(u, v), i.e., this theorem holds. 
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Theorem 1.4.3. In a neighborhood of the origin there is a first integral of (1.4.8) 
as follows: 


F(a,y) = —box + aoy + X` F(x, y), (1.4.37) 
k=2 
where F(x,y) is convergent in a small neighborhood of the origin, for every k, 
F(x, y) is a homogeneous polynomial of x,y. Especially, 


F(x, y) = FEF (Gor + boy)(Ax + By), (1.4.38) 
where 
A = 2bobo(a1bo — agb1) + áo(aga10o — azb — agb + agboba), 
B = 2agág(a2bo — aob2) — bo(aga1bo — a2b3 — adbi + agboba). — (1.4.39) 
Proof. Let 


F(x,y) = H(—bor + aoy, —Gox — boy). (1.4.40) 


By Lemma 1.4.1 and Lemma 1.4.2, F(x,y) is a first integral of (1.4.8) and it has a 
non-zero convergent radius. Write that 


H(z,y) = u + (ciu + cov)u + h.o.t., (1.4.41) 


substituting (1.4.41) into (1.4.17), we can determine c1, c2. It follows the represen- 
tation of P5. o 


Theorem 1.4.4. For system (1.4.8), one can derive successively every term of 
the following power series 


Teys u 


mL A0. 1.4.42 
mrem pony 


which is convergent in a neighborhood of the origin, such that 


=1. (1.4.43) 


Proof. By Lemma 1.4.1 and Lemma 1.4.1, the first integral H (u,v) = u + h.o.t. of 
(1.4.12) has a non-zero convergent radius. Hence, in a small neighborhood of the 
origin, by using the implicit function equations 


z=H(u,v), w=v, (1.4.44) 
we can uniquely solve 


u = Ç(z,w) = z + h.o.t., v-w, (1.4.45) 
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where the function C(z, w) has a non-zero convergent radius. By using the transfor- 
mation (1.4.44), system (1.1.12) becomes 


dz dw 

— = — ——A : 1.4.4 

T= 0, TA--A4V((Gu)u) (1.4.46) 

Write that 
1 

a 4 3 Cy;z^wi, 

—A + VO, w), w) P uM 9 
=W V 1 k, jl 

= 5 l l 1.4.4 

ae rA i fud 


By (1.4.11), (1.4.44) and (1.4.47), we obtain (1.4.42) and the convergence of T(z, y) 
in a small neighborhood of the origin. By (1.4.46) and (1.4.47), we have 


dz y 8T _y (1.4.48) 


L1 


Theorem 1.4.5. For system (1.4.8), one can derive successively every term of 
the following unique power series of x,y 


E= x + hot, n=ythot., (1.4.49) 


with a non-zero convergent radius, such that, by the transformation (1.4.49), system 
(1.4.8) becomes the following normal form 
dg dn 
ee — = b. 1.4.50 
uc ae Pop 


Proof. For the function F(x,y) in Theorem 1.4.3 and the function 7 (x, y) in Theo- 
rem 1.4.4, letting 


bo 
= aT (x,y) — ——_, F(z, y), 
£ 0 ( y) lao]? EH Ibo |? ( y) 
n= boT (z, y) + — 5 F(a,y), (1.4.51) 
|ao|? + [bo] 
then, Theorem 1.4.3 and Theorem 1.4.4 imply (1.4.49) and (1.4.50). Li 


Finally, we consider the following analytic system 


d 
= =y" E raiz" + agy™ eae "y j 


at l^ + biz" + bay" 4 Pre 5 y” o|; (1.4.52) 
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where m and n are two positive integers, for all k, X;,(u,v), Yz(u, v) are homogeneous 
polynomials of u,v with degree k, bo Æ 0. 

The origin of (1.4.52) may be an ordinary point, an elementary singular point or 
a multiple singular point. 


Theorem 1.4.6. In a neighborhood of the origin, system (1.4.52) has the fo- 
llowing formal first integral: 


F(a", y") = —mbox” + nagy”™ + 5 Fy(a",y™), (1.4.53) 
k=2 


where F(u,v) is analytic in a neighborhood of the origin. For all k, Fy(u,v) are 
homogeneous polynomials of u,v. 


Proof. By the transformation 
uegq". gy". dr =" ya (1.4.54) 


system (1.4.52) becomes 


du = 
T n (ao + aiu + azv) n Y Xr(u, v), 
k=2 
dv z 
a m (bo + biu + bav) iD Yi). (1.4.55) 


Because bo Æ 0, the origin is an ordinary point of (1.4.55). Thus, Theorem 1.4.3 
follows the conclusion of this theorem. Oo 


For an analytic system, as a corollary of Theorem 1.4.6, we can obtain the sym- 
metric principle to the test of center or focus in the theory of real planar dynamical 


systems. In fact, if n = 2,m = 1,ao = 0, bo Æ 0, then (1.4.52) becomes 


d. oo 
= = aia? + azy + 3 Xy(2?,y) = azy + h.o.t., 


d oo 
St = a [bo + bia? + boy + Y Ye(2?,y)| = box + h.o.t, — (1.4.56) 
dt = 
By the transformation 
u=, v=y, dr=cxdt, (1.4.57) 
system (1.4.56) becomes 
d 
ie 2a4u + 2a»v + h.o.t., 
dt 
dv 
= 


By Theorem 1.4.3 and Theorem 1.4.6, we have 
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Corollary 1.4.1. In a neighborhood of the origin, system (1.4.56) has the fo- 
llowing formal first integral: 


F(z, y) = —box? + ay? + M 5 Fi(2,y), (1.4.59) 
k=3 
where F(x,y) is analytic in a neighborhood of the origin and for all k, Fy(x,y) are 
homogeneous polynomials of x,y. 


Suppose that (1.4.56) is a real system. Then, the vector field defined by (1.4.56) is 
symmetric with respect to y-axis. In this case, when a» — 0, the origin of (1.4.56) is 
a multiple singular point; When boaz > 0, it isa saddle point. When 69a» < 0, by the 
symmetric principle, it is a center. Corollary 1.4.1 implies that when boaz > 0 and 
the coefficients of the right hand of (1.4.56) are complex numbers, in a neighborhood 
of the origin, system (1.4.56) is integrable. 


Corollary 1.4.2. For system (1.4.56), One can determine successively every 
term of the following convergent power series of x,y 


g(z,y) = y + h.ot., (1.4.60) 
such that j 
T = bor. (1.4.61) 
dt (1.4.56) 


Proof. By Theorem 1.4.4, for system (1.4.58), in a neighborhood of the origin, there 
is a convergent power series 


T(u,v) = = +hot., (1.4.62) 
0 
such that " 
2 =1. (1.4.63) 
dr (1.4.58) 
Let g(x,y) = boT (x?, y). Then, (1.4.57), (1.4.62) and (1.4.63) follows this lemma. 
m 


This corollary means that if (1.4.56) is a polynomial system, then, e? is a quasi- 
algebraic integral of (1.4.56) in a neighborhood of the origin. 


1.5 Classification of Elementary Singular Points and 
Linea-rized Problem 
Suppose that system (1.1.1) is analytic in a neighborhood of the origin and the origin 


is an elementary singular point of (1.1.1). We consider the complex system 


d d 
= = ax + by + h.o.t., z = cx + dy + h.o.t.. (1.5.1) 
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The coefficient matrix of the linearized system of (1.5.1) at the origin has the 
characteristic equation 


A? — (a+ d)À 4- ad — bc — 0. (1.5.2) 


Let A1, As be two roots of (1.5.2). If A129 = ad — bc Æ 0, the origin is an elementary 
singular point. 

For an isolated singular point of the complex equations, the following result is 
useful. 


Theorem 1.5.1 (Briot-Bouquet theorem). Let F(u,v) = Au + Bv + h.o.t. 
be a power series of u,v with a non-zero convergent radius. If B is not a positive 
integer, then, in a neighborhood of the origin, equation 


u— = F(u,v) v\uso =0 (1.5.3) 


has the unique solution: 


v= f(u) — u+ h.o.t., (1.5.4) 


1- B 
where f(u) is a power series of u with a non-zero convergent radius. 


We next consider 


dax - dy ias 

q ot 2G), T = dy + X_ Yi (m, y), (1.5.5) 
k=2 k=2 

where the functions of right hand of (1.5.5) are analytic and X2(0,1) = A, Y2(1,0) = 


B. 


Theorem 1.5.2. If A; £0, A2/A is not a positive integer, then, system (1.5.5) 


has a solution 
= ——_ r? + hot. 1.5.6 
y = W(z) Sk eX: O.b., ( ) 


satisfying W(0) = 0, where p(x) a power series of x with a non-zero convergent 
radius. 


Proof. Let y = xv. Then (1.5.5) becomes 
AQu + 5 a®-1y, (1, v) 
gu - k BF (a - Av 


eS À 
Ait Ma +X, (1,0) d 
k=2 


+ h.o.t.. (1.5.7) 


(1.5.7) and Theorem 1.5.1 follows this theorem. Oo 
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Similarly, we have 


Theorem 1.5.3. If \; 40, A2/A1 is not a positive integer, then, system (1.5.5) 
has a solution 


x= (y) y^ +h.ot., (1.5.8) 


~ ms 
satisfying p(0) = 0 where p(y) is a power series of y with a non-zero convergent 
radius. 


The above two theorems imply the following result. 


Theorem 1.5.4. If M À2 £0, A1/A2 and A2/A are not positive integers, then, 
system (1.5.5) has two analytic solutions x = p(y) and y = w(x), satisfying (0) = 
v(0) = v'(0) = v'(0) = 0. By transformation 


u-cz-q(y, v=y—Y¥(z) (1.5.9) 


system (1.5.5) can be reduced to 


du 


d 
— = uF (uv), 2 Z rou Fa(u, v). (1.5.10) 


dt 


where Fi(u,v) and Fo(u,v) are two power series of u,v with non-zero convergent 


radius and F1(0,0) = F5(0,0) = 1. 


Definition 1.5.1. If there exist two convergent power series 


€=a+ 5 Copxry®, n=yt 5 daga, (1.5.11) 
a+ß=2 a+ß=2 


such that by transformation (1.5.11), system (1.5.1) becomes 


dg dn 

== — = d 1.5.12 
g Eton g =e dn, (1.5.12) 
Then, we say that system (1.5.1) is linearizable in a neighborhood of the origin. 
(1.5.11) is called a linearized transformation of (1.5.1) in a neighborhood of the 


origin. 


Remark 1.5.1. Suppose that (1.5.1) is linearizable in a neighborhood of the 
origin and (1.5.11) is a linearized transformation of (1.5.1). The function F(E, n) 
is continuously differentiable and satisfies 


dF 


— =0. (1.5.13) 
dt (1.5.12) 


Let 


€=€F (En), Ñ= nF, n). (1.5.14) 
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We see from (1.5.13) and (1.5.14) that 


dE o- .. dj os o 
Fe 7 8 + OM, yT Eti (1.5.15) 


Thus, if F (£, n) is power series of €,n with non-zero convergent radius and F (0,0) = 
1, then, (1.5.14) is also a linearized transformation of (1.5.1) in a neighborhood of 
the origin. 


Remark 1.5.2. Suppose that (1.5.1) is linearizable in a neighborhood of the 
origin and (1.5.11) is a linearized transformation of (1.5.1). System (1.5.1) is a 
real coefficient system. Then, we can see x,y,t as real variable and write 


E= +16, N= m dr dno, (1.5.16) 
where £1, m, 2,02 are power series of x,y with non-zero convergent radius and 
£i— zd h.o.t., m=ythot.. (1.5.17) 


Substituting (1.5.16) into (1.5.12), separating the real and imaginary parts, we have 


d d 

Ttm GP = bs + dn 

d d 

es = ag + by, = = c&2 ER dnp. (1.5.18) 


In this case, (1.5.17) is a real linearized transformation of (1.5.1) in a neighborhood 
of the origin. 


In [Qin Y.X., 1985], the author introduced the following definition. 


Definition 1.5.2. For system (1.5.1): 

(1) If AvA2 Æ 0, Im(A1/A2) Æ 0, then the origin is called a focus type singular 
point; 

(2) If M22 Æ 0, Im(41/A2) = 0, Re(A1/A2) > 0, then the origin is called a node 
type singular point; 

(3) If M22 A 0, Im(A1/A3) = 0, Re(Ai/A2) < 0, then the origin is called a 
critical type singular point. 


In details, we have 


Definition 1.5.3. Suppose that the origin of (1.5.1) is a node type singular 
point. 

If Ay = A2 and b = c = 0, then the origin of (1.5.1) is called a starlike node. 

If Ai = Aa and |b| - |c| Z 0, then the origin of (1.5.1) is called a degenerate node. 

If Mi/A2 or Aa/ Ai is a positive integer more than 1, then the origin of (1.5.1) is 
called an integer-ratio node. 

If M/A2 and r2/A1 are not positive integer, then the origin of (1.5.1) is called 
an ordinary node. 
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Definition 1.5.4. Suppose that the origin of (1.5.1) is a critical type singular 
point. 

If M/ A2 = —1, then the origin of (1.5.1) is called a weak critical singular point. 

If Ay / A2 = —p/q, where p and q are irreducible positive integers and p/q Æ —1, 
then the origin of (1.5.1) is called a p : q resonance singular point. 

If M/A2 is a negative irrational number, then the origin of (1.5.1) is called an 
irrational singular point. 


If the origin is an elementary singular point of (1.5.1), but is not a degenerate 
node, then, by a linear transformation, (1.5.1) can be reduced to as follows: 


dx dy oS 
47 dme ut (yh a= doy + 3 LY (m, y), (1.5.19) 


k=2 k=2 


where AyA2 Æ 0 and for all k, Xi(z, y), Yi (x, y) are homogeneous polynomials of x, y 
of degree k. 
By the theory of classical complex analysis, we know that 


Theorem 1.5.5. If the origin of (1.5.19) is not an integer-ratio node, a weak 
critical singular point or a resonance singular point, then, one can determine suc- 
cessively every term of the following formal series 


€=a+ DD cagz^yP, m-—y- y dagzx? y^, (1.5.20) 
o 8-2 o 8—2 


such that, by this formal transformation, (1.5.19) becomes the following linear sys- 
tem: 
dg dn 


dt = = AE, dt = A2. (1.5.21) 


Proof. For any positive integer k more than 1, letting fx(a, y), g(x,y) be two ho- 
mogeneous polynomials of x, y of degree k given by 


fe(z,y) = 5 cagx" y^,  gx(a,y) EN dopey”. (1.5.22) 


a+B=k at+B=k 


Clearly, 


Of Ofm 
-X£- [CE : r+ defy - ifn) ura) 


dn u > O9m Jm 
a A2Nn = |(^ ES + "rt = dod +U,,(2, 2 , (1.5.23) 


m=2 
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where for all m, 9,, (x, y), Um(2, y) are defined by the following homogeneous poly- 
nomials: 


m-—1 
o Ó 
$,, (x, y) = Xm(z, y) + (Sexi alg Ev, ia) , 
k=2 y 
m-—1 
[?) ð 
Vin(2,y) = Yn(a, y) + (FE xne 4 TY, a) . (1.5.24) 
k=2 " y 
From (1.5.22), we have 
o m o m = Q 
Ài hr r+2z2 » y—Afm = M (adı Ba — M)cagx" yf, 
a+B=m 
[o) m 0 m in a A 
ài A zT ud — A29m = 5 (a T BA» a A2)dagc y^. (1.5.25) 
a+B=m 


By the conditions of this theorem, because A;/A2 and 2/1 are not a positive 
integer more than 1 and are not a negative irrational number. So that, for any 
positive integers a, 3, when a+ B > 2, 


QA + BA» = Al x 0, aA, + BA» = A2 Æ 0. (1.5.26) 
Write that 
®,,(x,y) = 5 Agpt?y®, Wm(2,y) = 5 Bagz?yP. (1.5.27) 
a+B=m a+B=m 


Thus, (1.5.23), (1.5.25) and (1.5.27) imply (1.5.21) if and only if for any positive 
integer a, 3, when a+ 8 > 2, 


(adı + BA2 — M)cag = —Aag, (adı + BA2 — A2)dag = — Bog. (1.5.28) 


Obviously, (1.5.28) is just the recursion formulas to compute cag, dag. Namely, 
Cog, dag can be uniquely determined by (1.5.28). o 


For the convergence of the formal transformation (1.5.20), in [Qin Y.X., 1985], 
by using Cauchy majorant method, the author proved that if the origin of (1.5.19) 
is a nfocus type singular point, ordinary node or starlike node, then in (1.5.20), the 
power series of €,7 with respect to x,y have non-zero convergent radius. Therefore, 
we have 


Theorem 1.5.6. If the origin of (1.5.1) is a focus type singular point, ordinary 
node or starlike node, then, system (1.5.1) is linearizable in a neighborhood of the 
origin. In addition, the linearized transformation is unique. 
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If the origin of (1.5.19) is a irrational singular point, so that A1/A» is an negative 
irrational number. Then, in (1.5.28), a4 + BA2g — A1 and aA; + Aa — A» can be 
taken as very small number, such that the convergence problem of the formal series 
(1.5.20) becomes very difficult problem. 


1.6 Node Value and Linearized Problem of the Integer-Ratio 
Node 


Let the origin of system (1.5.1) be an integer-ratio node. By using a suitable linear 
transformation, system (1.5.1) can be reduced to 


dx = dy = 
= zyl = ayb 
F Ax + 5 QagT"y s. y = này + » bagt y, (1.6.1) 
a 8-2 a 8-—2 
where A Æ 0 and n is an integer greater than 1. System (1.6.1) is a special case of 
system (1.5.19) under the condition Ay = A, A = nA. For system (1.6.1), (1.5.28) 
becomes 


(a +nB—- 1)capr = —Aogp, (a +n - n)dagr = — Bag. (1.6.2) 


Obviously, for any natural numbers a and £8, a+ 8 > 2 leads a+ ng — 1 z 0. 
a+ nB — n = 0 holds if and only if a = n, 8 = 0. Hence, all cag, dag can be deter- 
mined uniquely by (1.6.2) except dno. Consequently, there is a formal transformation 
(1.5.20) such that system (1.6.1) becomes linear system if and only if Bno = 0, and 
when Bno = 0, dno can take any value. 

By cited Theorem 2.3 in [Qin Y.X., 1985], we have the following conclusion. 


Theorem 1.6.1. For system (1.6.1), one can find series (1.5.20) which are 
convergent in a neighborhood of the origin, such that system (1.6.1) reduced to the 
normal form 


d 
EY = =ndvn +o A£". (1.6.3) 


In (1.6.3), c = Bno/A is determined uniquely by the coefficients of system (1.6.1). 


Theorem 1.6.2. If there are formal series E= x + h.o.t., T] — y + h.o.t., such 
that 


dé - di 2 
d =e, E, = nà + cA (£)^, (1.6.4) 
(1.6.1) t (1.6.1) 
then 
E=, n=nt+Ceée, (1.6.5) 


where, C is an arbitrary constant. 
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Proof. We take £, 7 as the power series of €,7 of the form 
ñ=n+ CE thl n), (Em) = ;h(6) (1.6.6) 
k=m 


where h,(€,7) are homogeneous polynomials of degree k of €,7, m is a positive 
integer. It is easy to see that all cag, dag in (1.5.20) except dno are determined 
uniquely by (1.6.2). Thus, we have 


£—£, m»n. (1.6.7) 
From (1.6.3), (1.6.4) and (1.6.6), we obtain 


dij i ~n dh 
2 — nAij — oX(E)" = di 


-nàh — 0. (1.6.8) 
dt |a 6.3) 


(1.6.3) 


Let us prove (1.6.5) by using reductio ad absurdum, i.e., we prove that h is equivalent 
to zero. Suppose that 


hml) = XO sai (1.6.9) 


a+B=m 
is not zero. From (1.6.8) and (1.6.9) we have 


0= L — nàh 
dt | (46.3) 
Ohm Ohm, 
= (= F "Om nhm) + h.o.t. 
= 5 (a+ nB — n)jeagt m" + h.o.t.. (1.6.10) 
a+B=m 


When a+ 6=m>n,a+nG—n is a positive integer. From (1.6.10), it reduces 
that all eag in (1.6.9) equal zero, which contradicts with Am is not identically zero. 
Hence, the conclusion of Theorem 1.6.2 holds. O 


System (1.6.3) has a first integral of the form 


e — gln£ = constant. (1.6.11) 


Obviously, the fact of ø is zero or nonzero is concerned with the linearized problem 


system (1.6.1) and the analytic property of (1.6.11). We need to introduce the 
following definition given in [Liu Y.R., 2002]. 


Definition 1.6.1. c is called node value of the origin of system (1.6.1). 


From Theorem 1.6.1 we obtain 
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Theorem 1.6.3. System (1.6.1) is linearizable in a neighborhood of the origin 
if and only if the node value o = 0. 


Let the origin be an integer-ratio node. In order to know if system is linearizable. 


We need to compute node values. 


Theorem 1.6.4. For every a and B satisfying 2 € a -- B € n — 1, dag defined 
by (1.5.20) are determined uniquely by the recurrent formula 


a+B-1 
1 
o = > | da — k + 1)ak jda k41,8—5 
dap A(n — a — np) ams + lax, jdo -x43,8—j 
o4-6—1 
+ 5 (8 — j + 1)bk dao -&,8—541| - (1.6.12) 
k+j=2 
Furthermore, o is given uniquely by 
n—1 
a= 5 ape 2,0 — k + 1)arodn—k+41,0 + bkodn—k,1 | - (1.6.13) 


Proof. From (1.5.20) and (1.6.3), we have 


0— En — nàn 
dt | (1.6.1) 
oo oo 
= 5 adagz®™ ty? Ax + 5 aj; z^ y) 
a+8=2 k+j=2 


oo oo 
+|1+ ML 8dga?y^ | [ny MI ugs 
o 8-2 k+j=2 


-nà | y+ M. dags^y? |. (1.6.14) 
a 8-—2 


It implies that 


0—A 5 (o -- n8 —n)dogrty® + 2 bo gro y? 
a+B=2 a+B=2 


a-4-8—2 k4-j—2 
+ X MI Bdagbz "y ti, (1.6.15) 


a+B=2k+j=2 
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Thus, we have 


0—A 5 (a -- nB — n)dsaz?y" + 5 bog? y? 
o 8—2 o 8—2 
coo  «at-68—1 
+ 5 5 (a — k + 1)akjda-k+1,8-j£“y’ 
a+8=2 k+j=2 
œo @+ß-i1 
+ X SO (8-54 VDbajdo-z,p—grie?y’. (1.6.16) 


a+6=2 k+j=2 


Because £ = x+h.o.t. and when a+ > 2, a+nG—n = Oifand only if à = n, 8 = 0. 
(1.6.16) follows the conclusion of Theorem 1.6.4. D» 


From the recursive formulas (1.6.12) and (1.6.13) we have 


Theorem 1.6.5. When n — 2,3 and 4, the node values of the origin of system 
(1.6.1) are as follows 


e|n-2 = 0205 
1 
G|n=3 = pe — b11)020 + b30A], 
O|n=4 = E — [bao (120% — 10a20b11 + 2b, — 2a41b29 + bo2b20) 


-F2(2aaobao — b20b21 + 6a20b30 — 2b11030)A + Abs X?]. (1.6.17) 


Theorem 1.6.6. If 


boo = b30 = «++ = bn-1,0 = 0, (1.6.18) 
then the node value of the origin of system (1.6.1) is 


1 
= ~bno. 1.6.19 
o = xb (1.6.19) 


Proof. Theorem 1.6.4 follows that if (1.6.18) holds, then doo = 0 and when a = 
3,4,---,n — 1, we have 


dao = PER o — k + 1)agoda -&41,0- (1.6.20) 
k=2 


A(n — a) 


By using the mathematical induction, we obtain 


dag dao Pes dn—1,0 0. (1.6.21) 


By (1.6.18), (1.6.21) and (1.6.13), the conclusion of Theorem 1.6.6 holds. D» 
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Theorem 1.6.6 tell us that if boo = b39 = ::: = bno = 0, then the node value of 
the origin of system (1.6.1) is zero. 


Corollary 1.6.1. /f y — 0 is a solution of system (1.6.1), then at the origin, the 
node value o = 0. 


Notice that in some special cases, other singular points can become an integer- 
ratio nodes. Therefore, at these singular points, the integrability and linearized 
problem of systems can be solved by computing node values in an integer-ratio 
nodes. For example, we have 


Theorem 1.6.7. System 


d 

a = z + 2b32°w + aaz^w? + azu”, 

d 

am = —w — bw — 2aszu? — bz?u? (1.6.22) 


is linearizable in a neighborhood of the origin. 
Proof. By the transformation 
Zj— zw^, wi=w", (1.6.23) 


system (1.6.22) can become a special quadratic system 


dz 

am = =z — 30522 + (a1 — 2bi)ziun, 

d 

T = —3w, — 35322 — bazzıwı — 3b1u?. (1.6.24) 


The origin of system (1.6.24) is an integer-ratio node with n — 3. Theorem 1.6.5 
implies that the node value ø = 0. Notice that z1 = 0 is a solution of system (1.6.24), 
'Theorem 1.6.1 follows that there are two convergent power series 


E= nfi, wi) =w +Y mi, w), (1.6.25) 
k=2 
in a neighborhood of the origin, where f1(0,0) = 1, and ng(z1, w1) are homogeneous 
polynomials of degree k of z1, w1, such that system (1.6.24) becomes 


—3n. (1.6.26) 


Let 
z2 =E", w=n, (1.6.27) 
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then from (1.6.26) we have 


d d 
E E i PR (1.6.28) 


We next prove that z2, w2 are power series in z, w. Write that 
oo 
fo(z,w) =14+ x w^ mz, w). (1.6.29) 
k=2 


From (1.6.23) and (1.6.25), we have 
E= zw? fi(zw?,w?), n= w? fo(z,w). (1.6.30) 


Hence (1.6.27) and (1.6.30) follows that 


=3 
23 = zfi(zu?,w?)f4* (z,w) = z + h.o.t., 


w2 = wf? (z,w) = w + h.o.t.. (1.6.31) 


This means that z2, w2 are power series of z, w having nonzero radius of convergence. 
So from (1.6.28), it is obtained that system (1.6.22) is linearizable in a neighborhood 
of the origin. o 


Similarly, we have 


Theorem 1.6.8. System 


dz 
m z(1 + a1u? + azw?z), 
w = —w(1 + byw? + bow?z) (1.6.32) 


is linearizable in a neighborhood of the origin. 


1.7 Linearized Problem of the Degenerate Node 


If the origin is a degenerate node of system (1.5.1), we can find a suitable linear 
transformation such that system (1.5.1) becomes 


= a, B = n 
a Ax + 1 agr y , a = uz + Ay + 1 bagt y”; (1.7.1) 
a+B=2 a+B=2 
where Au # 0. 


In the classical complex analytic theory, the linearized problem of the degenerate 
node is still an open problem. In this section, we discuss this problem. 
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Lemma 1.7.1. In a neighborhood of the origin, there is a convergent power 
series solution of system (1.7.1) as follows: 


z= ply) = Sy + h.o.t., (1.7.2) 


where all coefficients of power series of p(y) can be determined uniquely by the 
coefficients of (1.7.1). 
Proof. Let x = yv, from (1.7.1) we have 


oo 
Av + 5 ag 59U9 9 * 8-1 


dv a-- 8-2 
y— = —  —_ - 


oo 
putAt 5 b, guo 9 * 671 
a+B=2 
02 


According to Theorem 1.5.1, equation (1.7.3) has a unique and convergent power 
series solution in a neighborhood of the origin 


v=v(y) = Sy + h.o.t., (1.7.4) 
which follows Lemma 1.7.1. O 


Let x = p(y) given by (1.7.2) be a convergent power series solution of system 
(1.7.1) in a neighborhood of the origin, then by the transformation 


u=x-yly), v=y, (1.7.5) 


system (1.7.1) becomes the following analytic system: 


du a 
te 1+ » ajgu^v? | , 
a+B=1 
d oo 
^ — uu Xo M bagu”. (1.7.6) 
a+B=2 
Letting 
u-w v=v. (1.7.7) 


System (1.7.6) changes to 


dw A S oí 20, 
— = w 1+ So angw v |, 


dt 2 - 
a+ß=1 
dv 2 Y 1 2a, B 
dt = uw + dv + ba gw v, (1.7.8) 


a+B=2 
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where the origin of system (1.7.8) is an integer-ratio node with n = 2. By Theorem 
1.6.5, the node value o = 2u/A. From Theorem 1.6.1 and Theorem 1.6.2, we have 


Lemma 1.7.2. There are two power series of w and v 
f(w,v) =wthot., g(w,v) =v + h.o.t., (1.7.9) 


having a nonzero convergent radius, such that system (1.7.8) becomes 


df A dg 


— — — — = 2 
E "th di Ag+ Hf. (1.7.10) 


Moreover, if there exist two formal series of w and v of the form 


f=wthot., g=vtho.t., (1.7.11) 
such that system (1.7.8) changes to 


df AX; dà .., x 
Then 
f=f, g=9+Cf’, (1.7.13) 


where C is a constant. 


Remark 1.7.1. Lemma 1.7.2 implies that we can assume that the coefficient of 
w? in the power series of the g given by (1.7.9) is zero. 


Lemma 1.7.3. The function f — f(w,v) given by (1.7.9) is an odd function of 
10, 1.6, 


f(w,v) = w h(w?, v), (1.7.14) 


where h(u,v) is a power series of u and v with nonzero convergent radius and 


h(0,0) — 1. 


Proof. Write that 
f(w,v) = fi(w,v) + fa(w, v), (1.7.15) 


where 


filw,v) = — 


f(w,v) + fwv) 


fo(w, v) = 2 


(1.7.16) 
Clearly, fi is an odd function of w and fe is an even function of w. We see from 
(1.7.8) that 

dfi = dfi dw dfi dv 


= ees 1:4. 0 
dt (1.7.8) dw dt dv dt ( ) 
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is an odd function of w and 


d, df» d df» d 
df 08 00. ade (1.7.18) 
dt azs) dw dt dv dt 
is an even function of w. (1.7.10) and (1.7.15) follows that 
dfi df» À À 
21 2 — Tff. (1.7.19) 
dt lars) — dtlazg 2 2 
Comparing the functions in the right and left sides of (1.7.19), we have 
dfi AÀ df» À 
= Lf, — = f. (1.7.20) 
di|iz&a 2 di|iz8 2 


Because the function f in Lemma 1.7.2 is unique and fı = w+h.o.t.. Therefore, we 
obtain f = fı. It give rise to this lemma. m 


Similarly, we have 
Lemma 1.7.4. The function g(w,v) in Lemma 1.7.2 is an even function of w. 


Theorem 1.7.1. There are two power series of x and y with a nonzero conver- 
gent radius of the form 


£—m- hot, n=ythot., (1.7.21) 


such that system (1.7.1) becomes the following linear system: 


dg — dn | 
475 qos (1.7.22) 


In addition, if there are another two formal series of x and y 


£—m- hot, Ñ= y+ h.o.t., (1.7.23) 


such that system (1.7.1) reduces to 


dí .- dj o z 

2:078 qe £ 4- Afj, (1.7.24) 
then 

£-& ü-n4Ct, (1.7.25) 


where C is a constant. 


Proof. By Lemma 1.7.4 and Remark 1.7.1, the function g(w, v) in Lemma 1.7.2 can 
be written as 
g(w, v) — n(w?, v), (1.7.26) 
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where 7(u,v) is a power series of u and v having a nonzero convergent radius: 


n(u,v) =v + 5 Capurv’. (1.7.27) 
a+B=2 
Let 
£(u, v) = uh? (u,v). (1.7.28) 
From (1.7.14) and (1.7.28) we have 
£(w?,v) = f?(w, v). (1.7.29) 
Thus, (1.7.7), (1.7.10), (1.7.26) and (1.7.29) follow that 
d d 
de mr A = uE + Àn. (1.7.30) 
dt | (1.7.6) dt | (1.7.6) 
(1.7.5), (1.7.30) and Lemma 1.7.2 implies the result of Theorem 1.7.1. Oo 


1.8 Integrability and Linearized Problem of Weak Critical 
Singular Point 
Let the origin of system (1.5.1) be a weak critical singular point. By using a suitable 


linear transformation, system (1.5.1) can become the following second-order complex 
differential autonomous system 


dx c 
= Y+ Xela) = Xy), 
k=2 
Bus ie x,y) = Y (sy) (1.8.1) 
di i ( (VU) »Y); D 


k=2 
which is analytic in a neighborhood of the origin, where X;(x, y), Yi (x, y) are poly- 
nomials of degree k of x and y: 
Xxk(z,y) = M Assay, Yz(2,y) = XO Baga?yf. (1.8.2) 
a+B=k a+B=k 


Making the transformation 
z=at+iy, w=a-ty, T-—it, i—wv-—1, (1.8.3) 


system (1.8.1) becomes 


dz 
T” z+) Z(z,w) = Z(z,w), 
k=2 
Uac Wile) Wl) (1.8.4) 
IY K(Z, Ww) = zw), 8. 
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where 


Zk = Yp = iX. = 5 ao529wP, 
a+B=k 

Wy =Yr iX, — So bapw%z? (1.8.5) 
a+B=k 


are homogeneous polynomials of degree k of z and w (k = 2,3,---), z,w,T are 
independent complex variables, aag, bag are independent complex constants. 

We call that system (1.8.1) is the associated system of (1.8.4) and vice versa. 
We see from (1.8.5) that V(o,8), Aag, Bag are real coefficients if and only if 
Y(a, B), bag = dog. 

If V(a, 8), Aag, Bag are real coefficients and x,y,t are all real variables, then 
system (1.8.1) is a real planar differential autonomous system, for which the origin is 
a center or a focus. While if V(a, 8), dag, bag are real coefficients and z, w, T are all 
real variables, then system (1.8.4) is a real planar differential autonomous system, 
for which the origin is a weak saddle. The monograph [Amelikin etc, 1982] proved 
that 


Theorem 1.8.1. For any given Cy 41, and dk+1,k; k= 1, 2,---, one can deter- 
mine successively other Čk j and dg j; and derive uniquely the formal series 


oo 
z+ J Gk; z^ w, 


f= 
k+j=2 

hawt M dugwz, (1.8.6) 
k+j=2 


such that by formal variable transformation (1.8.6), system (1.8.4) reduces to the 
following normal form 


CP a 
dT -6*62 Pi, 
^ - i-i. (1.8.7) 


Proof. We denote 
=>" frlz,w), A= So on(z,w), (1.8.8) 


where fi = z, gı = w, fk(z, w), gk(z,w) are homogeneous polynomials of degree k 
of z,w. Write that 
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EX ^ p. (Esp) = NT +) ökle w), 
meri k=1 k=3 

5 Gn(En)* =X ee E (zw), (1.8.9) 
Red k=1 k=3 


where ®}(z, w), Ygk(z, w) are homogeneous polynomials of degree k of z, w. From 
(1.8.4) and (1.8.8), we have 


m=2 
= 2w + 6m mls 1.8.1 
ar dC aw tm) Gn VERI) 
where 
m-—1 
Z Of; Of; 
Em = Zm + 2 Gaze = By Vro- ; 
m-—1 
= 9; 09; 
Gm = Wm + » E Wm-j+1 = AL Zm—j+1 (1.8.11) 


are homogeneous polynomials of degree m of z, w. From (1.8.9), (1.8.10) and (1.8.7), 
we obtain 


2: (Ss 7 Pin i fm) = > (Bm — Fm) + S pez tu, 
k=1 


m=2 m=2 
s^ (99m O9m = Uo EE E 
5 (Sew - De z- Im) = S (Gm — Gm) + >> dew z”, (1.8.12) 
m=2 m=2 k=1 
where 
fa Ofm , 
ae Oy 7 im = 5 (a — B — 1)čagz“w", 
a+B=m 
agm O9m 5 o JB 
Dw w— De Z — m = EX — B — 1)dagw? z^. (1.8.13) 


For Fm, Gm, ®m, Um in (1.8.12), we see from (1.8.8) (1.8.9) and (1.8.11) that for 
any positive integer k, P2k, Bondi V»; and V5,,, are polynomials of fi, fo, +, 
f2k—i. 91, 92, +*+, g2k—1, P1, P2, 7c Pk—-1, q1; Q2, 755, Qk-1, Which have positive ra- 
tional coefficients. In addition, for any m, Fm, Gm only depend on fis Íz, 50 Jena 
91,92; >Gm—1- Write that 
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Pm = Fin = » Cagz?* wP, Win = Gm = x Dagw? zP. (1.8.14) 
a 8—m a+B=m 


From (1.8.13) and (1.8.14), we know that (1.8.12) holds if and only if for any positive 
integer k, 


5 (a — B — 1)čagz“ w? = >. Cape we 


a+B=2k a+B=2k 
Y (o-8-1)du?;?- Y Dagwz? (1.8.15) 
a+B=2k a+G6=2k 
and 
5 (a — B — 1)čagz%w? = pyz** wk + p Cagz^wP, 
a+B=2k+1 a+68=2k+1 
Y^ (a@—B=Ndagwz? =ĝrwtt + YO — Dagw*zP. (1.8.16) 
a+B=2k+1 a+B=2k4+1 


Because in (1.8.16), all coefficients of Čk+1,k, deri are zeros. Hence, all ¢,41,, and 
di.,1,, can be given as arbitrary constants. By (1.8.15) and (1.8.16), for any two 
natural numbers o, f satisfying a+ 8 2 2 and a — 8 — 1 Æ 0, Cag, dag can be 
uniquely determined by the recursive formulas 


» Cag > Dag 
aß = » deg = 1.8.17 
Cop T P= ep] ( ) 
In addition, pz, diy can be derived uniquely by the recursive formulas 
Pk = —Ck+1,k; Ge = —Dk+1,k- (1.8.18) 
This completes the proof of this theorem. O 


Definition 1.8.1. Suppose that by means of formal transformation (1.8.6), sys- 
tem (1.8.4) can be reduced to the normal form (1.8.7). Then, the transformation 
(1.8.6) is called a normal transformation in a neighborhood of the origin of system 
(1.8.4). System (1.8.7) is called a normal form corresponding to the transformation 
(1.8.6). 

Let (1.8.6) be a normal transformation in a neighborhood of the origin of system 
(1.8.4) and Čk+41,k = dii = 0, k = 1,2,---. Then (1.8.6) is called a standard 
normal transformation in a neighborhood of the origin of system (1.8.4), which is 
written by 


E=z+ 5 Ckjz w = E(z,w), n=wt 5 dijw"z) = n(z,w). (1.8.19) 
k+j=2 k+j=2 
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The normal form derived by standard normal transformation is called standard nor- 
mal form, which is written by 


dienten (én) 


T 
= --g- DXX én)" (1.8.20) 


From Theorem 1.8.1 and its proof, we have 


Corollary 1.8.1. Let 


&=z+ 5 ci; 2 wl, n* = wt a dij W kzi (1.8.21) 
k+j=2 k+j=2 


and (1.8.6) be two standard normal transformations in a neighborhood of the origin 
of system (1.8.4). If for any positive integer k, we have Chrtk = Čk+1,k> Theta ke = 
ibis Then €* = £, n =f: 

Remark 1.8.1. From Corollary 1.8.1 and the proof of Theorem 1.8.1, we know 
that the standard normal transformation is unique in a neighborhood of the origin 


of system (1.8.4). Moreover, all ckj, dij, pk and qk in (1.8.19) and (1.8.20) are 
polynomials of aag’s, bag's. Their coefficients are all rational numbers. 


[Amelikin etc, 1982] proved that 


Theorem 1.8.2. If for any positive integer k, we have py = qx. Then the formal 
series of £, n in the standard normal transformation have nonzero convergent radius. 


Theorem 1.8.3. Let H = ¿n and F(H), G(H) be any unit formal power series 
of H. Then, 


€=€F(H), 5 —1G(H) (1.8.22) 
is a normal transformation in a neighborhood of the origin of system (1.8.4). 


Proof. From equations (1.8.20) and (1.8.22), we have 


3 éb(H) = =-70(H), (1.8.23) 


O(H)=1+ » d + TUR » - q) H+, 
W(H) =1+ 2, Ht — Un A — q)H*H. (1.8.24) 
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Denote that TEN 
H = ñ = HF(H)G(H) = H + h.o.t.. (1.8.25) 
Thus, H can be written as the formal series of H 
H =H+0(H). (1.8.26) 
(1.8.23) and (1.8.26) follow thee assertion of this theorem. Li 


Theorem 1.8.4. Let (1.8.6) be a normal transformation in a neighborhood of 
the origin of system (1.8.4). Then, there exists unit formal series of H as follows: 


F(H)-1- M AH", G(H)-1-4Y. BH", (1.8.27) 
k=1 k=1 
such that € = £F(H),ij = nG(H), where Ay, By are the given constant coefficients. 
Proof. Denote that 
f=iF(H)=2+ >) gwi, 
k+j=2 


g 2 G(H) 2 w- M dw zi. (1.8.28) 
k4-j—2 


Since the functions of €,7 in the standard normal transformation are determined 
uniquely, we only need to find Ai, By of f and g (k = 1,2,---). From (1.8.27) and 
(1.8.28), f and g can can be written as 


f(z,w) =2z+ 5 Apz®ttwk + 5 f(z, w), 
k=2 


k=1 
g(z,w) =w+ M Bwt" +S” grz, w), (1.8.29) 
k=1 k=2 


where fk(z, w), gk(z, w) are homogeneous polynomials of degree k of z,w. For any 
positive integer k, fox41 only depend on A1, Ag,--- , Ay 1, while go,41 only depend 
on By, B2,--- , By. 4. From (1.8.28) and (1.8.29), we can take appropriately Aj, Bk, 
such that for any positive integer k, c, 1, = Ck diii = devs hold. By 
Corollary 1.8.1, we obtain the conclusion of this theorem. m 


From equation (1.8.20) and Proposition 1.1.2, we obtain the following three im- 
portant formulas 


Theorem 1.8.5. Denote that 


Hk = Pk — Qks Tk = Dk dk, k—1,2,- n (1.8.30) 
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For system (1.8.4), we have 


dH X iud 
rdi He”, 
k=1 
dQ 1 ee 
apes (2 + 2H (1.8.31) 
and 
2 rz) - 2 (gw; = P + 1)pux(én)* (1.8.32) 
Oz Ow a ed PIS S g 
where 
0€ a 
E zd. _| dz dw 
H=, Q= 9: In " J(z,w)-— ðn an | (1.8.33) 
Oz Ow 


In [Liu Y.R. et al, 1989] and [Liu Y.R. et al, 2003a], we introduced the following 
definition. 


Definition 1.8.2. Let uo = To = 0. For any positive integers k, Hk = py — qk is 
called the k-th singular point value of the origin of system (1.8.4), while Tk = py + qk 
is called the k-th period constant of the origin of system (1.8.4). 


If there exists a positive integer m, such that po = p1 = +++ = Um—-1 = 0, Hm z 0, 
then the origin of is called a m order weak critical singular point of system (1.8.4). 
If for all k, we have uy = 0. Then the origin of system (1.8.4) is called a complex 
center. 


Theorem 1.8.6. Let (1.8.6) be any normal transformation in a neighborhood of 
the origin of system (1.8.4). Denote that H = €f). When the origin of system (1.8.4) 
is a m-order weak critical singular point, we have 

dH 


T7 eg He + h.o.t.. (1.8.34) 


When the origin of system (1.8.4) is a complex center, we have 


dH 
— = 0: 1.8. 
IT 0 (1.8.35) 
Proof. Let (1.8.6) be any normal transformation in a neighborhood of the origin of 
system (1.8.4). By Theorem 1.8.4, there exist two unit formal series F(H), G(H) of 
H, such that 


A = HF(H)G(H) = H +hott.. (1.8.36) 
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From (1.8.36) and Theorem 1.8.5, we have 


dH dH 

— =(FG + HF'G + HFG’)— 

T M OT 
=(FG + HF'G + HFG) X uH, (1.8.37) 

k=1 


where FG + HF’G+ HFG’ is a unit formal series of H. By using (1.8.36), we can 
represent H as a formal series of H: 


H = H + h.o.t.. (1.8.38) 
Hence, (1.8.37) and (1.8.38) follows the conclusion of this theorem. Li 


Lemma 1.8.1. Let F be a formal first integral in a neighborhood of the origin of 
system (1.8.4). Then, F can be written as a formal power series of &,vj as follows: 


F = Cmm) + ^^ Cushy?) Cmm #0, (1.8.39) 
a+B=2m+1 


where m is a positive integer. 
Proof. Solving z and w from (1.8.19), we obtain 
z=2(€,n)=E+hot., w=w(E,n) =n + h.o.t.. (1.8.40) 


Hence, F can be written as the following formal power series of £, 17: 


Pe Face XO Gb". (1.8.41) 
k=n 


a+B=n 


where n is a positive integer. F;(€,7) is a homogeneous polynomial of degree k of 
€,7. Fn is a non-zero polynomial. From (1.8.41) and (1.8.20), we have 

| dF OF d€ OF dn 

dT  O£dT On dT 


OF, OF, 
= E = "n 4 h.o.t. 
= M. (a- 8)Cag£" n? + h.o.t. (1.8.42) 
a+B=n 
It implies that 
Y (o— 8)Cag£?n? = 0. (1.8.43) 
a+B=n 


Since Fa is a non-zero polynomial, we see from (1.8.43) that n = 2m, Həm = 
Cumt" n", Cmm # 0. Thus, the assertion of this lemma holds. 
o 
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Theorem 1.8.7. System (1.8.4) has a formal first integral in a neighborhood of 
the origin if and only if all singular point values of the origin are zero. 


Proof. First, we prove the sufficiency of theorem. If all singular point values are 
zeros , then by Theorem 1.8.2, the power series of €,7 have a nonzero convergent 
radius. Theorem 1.8.5 implies that H = €7 is a first integral in a neighborhood of 
the origin, which is a power series of z, w with a a nonzero convergent radius. 

Second, we prove the necessity of theorem. Suppose that system (1.8.4) has a 
formal first integral F in a neighborhood of the origin. By Lemma 1.8.1, F can be 
written as the form of (1.8.41). From (1.8.40) and (1.8.20), we have 


dF m, m > a > 
I MCmme N” + > aC'aa§ jn? (: En x) 
atB=2m+1 k=1 
— | MCnme™n”™ + 5 f Capt? n? ( + 5 ae) . (1.8.44) 
a+B=2m+1 k=1 


It can be represented by a formal power series of €, ņ as follows: 


dF = " 
"im s Deer: (1.8.45) 
a+B=2m 


Since F is a formal first integral in a neighborhood of the origin for system (1.8.4), 
therefore, all Dag must be zeros. From (1.8.44) and (1.8.45), we have 


0= 5 Dyné*n* 
k=m 
= | MOm” + M §Cy br? h: + Sonett) 
j=m+1 k=1 


Ls MCmmé nn ate 5 jCj€ n (: T 5 ae) 
k=l 


j=m+1 
= | MCmmé” + XO ICBO? | XO ut a” = 0. (1.8.46) 
j=m+1 k=1 


Because of Cmm Z 0. (1.8.46) follows that 
ECL (1.8.47) 
k=1 


It means that for all k, ji = 0. O 
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Theorem 1.8.8. If the the origin of system (1.8.4) is a complex center, then, 
in a neighborhood of the origin, any formal first integral F of system (1.8.4) can be 
represented by 


F= F(H), (1.8.48) 
where F(H) is a formal series of H. 


Proof. Let the origin of system (1.8.4) be a complex center. Then, H(z, w) = £r is 
an analytic first integral in a neighborhood of the origin. Suppose that F is a first 
integral in a neighborhood of the origin of system (1.8.4), which is represented as a 
formal series of £, n: 


F= y Cupty’. (1.8.49) 
a+B=1 
Write that 
F= Ouen, F=F-F*. (1.8.50) 
k=1 


Clearly, F* is also a formal first integral in a neighborhood of the origin of system 
(1.8.4). Lemma 1.8.1 follows that F is not a formal first integral in a neighborhood 
of the origin of system (1.8.4). Since F is the difference of two formal first integrals. 
So that, F = 0. O 


Theorem 1.8.8 gives rise to the following conclusion. 


Theorem 1.8.9. If the the origin of system (1.8.4) is a complex center, then 
in a neighborhood of the origin, any analytic first integral of system (1.8.4) can be 
written as a power series of H with a nonzero convergent radius. 


Theorem 1.8.10. The origin of system (1.8.4) is a complex center if and only 
if there exists an analytic integrating factor M(z,w) in a neighborhood of the origin 
with M(0,0) 4 0. 


Proof. The sufficiency of the conclusion is obvious. We prove the necessity. If the 
origin of system (1.8.4) is a complex center, Theorem 1.8.2 and Theorem 1.8.5 tell 
us that the Jacobian determinant J(z,w) of €,7 with respect to z,w is an analytic 
integral factor in a neighborhood of the origin and J(0,0) = 1. L1 


Theorem 1.8.11. In a neighborhood of the origin, system (1.8.4) is linearizable 
if and only if 
Pe=Q =0, &K=1,2,---. (1.8.51) 


Proof. If (1.8.51) holds, then system (1.8.20) is just a linear system. 
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Suppose that system (1.8.4) can be linearized in a neighborhood of the origin. 
Thus, there exists a normal transformation (1.8.6) in a neighborhood of origin, such 
that system (1.8.4) is reduced to the linear system 


Ed =ë, ^ = i. (1.8.52) 
Denote that “ 
Hed Q= 5m 3 (1.8.53) 
From (1.8.52), we have ] ] 
dH dQ ; 
a = 0, ip^ (1.8.54) 


It follows that H is a first integral in a neighborhood of the origin of system (1.8.4). 
Hence, by Theorem 1.8.7, we obtain 


te =0, k21,2,-. (1.8.55) 


From Theorem 1.8.4, there are two unit formal series F(H) and G(H) of H, such 
that 


€=€F(H), h=nG(H). (1.8.56) 
From (1.8.33), (1.8.53) and (1.8.56), we have 
~ |. 1, F(A) 


Because the right side of (1.8.57) is a formal power series of H, from (1.8.31), (1.8.55) 
and (1.8.57), we obtain 


dQ dQ 1 = k 
T rF A (iun). (1.8.58) 


From (1.8.54) and (1.8.58), we have 
m=0, A-1436 (1.8.59) 


Thus, (1.8.30), (1.8.55) and (1.8.59) give rise to (1.8.51). m 


? 


Theorem 1.8.12. In system (1.8.4), if for all a and B, the relationships bag = 
Gag hold. Then in (1.8.19) and (1.8.20), we have that Vk, j, cx; = dij, Pk = dk. 


Proof. The relationships V(a, 8), bag = Gag imply that Aag, Bag are real numbers 
in (1.8.2). Let x, y, t be real variables. Then (1.8.1) is real planar differential system. 
From (1.8.3), we have 

zZ-wu, =z, T*=-T. (1.8.60) 
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By (1.8.19) and (1.8.60), we obtain 
n=z+ M dyw, E=wt Yo ayut. (1.8.61) 


Denote that 

Boy, n =é (1.8.62) 
Making the conjugated transformation on the two sides of (1.8.20), from (1.8.60) 
and (1.8.62), we have 


d£* : .— dm = 
5: =O LES am, T = =a 2 nem. (1.8.63) 


k=1 


(1.8.61) and (1.8.63) follows that (1.8.62) is a standard normal transformation in a 
neighborhood of the origin of system (1.8.4). The uniqueness of the standard normal 
transformation gives that 


n=€, q= prh k-12,-. (1.8.64) 
It follows the conclusion of this theorem. Li 


For system (1.8.1), consider the normal transformation 


Elx + iy, x — iy) + n(x + iy, x — iy) > ; 
>? RENI cix yl, 
— 
Elx + iy, a — iy) — nlx + ty, x — iy) 
eS ee "+ mam -vt Y dut zy). — (18.65) 
uw] 


Theorem 1.8.12 implies that if all coefficients on the right side of system (1.8.1) are 
real numbers, then u,v are power series of x, y having real coefficients. (1.8.20) and 
(1.8.3) follow the following conclusion given by [Amelikin etc, 1982]. 


Theorem 1.8.13. By using formal transformation (1.8.65), complex autonomous 
differential system (1.8.1) can become a normal form as follows: 


1 oo 
—-— + oí aku — Tp) (U? + v?)* = U(u, v), 
k=1 


1 oo 
Xu 32. Tpu + apv) (u? + v?)* = V(u, v), (1.8.66) 


where 
Ok = i(pk — dk), Tk = Dk + dk (1.8.67) 


and all Ok, Tk, Chj and dii are polynomials of Agg,Bag with rational coefficients. 
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Proposition 1.1.2 and Theorem 1.8.13 imply the following three important for- 


mulas. 


Theorem 1.8.14. For system (1.8.1), we have 


a ae do IS ap 
d 2e a mits aH (1.8.68) 
k=1 k=1 
and 
AIX) OY) ðU AV T à 
= — +— j= k + 1)oy, 1.8.69 
Ox T Oy Ou i Ov p» Suet ( ) 
where 
du du 
EENE 2 = v E Ox Oy 
H=u +0, w = arctan z, J= ðv ðv (1.8.70) 
Ór Oy 


Theorem 1.8.7 gives the following conclusion. 


Theorem 1.8.15. System (1.8.4) has a formal first integral in a neighborhood 
of the origin if and only if all op = 0. 


From Theorem 1.8.8 and Theorem 1.8.9, we have 


Theorem 1.8.16. If the origin of system (1.8.1) is a complex center, then any 
first integral F in a neighborhood of the origin of system (1.8.1) can be written by 


F =F(H), (1.8.71) 


where F(H) is a formal series of H. In addition, any analytic first integral in a 
neighborhood of the origin of system (1.8.1) can be represented as a power series of 
H with a nonzero convergent radius. 


Theorem 1.8.10 derives the following conclusion. 


Theorem 1.8.17. The origin of system (1.8.1) is a complex center if and only 
if there exists an analytic integral factor M(x, y) in a neighborhood of the origin and 


M(0,0) 4 0. 
By Theorem 1.8.11, we have 


Theorem 1.8.18. System (1.8.1) is linearizable in a neighborhood of the origin 
if and only if for all positive integer k, ay = 0, Tk = 0. 


Definition 1.8.3. Suppose that the functions of the right side of system (1.8.1) 
satisfy 
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We say that the functions of the right side of system (1.8.1) are symmetric with 
respect to the coordinate «x. 
Suppose that the functions of the right side of system (1.8.1) satisfy 


X(-2,y)=X(a,y), Y(—z,y)= -Y (x,y), (1.8.73) 


we say that the functions of the right side of system (1.8.1) are symmetric with 
respect to the coordinate y. 

If one of (1.8.72) and (1.8.73) satisfies, we say that system (1.8.1) is a symmetric 
system with respect to a coordinate. 


From Corollary 1.4.1, we have 


Theorem 1.8.19 (The symmetric principle). Suppose that (1.8.1) is a sym- 
metric system with respect to a coordinate. Then, it has a analytic first integral in 
a neighborhood of the origin. 


Since the coefficients of the right side of system (1.8.1) can be complex, Theorem 
1.8.19 expands the symmetric principle for the center-focus problem in real planar 
differential autonomous systems. 


Theorem 1.8.20 (The anti-symmetric principle). Suppose that the origin 
of system (1.8.1) is a complex center. Then, there exist two power series u,v of x, y: 


u=a+hot., v=ythot.. (1.8.74) 


with a nonzero convergent radius, such that by transformation (1.8.74), system 
(1.8.1) becomes a symmetric system. 


Proof. Since the origin of system (1.8.1) is a complex center, by Theorem 1.8.2, the 
functions of (1.8.65) are power series of x,y with nonzero convergent radius. From 
Theorem 1.8.13 and Theorem 1.8.15, we see that by the transformation (1.8.65), 
system (1.8.1) can become the following symmetric system: 


d 1o 
TPD aA 
k=1 
dv _ a Qo ge 
met pra +07)", (1.8.75) 


L1 


By using the above two theorems, we obtain a method to check if the origin is a 
complex center. In fact, for a given system of the form (1.8.1), if we find a suitable 
transformation to make this system become a symmetric system, then the origin of 
the system is a complex center. 
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Example 1.8.1. Consider the real planar differential system 


dx " "Y 
dt En y X o] 
dy 


x 7? + 22? — 5ax® — 2(1 — 4az?)zy — 4az’y? + ay*. (1.8.76) 


By the transformation u = z,v = y — x7, system (1.8.76) becomes 


d d 
= = —v, Z = u — 6au^v? + avt. (1.8.77) 


Letting € = v?, the above system reduces to the Riccati equation 


oF 


—2(u — 6au*£ + a£?). (1.8.78) 
du 


The functions of the right side of system (1.8.77) is symmetric with respect to the 
variable v. Therefore, Theorem 1.8.19 follows that the origin of system (1.8.76) is a 
center. 


We now consider the existence of integrating factor in a neighborhood of the 
origin when the origin of system (1.8.20) is a m-order weak critical singular point. 
It is easy to show that the following conclusion holds. 


Theorem 1.8.21. Let the origin of system (1.8.20) be a m-order weak criti- 
cal singular point. Then, in a neighborhood of the origin, system (1.8.20) has the 
following integrating factor : 


1 1 
Mo) m  —5,—— — M — emus (hei); (1.8.79) 
Hi [14 y Eng 
pai Pm 


where H = En. 
From Proposition 1.1.4 and Theorem 1.8.21, we have 


Theorem 1.8.22. Let the origin of system (1.8.4) be a m-order weak critical sin- 
gular point. Then, in a neighborhood of the origin, system (1.8.4) has the following 
integrating factor : 


M(z,w) = JM = (1.8.80) 


1 
(zw + h.o.t.) TE 


where H and J are given by (1.8.33), M is given by (1.8.79). 


Similarly, we have 
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Theorem 1.8.23. Let the origin of system (1.8.66) be a m-order weak criti- 
cal singular point. Then, in a neighborhood of the origin, system (1.8.66) has the 
following integrating factor : 


1 1 


oo = m+1 
mci 1 + 5 C mk qk H 
Om 


k=1 


M*(u,v) = (1 +h.o.t.). (1.8.81) 


where H = u? + v?. 


Theorem 1.8.24. Let the origin of system (1.8.1) be a m-order weak focus. 
Then, in a neighborhood of the origin, system (1.8.1) has the following integrating 
factor: 


1 


1 
M*(z,y) = JM* = ——— (1 + h.o.t.) = ————— —— 
ey) ( ) (a? + y? + h.o.t.) t 


Ta (1.8.82) 


where H and J are given by (1.8.70), M* is given by (1.8.81). 


Theorem 1.8.25. Suppose that in a neighborhood of the origin, system (1.8.1) 
has an integrating factor M* (x,y) with the form f*(x,y)G(x,y) and s+ 1 is not a 
negative integer, where 


f(z, y) = £? +y? + hot, G(x, y) = 1 + hot. (1.8.83) 
are two formal series of x,y. Then, the origin of (1.8.1) is a complex center. 


Proof. We use reductio ad absurdum. Suppose that the origin of system (1.8.1) is 
not a complex center but a m order weak focus. Then, Theorem 1.8.24 follows that 
there is a first integral of (1.8.1) 


M*(z,y) 
M (a, y) 
in a neighborhood of the origin. From (1.8.83) and (1.8.84), F(rcos0,rsin0) has 
the form 


F(x,y) = = f*(x,y)G(z,y)(z? + y? + h.o.t.)™tt (1.8.84) 


1+5 G.(0)r* 


k=1 


F(r cos 9, r sin 0) = r? t™+1) À (1.8.85) 


where for all k, ¢,(@) are polynomials of cos @,sin@ (k = 1,2,---). Because s + 1 is 
not a negative integer, hence, s+m+1 #0. (1.8.85) implies that the origin of system 
(1.8.1) is a complex center which is in contradiction to the original hypothesis. O 


We next consider the case of s + 1 is a negative integer. Let s + 1 = —k, where 
k is a positive integer. Then, M* (x,y) in Theorem 1.8.25 has the form: 


ur G(z, y) 


M2 Y) = mri Y (1.8.86) 
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Theorem 1.8.26. Suppose that system (1.8.1) has an integrating factor M* (x, y) 
with the form (1.8.86) in a neighborhood of the origin. If the origin is not a k order 
weak focus. Then the origin of (1.8.1) is a complex center. 


Proof. We use reductio ad absurdum. Suppose that the origin of system (1.8.1) is 
not a complex center but a m order weak focus, where k #4 m. Then, Theorem 
1.8.24 follows that in a neighborhood of the origin of system (1.8.1), there is the 
following first integral 
4* G 2+ y? + hot. mtt 
oe MERCI Uu M atio iN (1.8.87) 
M*(x,y) f^ (x,y) 

Since k Z m, (1.8.87) implies the origin of system (1.8.1) is a complex center. It is 
in contradiction to the original hypothesis. O 


Similarly, we have 


Theorem 1.8.27. If system (1.8.4) has an integrating factor M(z,w) of the 
form f*(z,w)G(z,w) in a neighborhood of the origin, where s+ 1 is not a negative 
integer and 


f(z,w) = zw + h.o.t., G(z,w)= 1+ h.o.t. (1.8.88) 


are two formal series of z,w. Then the origin of (1.8.4) is a complex center. 


If s+ 1 = —k, where k is a positive integer. Then M(z, w) given by Theorem 


1.8.27 becomes 
~ G(z,w) 


Theorem 1.8.28. Suppose that system (1.8.4) has an integrating factor M(z, w) 
of the form (1.8.89) in a neighborhood of the origin. If the origin of (1.8.4) is not a 
k-order weak critical singular point. Then, the origin of (1.8.4) is a complex center. 


Example 1.8.2. System 


dz dw 


—— — 2 2 —— — — 
mT” + 3zw(az* + bw’), JT w (1.8.90) 
has an integrating factor 
~ 1 


This is a singular factor. However, we have the first two singular point values 
Ha = u2 = 0 of the origin of system (1.8.90). The origin is not a 2-order weak 
critical singular point. By Theorem 1.8.28, the origin is a complex center. 


Example 1.8.2 tells us that Theorem 1.8.25 ~ Theorem 1.8.28 are useful for 
solving the center problem. 
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Definition 1.8.4. If there are a constant y 4 0 and three formal series of 
(z*,w*): 


1 
y(z*,w*) = yw* +h.ot., w(z*,w*)- "d +h.ot., G(z*,w*)=1+h.ot., 


(1.8.92) 
such that by using the transformation 
z = 9(2*,u"), w-w(z',uw*) (1.8.93) 
system (1.8.4) becomes 
dz* * * * * dw* * * * * 
= —Z(z*,w*)G(z*,w"*), = W(z*,w*)G(z*,w"*). (1.8.94) 


dT dT 


Then, system (1.8.4) is called generalized time-reversible system. 


Let the origin of system (1.8.4) is a complex center. Then, in a neighborhood of 
the origin, the standard normal form of (1.8.4) has the form 


dé 1 2 

dT E E 1 + 2 a wen — $(£. 1), 

d pl 

snjit > wen = Wn). (1.8.95) 


By using the transformation £ = 7*,7 = £*, system (1.8.94) can become the following 
system: 
d£* dn* 

gp^ TPE), ap = UE), (1.8.96) 
It implies that system (1.8.95) is generalized time-reversible system. 


Theorem 1.8.29. If the origin of system (1.8.4) is a complex center, then, by 
using a suitable analytic transformation, system (1.8.4) can become a generalized 


time-reversible system. 
The following is the converse theorem of Theorem 1.8.29. 


Theorem 1.8.30. If system (1.8.4) is a generalized time-reversible system, then 
the origin of system (1.8.4) is a complex center. 


Proof. We use reductio ad absurdum. Suppose that system (1.8.4) is a generalized 
time-reversible system and its origin is not a complex center. Then, there is a 


positive integer m, such that uw, — = ::- Mm—1= 0, Um # 0. Thus, there is a 
polynomial F(z, w) = zw + h.o.t., such that 
dF F OF 
dT (1.8.4) Oz Ow 


= um(zw)™ + h.o.t.. (1.8.97) 
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By using (1.8.93), in a neighborhood of the origin, we can solve z* and w* as follows: 
* * * * 1 
z* = q*(z,w) = yw + h.o.t., w* = v*(z,w) = =z + h.o.t.. (1.8.98) 
Y 


Let 
F*(z,w)-— F(p*(z,w) w"'(z,w)) = zw + h.o.t.. (1.8.99) 


We see from (1.8.97) that 


dF*(z, w) _ dF(2*,w*) 
dT (1.8.4) dT (1.8.94) 
F * * F * * 
Ec t apt) P yee M E SPUR ai ) 
Oz* Ow* 
= —pm(zw)™* + h.o.t.. (1.8.100) 


(1.8.97) and (1.8.100) follows that um = 0. It gives the conclusion of this theorem. 
O 


Example 1.8.3. Consider the following system 
dz 


dT = Z(z,w) 

=z + 9(7 — 8A)[B(1 + 4\)z? + 9Aw2e? + (7 — 8À)u?z — 3(2 — A)w* Jz, 
dw 
iT. —W (z, w) 


=—w + 9(7 — 8A)[3(1 + 43)u? + (4 --7A)u?z — 9wz? --3(2 — A)z?]w. — (1.8.101) 


This system has a algebraic integral 


f(z,w) = 1 +27(1 + 43)(7 — 8X) (w + z)?(z — w). (1.8.102) 
Let 
gi mol v=. (1.8.103) 
f3(z,w) f3(z,w) 
Then . 
PE M NN (1.8.104) 
f8(z*,w*) £3 (z*,w*) 


By transformation (1.8.103), system (1.8.101) becomes 


dz* Z(z*,w*)  dw*  W(z*,w*) 
m Bur o Wer 1.81 
dT f(z*,w*)’ dT f(z*,w*) ALD 


Thus, system (1.8.101) is a generalized time-reversible system. By Theorem 1.8.30, 
the origin of system (1.8.101) is a complex center. 
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1.9 Integrability and Linearized Problem of the Resonant 
Singular Point 


Let the origin of the system (1.5.1) be a p,q resonant singular point. By using a 
suitable linear transformation, system (1.5.1) become 


dz = 
aT =pz+ M Zy(z,w) = Z(z,w), 
k=2 
U er ducc Wea ea (1.9.1) 
T iid E 


where p,q are two irreducible integers, Z (z, w), W (z, w) are two power series of z, w 
having nonzero convergent radius. For all k, Zi(z, w), Wi(z,w) are homogeneous 
polynomials of degree k of z, w: 


> aggz?wP, Wp(z, w) => bagw®z? (1.9.2) 
at+B=k a+p=k 


We now cite the definition of a normal form of system(1.9.1) given by [Christopher 
ect, 2003]. 


Definition 1.9.1. Suppose that there are two formal series of z, w 
E= z+ hot, =w + hot, (1.9.3) 


such that by transformation (1.9.3), system (1.9.1) reduces to the form: 
dé SD 
ap^ PS D x » Pel (EÑ »|. 


lg | + Euer] (1.9.4) 


dT 


Then, we say that (1.9.3) is a normal transformation in a neighborhood of the ori- 
gin of the system (1.9.1). System (1.9.4) is a normal form corresponding to the 
transformation (1.9.3). 


A resonant singular point can be transformed to a weak critical singular point 
by a suitable transformation. Actually, from Theorem 1.5.4, there are two power 


series p(w), (z) with nonzero convergent radius, satisfying (0) = v(0) = v'(0) 
v (0) = 0, such that by the transformation 


u=z-y(w), v-w-wu(z) (1.9.5) 
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system (1.9.1) becomes 


du = 

ap 7 PUulur) = pu DX 

di ec aout = LEY vd ) (1.9.6) 
gr T 4v"V(uv)- -av 2. k(u, v), 9. 


where U(u, v), V(u, v) are two power series with nonzero convergent radius of u, v. 
Uy (u, v), Vi (u, v) are homogeneous polynomials of degree k of u,v. 

Suppose that z = y(w), w = wv(z) are analytic solutions of the system (1.9.1), 
passing through the origin. By using the transformation 


u=2?, v=y! (1.9.7) 


system (1.9.6) becomes the following special system having weak critical singular 
point O(0,0): 


d oo 
T = zU (2? ,y?) =a |1-4 5 an ; 
k=1 
d oo 
k=1 


Since z = 0 and y = 0 are two solutions of system (1.9.8), hence, any normal 
transformation in a neighborhood of the origin of system (1.9.8) has the form 


x —-z|1- 5 cuz ya , C=ylit 5 dh gya ; (1.9.9) 
a+ß=1 œa+ß=1 


By Theorem 1.8.1, for the coefficients of the formal series (1.9.9), first, c%ņ, dj, are 
taken as any constant numbers. Then, the other coefficients can be determined 
uniquely. Corresponding to (1.9.9), the normal form of system (1.9.8) is as follows: 


dx* = ; 

e x" D» 
k=1 

dG* * < * * xk 

7 1c Max" C) | (1.9.10) 
k=1 


Compare with system (1.8.4), the right sides functions of the system (1.9.8) have 
the following properties: 
(1) z = 0 and y = 0 are two solutions of (1.9.8). 
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(2) U(a?, y*), V (xP, y2) are two power series of z^, y?. 
These properties of (1.9.8) make it have a particular normal transformation and 
a special normal form. 


Definition 1.9.2. Let (1.9.9) be a normal transformation of system (1.9.8) in 
a neighborhood of the origin satisfying for m/(pq) are not positive integers, c7 
dz, = 0. We say that (1.9.9) is a p,q resonant normal transformation. The 


mm = 
corresponding normal form is called the p,q resonant normal form. 


Obviously, the standard normal transformation in a neighborhood of the origin 
of system (1.9.8) is p,q resonant. 


Theorem 1.9.1. For all given Cyq, kp and dkp, kq (k = 1, 2,---), one can derive 
uniquely and successively the terms of the formal series 


oo 


z=a|1+ Y] Aga" | = xf(o?,y%), 
a+B=1 

C=y[1t+ Y, dagy™a® | = yg(z*, y"), (1.9.11) 
a 8-1 


such that by transformation (1.9.11), system (1.9.8) becomes the following normal 
form 


Ke x i + Yao | 


k=1 


= =~ | + d ! (1.9.12) 


Proof. Write that 


gluv) =1+ Y 5 Gm(u,v), (1.9.13) 


where fm(u, v), jj (u, v) are homogeneous polynomials of degree m of u, v: 


p» čapu, Gm(U, v) = > dagu“ uf (1.9.14) 


a+B=m atB=m 
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From (1.9.8), (1.9.11) and (1.9.13), we have 


Ud —*-: 5 É = qum + Fn) ; 


dT ien Ou Ov 
di A c OG9m OGm 
dT +¢C= y D eu CER - = m(U, v) ; (1.9.15) 


m-—1 = 
3 fr 
Em — Um ct UE m-—k — 2, Ym- , 
U. 3 [i + pus | Um-k — qv 37 Vek 
m-—1 "m " 
Gm = Vm + [C sp we) Vin—k —2 Una ‘ (1.9.16) 
4 Ov Ou 


By using (1.9.11), we obtain 


oo oo 
X Y LB. (KO) = x V pu Pav? feo (u,v) G*P4(u, v), 
k—1 


= k=1 
CV d (x6) = y sut gom (u,v) FRPM(u,v). (1.9.17) 
kd k=l 


Let 


k=1 1 m=1 
CP aO = y » du tv? 4 X vate) (1.9.18) 
k=1 k=1 m=1 


Then, by (1.9.13), (1.9.17) and (1.9.18), we see that for any integer m, Ọm, Um 
only depend on UNT ee Jai and g1,92,::: ,Gm-—1. For any positive integer k, 
when (k — 1)(p 4- q) < m < k(p +q), Pm, Um only depend on f1,p2,::- , Pk-1 and 
Gi; G2;°** dk—1. We know from (1.9.15) and (1.9.18) that (1.9.12) holds if and only 


if 


> fs afm 2 V AT kq, kp 
p» (» ðu — qu h) = Xe. crei v, 


x ( Gm ute) = M (Wm —Gm) + kut. — (1.9.19) 


m=1 k=1 
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From (1.9.14), for any positive integer m, we have 


Ofna afm 2 o, B 
Uu Vaw — 2 (ap — 8q)&,gu? v^, 
OGm Dr " 3 
28 py 2 = = ouv. 1.9.20 
quA Pu PE op)dga u^ v ( ) 
Denote that 
Bm—Fm= M Cagu®v®, Um—Gm= M, DagvwuP. (1.9.21) 
a+B=m a+B=m 


Then, from (1.9.19), (1.9.20) and (1.9.21) we get 


> 2. (ap — Bé gv? = Y > Caputo? + > pat 


m=la+B=m m=la+p=m k=1 

oo 7 oo ; oo 

Y MI Ba- op dgsu^v? = M7 M. Deau®v® +S > deut", — (1.9.22) 
m=la+B=m m=la+B=m k=1 


Since p and q are two irreducible integers, hence for any natural numbers a, £j, 
when a+ 8 > 1, ap — pq = 0 if and only if there exists a positive integer k, such 
that a = kp, 8 = kq. Thus, (1.9.22) follows that for any natural numbers a, 3, when 
ap— fq £ 0, all Cag, dga are determined uniquely by the following recursive formulas 


1 - 
Cop = — ——CogB, dga = Z— —Dga. 1.9.23 
Bh o. guo uir Hasc Pda ( ) 
Moreover, for any positive integer k, px, qx are determined uniquely by the following 
recursive formulas 
Dk = —Ckq, kp» Gk = — Drp, kq- (1.9.24) 


Because all coefficients of Čkq,kp and di, 44 in (1.9.22) are zeros. So that, Čkq,kp and 
dkp,kq can be given as arbitrary constants in advance. L1 


From Theorem 1.9.1 and Corollary 1.8.1 we have 


Theorem 1.9.2. In a neighborhood of the origin, any p,q resonant normal trans- 
formation of system (1.9.8) has the form of (1.9.11). The corresponding normal form 
has the form of (1.9.12). 


In a neighborhood of the origin, the standard normal transformation and the 
standard normal form of the origin of system (1.9.8) can be written respectively as 
follows: 
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" 
x-2z|14 Y] capa? yt | = xf (a?,y%), 
at+B=1 


=y fit dopy a’? | = yg(x”, yt), 1.9.25 
8 


k=1 
d us 
T= =% | + 5 aao : (1.9.26) 
dT 
k=1 
where 
Ckq, kp = dkp, kg = 0, k=1,2, >. (1.9.27) 


Theorem 1.9.3. Let (1.9.11) be a p,q resonant normal transformation in a 
neighborhood of the origin of system (1.9.8) and its corresponding normal form be 
(1.9.12). Then, 


&£— (z- efe w-V), Ñ= (w- y) z- pw- v) (1.9.28) 
is a resonant normal transformation in a neighborhood of the origin of system (1.9.1). 
By transformation (1.9.28), system (1.9.1) can be reduced to (1.9.4). 


Proof. From (1.9.5), (1.9.7), (1.9.11) and (1.9.28), we have 
uas ar (1.9.29) 
(1.9.12) and (1.9.29) follows (1.9.4). D 


Theorem 1.9.4. Let (1.9.3) be a normal transformation in a neighborhood of 
the origin of system (1.9.1) and corresponding normal form be (1.9.4). Then, there 
exist two unit formal series f(u, v), g(u, v) of u,v, such that E ij can be expressed as 
the form of (1.9.28). By using transformation 


X=axf(z?,y"), Ç= yg, y?) (1.9.30) 
system (1.9.8) becomes the p,q resonance normal form (1.9.12). 


Proof. Let (1.9.3) be a normal transformation in a neighborhood of the origin of 
system (1.9.1). Then, by transformation (1.9.5), € and ñ can be represented as two 
formal series of u,v. Since u = 0 and v = 0 are two solutions of system (1.9.6)hence, 
there are two unit formal series F(u, v), G(u, v) of u, v, such that, 


£—uF(u,v), f -—vG(u,v). (1.9.31) 
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Denote that 
f(u,v) = F*(u,v), g(uv) = G*(u,v), (1.9.32) 


where the functions of the right hands take their principal values. Then, f (u,v), 
g(u,v) are unit formal series of u,v. From (1.9.5), (1.9.31) and (1.9.32) we obtain 
the representations (1.9.28) of €, ij. 

From (1.9.5), (1.9.7),(1.9.28) and (1.9.30), we have (1.9.29). 

(1.9.4) and (1.9.29) follows (1.9.12). Oo 


Remark 1.9.1. Theorem (1.9.3) and theorem (1.9.4) imply that in a neigh- 
borhood of the origin, the p,q resonance normal transformation (1.9.11) of system 
(1.9.8) and the following normal transformation of system (1.9.1) 


p 


&£— (z— o) |14 V» Gap(z —v)*(w—y)?| —z-h.ot., 
at+B=1 


j= (w-wV) 1 M da(w-w)'(z—-e)! —w-hot. (19.33) 
a+ß=1 


have the one-to-one correspondence relation. Moreover, (1.9.5) and (1.9.7) imply 
(1.9.29). 


Definition 1.9.3. We say that in a neighborhood of the origin, 


P 


E=(z-)|1+ D cag(z — e)*(w —V)?! —z-h.o., 
a 8-1 


g-(w-V) 1* M) das(w—w)"(z—v)ó ^ —w-hot. (1.9.34) 


a+B=1 
is the standard normal transformation of system (1.9.1), where Cka, kp = kp, kg = 
0, k =1,2,---. Corresponding to transformation (1.9.34), system 
d£ " 
ap = "jit Yn (£r T 
M an |. +S a = wn) (1.9.35) 
dT 7] - k >") Se 


is called the standard normal form in a neighborhood of the origin of system (1.9.1). 


From Remark 1.9.1 and Theorem 1.8.2, we have 


1.9 Integrability and Linearized Problem of the Resonant Singular Point 65 


Theorem 1.9.5. In a neighborhood of the origin, the standard normal transfor- 
mation of system (1.9.1) and the standard normal transformation of system (1.9.8) 
have the following relation 


E= x?, n-(t. (1.9.36) 


Moreover, if for all k, py = qx, then €,7 are two power series of z,w having nonzero 
convergent radius. 


'Theorem 1.9.6. Let 
Bk — Dk — dk, Tk —Dktdk, K=1,2,---. (1.9.37) 


For system (1.9.1), we have 


dH = pid 
m pd Y uH 
k=1 
d pq > k 
k=1 
and 
2 (yz) - Ê (yw) = MYNE 4 l)ug(H)* (1.9.39) 
ay S — pq 2. Lk , 9. 
where 
0t 0€ 
LE. £x -i,p-1| Oz Ow 
— £d4p Intp m f — £q-l,p-1 Z w 
H=£4y?, Q= 5; In "1 M =EN an on : (1.9.40) 
Oz Ow 


Proof. By using (1.9.35) and (1.9.40) to do computations directly, we obtain (1.9.38). 
Let M = £1-!g?-1J, where J is the Jacobian of €,7 with respect to z,w. Then, 
Proposition 1.1.3 follows that 


o o 


5; MZ) - 5-(MW) 
ð ð 
75 (£7 1917 1JZ) - m (£g yw) 
=J ac (eya) — » (gp yg ty). (1.9.41) 
(1.9.41) implies (1.9.39). m 


Similar to Theorem 1.8.3, we have 
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Theorem 1.9.7. Let F(H) and G(H) be two unit formal power series of H. 
Then, 
&£—&F(H), ñ= nG(H) (1.9.42) 


gives the normal transformation in a neighborhood of the origin of system (1.9.1). 


Theorem 1.9.8. If (1.9.3) is a normal transformation in a neighborhood of the 
origin of system (1.9.1), then there exist two units of formal series of H of the form 


F(H)=1+ 5° A,H*, G(H) =1+ M B,H"*, (1.9.43) 
k=1 k=1 


such that € = EF (H), ñ = nG(H). 


Proof. Let (1.9.3) be a normal form in a neighborhood of the origin of system (1.9.1). 
Then system (1.9.1) becomes the normal form (1.9.4) by transformation (1.9.3). By 
Theorem 1.9.4, there are two unit formal series F(u, v), g(u, v) of u,v, such that 
(1.9.28) holds. System (1.9.8) becomes the normal form (1.9.12) by transformation 
(1.9.30). From Theorem 1.8.4, X, 6 can be written as the following formal series of 


Nue: 


K=x]l+ Y dnt" , €=¢/1+ M Balas" . (1.9.44) 
m=1 m=1 
From (1.9.25) and (1.9.44), we have 
X= af Dx d 
m=1 
C=y9l1+ 5° Baten" so ’ (1.9.45) 
m=1 


where f = f(a?, y*), g = g(a”, y"). By (1.9.30), X/a = f(a*, y") and Ç/y = g(a”, y9) 
are two formal series of zP and y?. Thus, when m/(pq) is not a positive integer, we 
have Am = Bm = 0. Now (1.9.45) can be become 


Xx 


1+ 5 Jags , C =ý 


k=1 


1+ 3 Bkpq aol : (1.9.46) 


k=1 


(1.9.29), (1.9.36) and (1.9.46) follow that 


id 


oo p 
la S Auer p qe 


k=1 


1+ 3 Bue (1.9.47) 


k=1 


This gives the conclusion. O 
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In [Xiao P., 2005], the author gave the following definition. 


Definition 1.9.4. For any positive integer k, ux = py — qk às called the k-th 
resonant singular point value of the origin of system (1.9.1) and Tk = pk + qp is 
called the k-th resonant period constant of the origin of system (1.9.1). 

Define that uo = 0. If there is a positive integer k, such that po = Wy =- = 
Mp1 = 0, but uk #0, then the origin is called the k-order resonant singular point; 

If for any positive integer k, there are ug = 0, then the origin is called a complex 
resonant center. 


Remark 1.9.2. The k-th resonant singular point value is the k-th saddle quatity 
given by [Christopher ect, 2003] 


Remark 1.9.3. Theorem 1.9.5 and Theorem 1.9.6 imply that if the origin of 
system(1.9.1) is a complex resonant center, then H = n? is an analytic first integral 
of system (1.9.1), and H a is power series in z,w having nonzero convergent radius. 


Similar to the proofs of Theorem 1.8.77 Theorem 1.8.11, we have the following 
results. 


Theorem 1.9.9. System (1.9.1) has an analytic first integral in a neighborhood 
of the origin if and only if all resonant singular point values of the origin are zeros. 


Theorem 1.9.10. System (1.9.1) in a neighborhood of the origin is linearizable 
if and only if for all k, pp = 0 and qk = 0. 


Theorem 1.9.11. If the origin of system(1.9.1) is a complex resonant center, 
then any first integral in a neighborhood of the origin of system(1.9.1) can be ex- 
pressed as a formal series of H. In addition, any analytic first integral in a neigh- 
borhood of the origin of system (1.9.1) can be expressed as power series of H with a 
nonzero convergent radius. 


Because system (1.9.8) can be reduced to system (1.9.26) by using standard 
normal transformation (1.9.25). Therefore, we have 


Theorem 1.9.12. The origin of system (1.9.1) is a complex resonant center if 
and only if in a neighborhood of the origin there is an analytic integral factor : 


M(z,w) = 22 tw! + h.ot.. (1.9.48) 


Remark 1.9.4. In [Simon etc 2000], the conditions of Theorem 1.9.9 are taken 
as the definition of the integrability. While the conditions given by Theorem 1.9.10 
are taken as the definition of the linearizable systems in a neighborhood of the origin 
of system (1.9.1). 
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Theorem 1.9.13. For any positive integer k, the k-th resonant singular value 
and resonant period constant of the origin of system (1.9.1) are the kpq-th singular 
value and the kpq-th period constant of the origin of system (1.9.8), respectively. 
In addition, if m/(pq) isn't a positive integer, then the m-th singular value and the 
m-th period constant of the origin of (1.9.8) are zeros. 


Finally, we have 


Theorem 1.9.14. For system (1.9.1), if the origin is a m-order resonant singu- 
lar point, then its standard normal form (1.9.35) has the following integrating factor 
in a neighborhood of the origin: 


1 


énH™ ( " Y Im k 2 


k=l Hm 


M= (1.9.49) 


Moreover, system (1.9.1) has an integrating factor JM in a neighborhood of the 
origin, where H = €%7?, J = 1 + h.o.t. is the Jacobian of £, with respect to z, w. 
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Chapter 2 


Focal Values, Saddle Values and Singular 
Point Values 


In this chapter, we consider a class of real planar autonomous differential systems, 
for which the functions of the right hand are analytic in a neighborhood of the origin 
and the origin is a focus or a center. We introduce the elementary theory to solve 
the center problem. 


2.1 Successor Functions and Properties of Focal Values 


By making a linear change of the space coordinates and a rescaling of the time 
variable if necessary, a planar differential system can be written as 


oo 


dx 


k=2 
dy > 
=Z = Y; (: =y 2.1.1 
dt dan? x (x, y) (z, y), ( ) 


where X(z, y), Y (x,y) are analytic in a sufficiently small neighborhood of the origin 
and 


Xx (x, y) = >D Aapt*y’, 
a+B=k 


Wien = V^ Bags*y" (2.1.2) 
a+B=k 


are homogeneous polynomials of order k. 

It is well know that the origin of system (2.1.1) is a rough focus when 6 4 0 and it 
is either a weak focus or a center when 6 = 0. The problem of determining whether 
a non-degenerate singular point (it has purely imaginary eigenvalues) is a center or 
a weak focus is called the center-focus problem (or simply, center problem). This 
is one of the most important topics in the qualitative theory of planar dynamical 
systems. [Poincaré, 1891-1897], [Lyapunov, 1947] and [Bautin, 1952-1954] had done 
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pioneering fundamental work. In last century, many mathematicians also made some 
important contributions in this direction. We first introduce the method of Poincaré 
successor function. 


Under the polar coordinate transformation 


z—rcosÜ, y=rsind, (2.1.3) 
system (2.1.1) is become 
eles ese 
dt = Pk+2 Us ’ 
k=1 

do z 
—=1 c+2(0)r" 2.1.4 
di +) Petal yr”, (2.1.4) 


where 

(x (0) = cos 0 Xy 1(cos 0, sin 0) + sin OY,_1(cos 0, sin 0), 

Vx (0) = cos 0Yp—1 (cos 0, sin 0) — sin 0X, 1(cos0, sin 0). (2.1.5) 
We see from (2.1.4)that 


ô+ 5 pk+2(0)r" 
=r— 5 —. (2.1.6) 
1+ X 0 depo(0)r* 

k=1 


To study the solutions of this equation, we discuss a class of general differential 
equations 


: " PLA = R(r, 0). (2.1.7) 


Where we assume that there exists a positive real numbers ro, such that R(r, 0) 
is analytic with respect to r in the region {|r| < ro, |0| < 47}, and it is continuously 
differentiable with respect to the real variable 0. In addition, 


R,(6 +7) = (—1)*R, (0), k-—0,1---. (2.1.8) 


We next use the small parameter method given by Poincaré (see [Poincaré, 1892]). 
Suppose that (2.1.7) has the following solution of convergent power series 


r=F(0,h) = 3 vy (8)h*, (2.1.9) 
k=1 
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satisfying the initial condition r|go = h, where h is sufficiently small and 
vı(0)=1, ™(0)=0, k=2, 3,---. (2.1.10) 


Substituting (2.1.9)) into (2.1.7) and equating coefficients of the same powers of 
h, it follows that 


— (2.1.11) 
where Qk,m(0) is given by 
m! 
Qe m(9) = L r v0) (0):-- v (8). (2.1.12) 
iene Ik: 
Particularly, 
Oil?) = vml Amm) maa (0). (2.1.13) 
Thus, (2.1.10) and (2.1.11) follow that 
v8) = elo Rolo)do, 
6 
R Q m aaa Tig Om m 
vs (8) — v (8) 1(2)82,m (9) ++ Emi (9)8 mm) di 
0 uo) 
— (2.1.14) 
We see from Ro(0 + 7) = Ro(0), and (2.1.14) that 
Lemma 2.1.1. For equation (2.1.7), we have 
v? (r) = wi (2). (2.1.15) 
For system (2.1.1), if 6 = 0, then (2.1.14) becomes 
Vi (0) = 1, 
6 
v0) = | Ut e)@2m(—) H Rma) ml] di 
0 
ined, eos (2.1.16) 


'Thus, we have 
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Lemma 2.1.2. For system (2.1.1), if 6 = 0, then all vk(0) are polynomials of 
0, sin@ and cos0, whose coefficients are polynomials of Aag, Bag. Particularly, for 
all k, vy(), vk(2T) are polynomials of Avg, Bag. 


Lemma 2.1.3. For a sufficiently small h, we have 


F(0 + m, h) = 9(0, — (m, h)). (2.1.17) 


Proof. The condition (2.1.8) follows that under the transformations p = —r, w = 
0 -- 7, (2.1.7) is invariant, i.e., 


d c : 
SE = p> Rilo) = R(p,u). (2.1.18) 
k=0 


Therefore, a solution of (2.1.18) satisfying the initial condition p|,-o = h is p = 
F(w, h), i.e., r = —r(0-- v, h) is one solution of (2.1.7) satisfying the initial condition 
r|a=0 = —f(r, h). On the other hand, r = (0, —r(v, h)) is also a solution of (2.1.7) 
satisfying the same initial condition. By the uniqueness of solution, (2.1.17) holds. 


I 
Similarly, the following conclusion holds. 
Lemma 2.1.4. For a sufficiently small h, we have 
T(0 + 2n, h) = 7(0,7 (27, h)). (2.1.19) 


In order to study the stability of the zero solution of (2.1.7), Poincaré introduced 
the following successor function: 


A(h) = r(2n, h) — h = [i (27) - Yh + = vi (21)h*, (2.1.20) 
k=2 


where 7(27,h) is called Poincaré return map. 
The following theorem is given by [Liu Y.R., 2001]. 


Theorem 2.1.1. For any positive integer m and vos, (2x) given by (2.1.20), we 


have 
m-—1 
[1 + i (T) vom (22) = 6 ha (22) — 1] + SCP ven (27). (2.1.21) 
k=1 
where for all k, k =1,---,m-—1, «9 are polynomials of vi(n), va(1),--* , vam(m), 


vi(22),va(25), +++, vas (27) with rational coefficients. 
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Proof. Taking 0 = 27 in (2.1.17) and 0 = s in (2.1.19), we have 
F(a, PT, h)) + Fr, — (7, h)) = 0. (2.1.22) 
We see from (2.1.9) and (2.1.23) that 
XO [vn (ar)#* (27, h) + (-1)* w (2) F* (m, h)] = 0. (2.1.23) 
k=1 


It can be written as the power series of h, for which the coefficient of the term ^?" 
satisfies 


Y vi (0)9s,25 (27) 3-1) vi (27) Qk, 24, (1)] = 0. (2.1.24) 
k=1 
Therefore, we have 
[1 + 11(1)|v2m (27) = G3 + Go, (2.1,25) 
where 
Gi = - [v2 (a) — 1]va (27) — [v2 (20) — v (27) Vam(7), (2.1.26) 
G2 = — 3 [vi (1) QE 2. (27) + (—1)* v (27) Q4, 25 (7)]. (2.1.27) 
k-2 


According to (2.1.26) and Lemma 2.1.1, G4 has the factor v;(27) — 1. Hence, we 
have from (2.1.25),(2.1.27) and (2.1.12)that 


2m-—1 
[1 + r (7)]vos (27) = EO) [v1 (22) — 1] + TOS E V. (22), (2.1.28) 
where all ep are polynomials of v(m), vo(), +++, vom (n), (21), vo(2m), >, 


Vom (21) with rational coefficients. By using the mathematical induction, we obtain 


m-—1 
[1 + vir] vos (22) =n 2n) — 1] + Yo nin), — (2.129) 
k=1 
where all nt) are polynomials in vi(7), vo(7),::: , Vəm(T), (22), v2(27), =, 
Vam (21) with rational coefficients. Denote that 
(1-4 x)" 2 2"-1(1 +x) + (z? — 1) f(z). (2.1.30) 


Then f(x) is a polynomial of x with rational coefficients. By using (2.1.30) and 
Lemma 2.1.1, we have 


[1 + n(n) = 2-715 + nA (0)] + [A (27) — 1] fA (7). (2.1.31) 


Thus, (2.1.29) and (2.1.31) follow the conclusion of Theorem 2.1.1. o 
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This theorem is important in the studies of the properties of successor function 
and focal values as well as in the discussion of the multiple Hopf bifurcation of limit 
cycles. 

Theorem 2.1.1 has the following corollary. 


Corollary 2.1.1. If 1(27) = 1, then, the first positive integer k satisfying 
vy (27) #0 is an odd number. 


Corollary 2.1.1 and the definition of Poincaré successor function (2.1.20) give 
rise to the following result. 


Theorem 2.1.2. Consider equation (2.1.7). 

(1) If v4 (22) < 1 (> 1), then the zero solution r = 0 is stable (unstable). 

(2) If v4 (2) = 1 and there exists an integer k > 1, such that vo(21) = v3(27) = 

: = Vo, (27) = 0 and vog4i(27) Æ 0, then when vək+1ı(2T) < 0 (> 0), the zero 

solution r — 0 is stable (unstable). 

(3) If vi (27) = 1 and all positive integers k, we have v2~41(27) = 0, then for 
a sufficiently small h , all solutions satisfying initial condition r|go = h are 27- 
periodical solutions. 


Definition 2.1.1. Consider system (2.1.1). 

(1) If v4 (20) A 1, then the origin is called rough focus. 

(2) If (2x) = 
V3(27) = +++ = Von (277) = 0 and vək41 (2T) Æ 0, then the origin is called the k-order 
weak focus, V2~41(27) is called k—th focal value. 

(3) If (27) = 1 and for all positive integers k, we have v24,41(27) = 0, then the 


1 and there exists a positive integer k, such that v2(27) = 


origin is called a center. 


2.2 Poincaré Formal Series and Algebraic Equivalence 


When 6 = 0, systems (2.1.1) have the following forms 


da T T a 
aT TUT DL Xy) = -y+ P Aar’? = X (2,9), 
k=1 a+B=2 
dy - > a, 3B 
gom + 2 Yos) =gz+ mou y^ — Y (z,y), (2.2.1) 


where X(x, y), Yx(x, y) are given by (2.1.2). 


Definition 2.2.1. Let A1, Ao, +++, Am, and Àm, be polynomials with respect to 
Aag's and Bag's. If for a positive integer m, there exist polynomials p (on) | ree, 
pm 


m-—1» 


with respect to Agg’s and Bag's, such that 


Am = Am + ta qe s qase t a (2.2.2) 
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then, we say that A4, is algebraic equivalent to Àm, written by Am ~ FM Further- 
more, if for any positive integer m, we have Am ~ Am, then we say that sequences 
of functions {Am} is algebraic equivalent to {Am}, written as {Am} ~ {Am}. 


Remark 2.2.1. It is easy to see from Definition 2.2.1 that the following conclu- 
sions hold: 

(1)The algebraic equivalent relationship of the sequences of functions is self- 
reciprocal, symmetric and transmissible. 


(2)1f for some positive integer m, Am ~ Am, then, when M = M = -+ =Am—1 
0, we have Am = An 7 g 
(3) The relationship 1 ~ M implies that Ay = X. 


Definition 2.2.2. Suppose that 
h)=1+ So ceh" (2.2.3) 


is a formal power series of h, where for any k, cy is a polynomial with respect to 
Agp’s and Bag's, then G(h) is called a unit formal power series of h. In addition, if 
G(h) is a unit formal power series, and G(h) has non-zero convergent radius, then 
G(h) is called a unit power series. 


Theorem 2.2.1. Let Am and Àm be polynomials with respect to Aag's and Bug's, 
Gm(h) and G,,(h) be unit formal power series of h, m — 1, 2, ---. If 


Y AMI Gin ( > Amh” Gs (2.2.4) 


m=1 m=1 


then {Am} ~ {Àm}. 


Proof. For any positive integer m, comparing the coefficients of h™ at the right- 
hand side and the left-hand side of (2.2.4), we then have the conclusion of this 
theorem. O 


By using Lemma 2.1.2 and Theorem 2.1.1, we have the following conclusion. 


Theorem 2.2.2. For system (2.2.1), we have 


Vom(27) ~ 0, m=1, 2,---. (2.2.5) 
Moreover, the equivalence relations Vom+1(2T) ~ Čom+1 hold if and only if for any 
positive integer m, there exist ri, N2, ++, Nm—1, such that 
m-—1 
Vom-+1( (27) = NkV2k+1( (27) ) + Poma, (2.2.6) 
k=1 


where all n, are polynomials of Aag's,Bag's. 
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We next introduce Poincaré's formal series method. 


Theorem 2.2.3. For system (2.2.1), one can construct successively a formal 


power series 
oo 


F(x,y) = ^ Fk), (2.2.7) 
k=2 


where F(x,y) is a homogeneous polynomial of order k of x,y and Fo(x,y) = 2? +y’, 
such that 


dF 
E = 5 Vom4a (a? F Y ae (2.2.8) 
f m=1 


Definition 2.2.3. For any positive integer m, Vam+1 is called the m-th Liapunov 
constant of system (2.2.1). 


Remark 2.2.2. We do not consider the convergence for the formal power se- 
ries. When we realize some operations such as addition, subtraction, multiplication, 
division, differentiate and integration on a formal series, we only deal with its coef- 
ficients, do not consider its convergence. Such operation is called formal operation. 


It is clear that for a given system (2.2.1), all v2,41(27) can be uniquely deter- 
mined. But the coefficients of formal series F in (2.2.7) are not unique. In fact, 
for any positive integer m, when P5, F3, ++- , Fom—1 have been determined, the 
coefficient of one term of Fəm can be arbitrarily chosen. So that, this value will 
effect the latter Liapunov constants. 

Each time when the first nonzero Liapunov constant is determined for the given 
system, it seems that we have solved the center-focus problem. But when we study 
the multiple Hopf bifurcation of limit cycles from a weak focus, only considering the 
first nonzero Liapunov constant is not enough. It is necessary to investigate the 
zero roots and their distributions of the Poincaré successor function. 

We notice that the relationship between the focal values and the Liapunov con- 
stants was studied in [Gobber etc, 1979] and the algebraic equivalent relation be- 
tween the Liapunov constants and the focal values was proved in [Liu Y.R., 2001]. 

[Liu Y.R., 2001] proved 


Theorem 2.2.4. For system (2.2.1), we have 


Qaa) S rmnm h. (2.2.9) 


Proof. By using the polar coordinate to F given by Theorem 2.2.3, we have 


F(0) = F(F(0, h) cos 0, 7(0, h) sin 0) = RT 0, sin 0)F* (0, h). (2.2.10) 
k=2 
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Thus, we obtain 


AF = F(2n) — F(0) = 3 F,(1, 0) [F* (27, h) — A*] 
k=2 


= 2h|F(27, h) — h]G(h) = 2h »» vi (2x)h ^ G(h), (2.2.11) 
k=2 


where G(h) is a unit formal series of h. 
On the other hand, (2.1.4) and (2.2.8)) can be transformed into 


zs 2" dF dt 
AF- —— di 
n dt ao! 


a Vox.172**?(0, h)d0 
0 


L4 5 Vr+2(0)F* (8, h) 
k=1 


=2r X Va h"? Gy (h), (2.2.12) 
k=2 


where for any positive integer k, 


1 ae j?**2(8. h)d8 
Gr(h) = zd LIONE. (2.2.13) 
MELOS OLD 
k=1 
is a unit formal series of h. From (2.2.11) and (2.2.12). we have 
hw (22)h^ G(h) = n X` Va h?**? G4 (h). (2.2.14) 
k=2 k=2 


From (2.2.14), Theorem 2.2.1 and Theorem 2.2.2, we then have the conclusion of 
this theorem. O 


Theorem 2.2.4 has important application in the study of successor function and 
focal value as well as in that of multiple Hopf bifurcations of limit cycles created by 
higher-order weak focus. 


Theorem 2.2.5. Let 
Hom+2(x, y) = (x? + Ye ial Thot, m=1,2,---, (2.2.15) 


be given formal series of x and y, which coefficients be all polynomials with respect 
to Agg’s and Bag's. For system (2.2.1), one can construct successively a formal 
power series F = x? + y? +h.o.t., such that 


oo 


dF 
dt Vasa Hamas (2 y). (2.2.16) 
k=1 
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Furthermore, we have 


(Vasa) ~ Himan} . (2.2.17) 


The prove of (2.2.17) is similar to Theorem 2.2.4. 
Form Theorem 1.8.13, there exist two formal series of x, y, 


u =g + h.o.t., v=ythot., (2.2.18) 


and by means of the transformations (2.2.18), system (2.2.1) can be transformed 
into the following normal form 


d — , 
dv 1S 2 2k 
a + B (Thu + ay v)(u^ + vt)" = V (u,v). (2.2.19) 
k=1 
Let 
H =u? +0’, (2.2.20) 
then 
dH x m 
a= Y omn H”. (2.2.21) 
m=i 
From Theorem 2.2.5, we have 
1 
Theorem 2.2.6. {om} ~ {Vamsi} ~ Erman} . (2.2.22) 
T 


2.3 Linear Recursive Formulas for the Computation of 
Singular Point Values 


In this section, we assume that Aag'’s and B's are all complex coefficients, t is a 
complex variable. By using the transformations 


z=at+iy, w=x-—iy, T=it, i=v-l, (2.3.1) 


system (2.2.1) is transformed to system (1.8.4), i.e., 


dz oo 
- ab — 
oF z+ 1 Gosgz^w^ = Z(z,w), 
«8-2 
dw T 
us «B. 
gp 1 b.gw* z^ = -W (z, w). (2.3.2) 


at+B=2 
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where aag's and bag's are all complex coefficients, T is a complex variable. 
For system (2.3.2), the singular point values {um} of the origin is defined in 
Definition 1.8.2. From Theorem 1.8.5, Theorem 1.8.13 and Theorem 2.2.6, we have 


Theorem 2.3.1. For system (2.2.1) and (2.3.2), we have 
{Vam+i} ~ {ilm}, {Vam+1(27) } dd {ifm}. (2.3.3) 


From Theorem 2.2.3, we have 
Theorem 2.3.2. For system (2.3.1), one can determine successively a formal 
series 


F(z,w) = 5 Copz*w? = zw + h.o.t., (2.3.4) 
a+ß=2 


where c11 = 1, C20 = Coz = 0, such that 


oo 


dF T 
T= pe tt, (2.3.5) 
m=1 


and {Am} ~ {um}. 


Theorem 2.3.3. In (2.3.4) and (2.3.5), let c11 = 1, C20 = Coz = 0, Ck,k = 0, 
k = 2, 3, ---, then when a+ 8 > 3 anda £ B, Cag and Am have the recursive 
formulas given by 


a+6+2 
1 : 
ca = Fa XO [(@- k+ 1)akj-1 — (8 -— j + 1)bjk-1]Ca-k+1,8-j+1; (2-3.6) 
k+j=3 
and 
2m+4 
dm = >> [(m— k--2)agj-1 — (m — j + 2)bj,k-1]Cm-k+2,m-5j+2, (2.3.7) 
k+j=3 


where Cog = 0 when a <0 or B « 0. 
Proof. Denote 
oo 
Z(z,w)=z + 5 ap j-12" wt, 
k+j=3 


W(z,w)=w + »- b; nz lub, (2.3.8) 
k+j=3 
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then 
dF 
TC 2 [acag2**w"Z — Beage*w*W] 
a+B=2 
=(a- p) >> capz*w® 
a+B=3 
+ 5 5 (aak ji — Bbi x 1)co522 t wP 1371 
a+6=2 k+j=3 
= V [(a-B)cag + Aag]z^w?, (2.3.9) 
a4 8-3 
where 
a-- 84-2 
Aag — D [(a — k + 1)ak,j—1 — (8 — j + 1)bj,k-1]Ca-k+1,8-5+1- (2.3.10) 
k+j=3 
Thus, (2.3.9) and (2.3.10) follow the formulas (2.3.6) and (2.3.7). o 


From Theorem 2.2.5, we have 
Theorem 2.3.4. Let 
Homş2(2, w) = (zw)"^*t! + h.o.t, m=1,2, >, (2.3.11) 


be given formal series of z and w, which coefficients be all polynomials with respect 
to dog's and bag's. For system (2.3.2), one can construct successively a formal 
power series F = zw + h.o.t., such that 


dP ^ X 
X 5 Xa Hom+2(2, wW). (2.3.12) 
k=1 
Furthermore, we have 
{Xm} ~ {Hm}. (2.3.13) 


Theorem 2.3.5. For system (2.3.2), one can derived successively the formal 
series 


M(z,w)= M, capz*w?, (2.3.14) 


with cog = 1, such that 


(MZ) A(MW) << 
Oz ðw 2 


(m+1)\m(zw)™. (2.3.15) 


m=1 
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To calculate cag and dm we have 


Theorem 2.3.6. In (2.3.14) and (2.3.15), let coo = 1, Ckk = 0, k 21, 2, --- 
then when a+ B Z 1 anda £ B, cag and Am have the recursive formulas given by 


, 


a+B+2 
il 
Ca = Bo b» [(a + Lag, j—1 — (B + 1)b5,-1]ca- k-1,8-j1 (2.3.16) 
k+j=3 
and -— 
Àm = 5 (ak,j—1 — bj,k—-1)Cm—-k+1,m—-j+1, (2.3.17) 
k+j=3 


where Cag = 0 when œa <0 or B « 0. 
Proof. We see from (2.3.8) that 
(MZ) O(MW) 


Oz Ow 
OM OM OM OM 
u ge ud C E) 
= 5 (a — B)cogz*w? 
at+B=1 


+ M SS Mat ban g-1 — (8 + 3)65s-1102527* wht 
a+6=0 k+j=3 
= D (a — B)cagz*w? 
at+B=1 
oo  a-46842 
+ 5 5 [(a + 1)ak j—1 aci (8 + 1)5; x 1]Co—k41,8—5412^ wf. (2.3.18) 
a 8-1 k+j=3 


Hence, (2.3.15) and (2.3.18) implies the conclusion of this theorem. O 


What is the relationship between {Am} and {um}? The following theorem answer 
this problem. 


Theorem 2.3.7. For {\m} defined by Theorem 2.3.5, we have 


Proof. Let 


1 oo 
E = b m+1, „m 
Z m = a w ? 


1 o 
C AM m,,m--1 
W* = MW + 5 25 Am zw . (2.3.20) 
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From (2.3.15) and (2.3.20), we have 


az* aw* 
x a (2.3.21) 


From (2.3.21), there exist a formal power series F(z, w) = zw + h.o.t., such that 


OF ee 
= i M = m m,,m-1 
Bz W W + 5 a z” w ; 
TF Gg d 3 Agam o (2.3.22) 
= = —— me Ws. DE 
Ow 2 = 


From (2.3.22), For system (2.3.2) we have 


dF OF, OF M 
dT = n4 nd mot = 5 Am Hom 42(2, w), (2.3.23) 


m=1 
where 
1 
Həm+2(z, w) = zew)" (wZ + 2W) = (zw)™*? + h.o.t.. (2.3.24) 
(2.3.24) and Theorem 2.2.5 implies the conclusion of this theorem. Li 


We see from the above discussion that when we use the recursive formulas given 
by Theorem 2.3.3 and Theorem 2.3.6 to compute singular point values of the origin 
of system (2.3.2) in a computer, we only need to perform finite many arithmetic 
operations, this is, plus, minus, multiply and division, to the coefficients of the 
system. Such calculation is symbolic and it has no error. 

In principle, according to the recursive formulas given by Theorem 2.3.3 and 
'Theorem 2.3.6 and using computer algebra systems such as Mathematica, Maple we 
can compute singular point values of the origin of system (2.3.2). Unfortunately, the 
simplification of singular values is a very difficult problem. 

For an example, we use the recursive formulas of Theorem 2.3.6 and computer 
algebra system such as Mathematica to calculate the singular point values of the 
origin for the cubic system 


dz — i 2, l 2 8.4 2 2 3 
dT = Z + a39Z2^ + a41Zw + agow^ + A302" + à312^w + aà12ZW^ + A03W", 
dw — heat 2 3 2 > 3 
gr Uc bow biiwz — bosz^ — baow" — barw z — b1awz^ — bogz?. (2.3.25) 


We found that the first eight singular point values have the terms shown in the 
following table. 
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Lk m u2 u3 [a [5 Le Hr Ls 119 
terms 4 42 306 1482 5694 18658 54256 143770 overflow 


This table tell us that for the computation of the singular point values, to find a 


method for the simplification of ux under the conditions jJ = H2 M uk—-i = 9, 


it is a key step. 


2.4 The Algebraic Construction of Singular Values 


We now introduce the work of algebraic construction of singular values (see [Liu 
Y.R. etc, 1989]). 
Consider the two parameter transformation 


ibi, (2.4.1) 


z= pe'?z, w= pe 


where Z, W are new space variables, p, ¢ are complex parameters, p Æ 0. 
Denote that z = «+iy,w = r—iy,£ = + iğ, W = $—iy. Then, (2.4.1) becomes 
x = plž cos ġ — Jsin $), 
y = p(X sin $ + J cos ¢). (2.4.2) 


In the case of real variables and real parameters, (2.4.2) just is a composite trans- 


formation of a similarity and a rotation. 


Definition 2.4.1. We say that the transformation (2.4.1) is a generalized rota- 
tion and similar transformation. 


Under the transformation (2.4.1), system (2.3.2) is changed to 


dz. ee 
— = 24+ M. üa, 


dT 
«8-2 
di " UI az 
at+B=2 
where 
ñag = aggp? *- 1e(o- 8-06. 
bag = bap * 91e 1(0-0-0€. (2.4.4) 


For convenience, let f = f(dag,bag) be a polynomial with respect to finite many 
coefficients of system (2.3.2) and f = f(ŭap, bap), f" = f(a% big), where aig = 
bap; bg = aap, a>0, 62>0,a+62>2. 
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Definition 2.4.2. Suppose that there exist constants A, o, such that f = pen, 
we say that À is a similar exponent and o a rotation exponent of system (2.3.2) under 
the transformation (2.4.2), which are denoted by I,(f) = A and I,(f) =o. 


From (2.4.4) and Definition 2.4.2, we have 


Is(@as) =at+6-1, Is(bag) =at+ 6-1, 
Lin) a0 de dataset Did (2.4.5) 


Definition 2.4.3. For system (2.3.2), suppose that f = f(dag,bag) is a polyno- 
mial of aag's, bags, 

(1) If f = p? f, then f is called a k-order generalized rotation invariant under 
(2.4.2); 

(2) If f is a generalized rotation invariant,and f is a monomial of aag's, bags, 
then f is called a monomial generalized rotation invariant; 

(3) If f is a monomial generalized rotation invariant, and it can not be expressed 
as a product of two monomial generalized rotation invariant, then f is called a 
elementary generalized rotation invariant. 


Definition 2.4.4. A polynomial f = f (aag, bag) of system (2.3.2) is called self- 
symmetry, if f* = f. It is called self-antisymmetry, if f* = —f. 


Theorem 2.4.1. Let fı = fı(laag, bag) and fa = fzlaag, bag) be two polynomial 
with respect to finite many coefficients of system (2.3.2). If fi = pen? fi, fo = 
p3 e'*?? fo, then 


Is(fife) =Is(fi) +Is(f2), L(Rfe)-lLG)-L). (2.4.6) 


Corollary 2.4.1. If fı and f2 are two generalized rotation invariants, then their 
product fif» is also an generalized rotation invariant and Is( fi f2) = Is( f1) +1s( fa). 


We see from (2.4.3) that 


Theorem 2.4.2. A monomial of the coefficients of (2.3.2) given by 


9 =|] 05,6; [[ orror (2.4.7) 
j=l k=1 


is a N-order generalized rotation invariant under (2.4.2) if and only if 


Ir(g) = Da B; -1) - M — ôk — 1) = 0. (2.4.8) 
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It is easy to see that N is a positive integer when (2.4.8) holds. From Theorem 
2.4.2, we have 


Theorem 2.4.3. If a monomial g = g(aag, bag) is a k-order generalized rotation 
invariant (or elementary generalized rotation invariant) of (2.3.2), then so is g*. 


We see from 81.8 that by the standard normal transformation 
E=z+ p» ckjz^w! = £(z,w), n=wt 5 dyjw'z) = n(z,w), (2.49) 
k+j=2 k+j=2 


system (2.3.2) can become the standard normal form 


E 


f= e+e) pal én)" 
k=1 
a =—- DT En)" (2.4.10) 


Theorem 2.4.4. All py and qi given by (2.4.10) are k-order generalized rotation 
invariants of (2.3.2), k — 1, 2, 


Proof. For the variables €, rj of the formal series given by (2.4.9), we denote that 


—e "A £(pe'?z, pe **i), 


Im 


1, 
ij = —e'?n(pe'®z, pe *?w). (2.4.11) 
p 


By means of transformation (2.4.11), system (2.4.3) can be changed into the standard 
normal form 


d 
& Yn "ard 


d) t 2k, ck4lgk 
pcd 5:9 quj EF. (2.4.12) 
k=1 
We have from (2.4.12) that 
Dk = p De, dk = p? qx, k= 1, 2, VERE (2.4.13) 
It follows the conclusion of this theorem. O 


Theorem 2.4.5. For system (2.3.2), we have 


P= die G=Ppr, k=l, 2, e (2.4.14) 
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Proof. By using the transformation 


z=u, w-2z, T--T"* (2.4.15) 
system (2.3.2) becomes 
dz* E: 
"— * *\3 
TE DY a (wn, 
a+B=2 
dw* MK »» b* ( yea) (2.4.16) 
IT w a3 (W : 4. 
a+ß=2 
The transformation 
&* = n(w*,z*), m* = €(w*,2*) (2.4.17) 


makes system (2.4.16) have the following standard normal form 


TEHE EO, 


dT* 
HH. —n* -Dno EtL Eryk, (2.4.18) 
dT* 

Clearly, (2.4.14) holds. o 


We see from Theorem 2.4.4 and Theorem 2.4.5 that 


Theorem 2.4.6. For any positive integer k, up is a k-order generalized rotation 
invariant and the anti-symmetry relation uj, = —u% holds. Ty is also a k-order 
generalized rotation invariant having self-symmetry relation T = Tr. 


'Theorem 2.4.6 implies the following conclusions. 


Theorem 2.4.7 (The construction theorem of singular point values). 
The k-order singular point value upg of (2.3.2) at the origin can be represented as 
a linear combination of k-order monomial generalized rotation invariants and their 
antisymmetry forms, i.e., 


pe Y (gri giy), k-12, 5 (2.4.19) 
j=l 


where N is a positive integer, and *yy; is a rational number, gy; and gj; are k-order 
monomial generalized rotation invariants of (2.3.2). 
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Theorem 2.4.8 (The construction theorem of period constant). The k- 
order period constant Tk of (2.3.2) at the origin can be represented as a linear combi- 
nation of k-order monomial generalized rotation invariants and their self-symmetry 
forms, i.e., 


N 

j=l 
where N is a positive integer and ^j is a rational number, gy; and gy; are k-order 
monomial generalized rotation invariants of (2.3.2). 


Theorem 2.4.9 (The extended symmetric principle). Let g be an elemen- 
tary generalized rotation invariant of (2.3.2). If for all g the symmetric condition 
g = g* is satisfied, then the origin of (2.3.2) is an complex center. Namely, all 
singular point values of the origin are zero. 


Remark 2.4.1. The symmetry principle of a real differential system is a special 
case of this extended symmetric principle. In fact, suppose that real vector field 
(2.2.1) has a symmetry axis passing through the origin (without loss the generality, 
we assume that it is the x-axis). Then, (2.2.1) satisfies 


X(r,—-y)-2-X(rz,y), Y(x,-y)=Y(a,y). (2.4.21) 


It implies that for the associated system of (2.2.1), the relationship Z(w,z) = 
W(z,w) holds. Hence, for all pairs (o, 8) , we have dag = bag. It gives rise to 
the condition of the extended symmetric principle. 


For example, we consider the following complex analytic system 


dz = 
m’ + ajızw + 5 fileju", 
k=2 
LL S ute 2.4.22 
de ay Shale (24.22) 
k=2 
and its symmetry system 
dz us k 
3T —z4 5 h(w)z j 
k=2 

d b 3 fr(w)z* (2.4.23) 
ae e Z— Zz As 
dT w 11W — kVUJZ , 


where fk, hj are two polynomials and 
deg(fi) € k, deg(gj)) <k-2, k=2,3,---. (2.4.24) 


It is easy to show that the origin of (2.4.22) and (2.4.23) is a complex center 
(see [Liu Y.R. etc, 1989]). The following is a new result. 
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Theorem 2.4.10. There exists an analytic change of the form (2.4.9), such that 
system (2.4.22) and (2.4.23) becomes a linear system 


dg 


_ dn _ 
dT —— 


& g= (2.4.25) 


Proof. If (2.4.24) holds, the rotation exponent of any coefficient of a nonlinear term 
of (2.4.22) is negative, while for (2.4.23) it is positive. We have from Theorem 1.5.2 
that any generalized rotation invariant of (2.4.22) and (2.4.23) is zero. Hence, for 
systems (2.4.22) and (2.4.23), Theorem 2.4.2 implies that p; = qk = 0, k =1, 2, >, 
which follows the conclusion of this theorem. L1 


Remark 2.4.2. By using Theorem 2.4.1 and the mathematical induction method, 


we can easily prove the following conclusion: for Cag and Am, Am in Theorem 2.3.3 
and Theorem 2.3.6, we have 


I;(cag)-— «FB, I-(Cag)=a-B, Coa = Chp, 
, Ip (Àm) = 0, 
, (Am) = 0. (2.4.26) 


2.5 Elementary Generalized Rotation Invariants of the Cubic 


Systems 
In this section, we consider the complex second-order cubic polynomial differential 
system 
— n + aga w? 
— = 2 + d292^ + ay zw + aga 
dT 20 11 02 
-Fa392? + a9, 27 + d19zw? + a93w?, 
dw 2 
—— = —w — bxw? — by, wz — bos z? 
dT 20 11 02 


—b3ow? = boi wz = biowz? us bo3z?. (2.5.1) 
By using the theory mentioned in Section 2.4, we obtained (see [Liu Y.R. etc, 1989]) 


Theorem 2.5.1. System (2.5.1) has exactly 120 elementary generalized rotation 
invariants, which are listed as follows: 


Self-symmetry 


order 1 a20b20, a11b11, a92002. 


order 2 430030; 212512, ao3bo3. 


(2.5.2) 
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order 1 


order 2 


order 3 


order 4 


order 5 


420011; 
430012; 
a29b11630, 
a29a12, 

M a12, 
a29b11a02, 
b3:1ao2, 
a20b12402, 
b11b12402, 
611602403, 
a29a03. 
b2,ao3, 
a30b12b20402, 
až9a11002, 
b2,a11a02; 
a$5511a03; 
a20b}, a03, 
a20b30b03402, 
b11630b03a02, 
b390a0309 
639403052, 
a1, 03095; 
b20a11b30b03, 
b25a12093; 
a? bi2403, 
b29b}2953 , 
30052463; 
a30002> 

430 bin apa. 
b§243 , 


Asymmetry 


b20b113 
b30b12; 
b20011430; 
b3qb12; 

a? b12; 
b25a11002; 
a3, 02; 
b20a12b02; 
21181202; 
411492603 - 
b2y bos: 

a? bo3; 
b30a12a20b02; 
b39b11b02; 
az b11b02; 
63941103; 
b20a3 bo3; 
b20a30a03b02; 
a11430403b02; 
a30bo3a25; 
aĝo bosaĝz; 
b71 bo3aĝ2; 
a20b11430403; 
a39b12403; 
b?, 212093. 
à20 0$ bj; 
6304526933 
b30 bo»; 

b30 ab; 
aĝo bos. 


Corollary 2.5.1. The quadratic system 


has exactly 13 elementary generalized rotation invariants as follows : 


dz 
dT 
dw 
dT 


a29b20, 


3 
459402; 


2 
429671 G02, 


0392? + a11zw 


bogu? biiwz 


a21, 

ao b30, 

b2 b30, 
a20b11412, 
a$9a02, 
a20024a92; 
420030002 ; 
511830802; 


a20b02403, 


a30b12403, 
a29020a02; 
b2,029a02; 
430012411002, 
a45403, 
a$ob1,a03, 
b$ a03, 
a20012503a02, 
b11a12503a02, 
212003095. 
b20011a03b22, 
b39b3003, 

a? b30b03, 
620411412593, 


011005003; 
b12565803; 
03912459, 


3 9 
b15002; 


2 
020 , 


bozz? 


3 ; 
b39bo2; 


2h. 
620471 b02; 


ao2bo2, 


3 
by, 402, 


d390011, 29011, 


2 2 
a59011802, 5911002; 


3 
à14092. 


89 


b21 . 
039.430; 
ad 430; 
52011512; 
bo boa; 
b29a7, 502; 
b20b30b02; 
a11b30b02; 
b20a02b03; 


b30a12b03; 
02520002; 
a? a20b02; 
b30a12b11b02; 
b30 bos; 
63947 1 03; 
at, bo3; 
520512803502; 
a11512a03b02; 
b12003a25; 
a20511b03ag5; 
39.3003; 

b? a30403; 
a20b11b12403; 


9 
511093093; 

272. 
2120055055; 
2 2. 
555012595; 


3 p2 
215095. 


(2.5.3) 


(2.5.4) 


(2.5.5) 
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Corollary 2.5.2. The Z2-equivariant cubic system 


dz — 3 2 2 3 

dT z + a302” + a212 "wW + a12zu* + A03W", 

d 

T ——Ww- b3ou? = boy wz = biswz? = bo3z® (2.5.6) 


has exactly 13 elementary generalized rotation invariants as follows 


4390030, 12012, 403603, 430412, b30b12, a21 bat, 


2 2 2 2 
439403, b30b03, 30012403, b30a12b03, bj2a03, ai5bos. (2.5.7) 


2.6 Singular Point Values and Integrability Condition of the 
Quadratic Systems 


For some concrete families of differential equations, the characterization of center and 
finding and simplifying focal values (or saddle values) has extensively been studied 
during the last decades. 

[Liu Y.R. etc, 1989] studied the computation and simplification of singular point 
va-lues for systems (2.5.4) and (2.5.6). We now introduce their study results. 


Applying recursive formulas of Theorem 2.3.6, we can compute the singular point 
values of the origin of system (2.5.4) and simplify them by using computer algebra 
system. Mathematica and Maple are very good computation software. 


Theorem 2.6.1. The first three singular point values at the origin of system 
(2.5.4) are given as follows: 


H= b20b11 — 420011; 


—1 
Ia; ie. 30h + 31» = 213), 
5 
H3 od g(ubu = 492092) (212 = I3), (2.6.1) 
where 


3 3 2 2 
lo = 39402 — b3ob02, Jı = a$9011a02 — 63941102, 


I» = a29b7 | 02 = 55983, boo, I5 = b?, ao2 = a?, boo. (2.6.2) 


Theorem 2.6.2. For quadratic system (2.5.4), the first three singular point va- 
lues are all zero if and only if one of the following four conditions holds: 
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Cy : 2a20 — b11 = 0, 2029 — a11 = 0; 

C5 : 029011 — b20b11 = 9, Io = h = Í = Ís = 0; 

C3 : a11 = b11 = 0; 
` | b20 + 2a11 = a20 + 2011 = 0, ao2bo2 = a11b11, 
[b11| + lbo2| #0, Jai] + [aoa] Æ 0. 


(2.6.3) 


Theorem 2.6.3. For system (2.5.4), we write that 


fi — 1 + 2(ag0z + bow) 4 [ad + 059592) 2? 
+3(a20b20 — ao2bo2) zw + (b39 + a29a02)u?] 
+(az0b20 — ao2b02) (b022? + a2902?w + baozw? + aggw?), 
fa =2a11b11|1 — 3(b11z + a11w)] 
[3(b11z + a41w) — (a11z — aogw)(b11w — bo22)] 
x [a1 (b2 — à11092)2 + bii (ad, — ao3b11)u], 
fg=1—2(b112 + aiw) (a110922? — 2a411b141 zw + a9201;w?). (2.6.4) 


Then, 
(1) If Condition C, in (2.6.3) holds, then system (2.5.4) is Hamiltonian. 
(2) If Condition Co in (2.6.3) holds, then the conditions of the extended symmet- 
ric principle are satisfied. 
(3) If Condition Ca in (2.6.3) holds, then there exists a integrating factor f, |. 
(4) If Condition C4 in (2.6.3) holds, then there exists a first integral 1f. 


From Theorem 2.6.1 ~ Theorem 2.6.3, we have 


Theorem 2.6.4. The origin of quadratic system (2.5.4) is a complex center if 
and only if the first three singular point values are all zero. 


Appendix 
The computational course of the singular point values in Theorem 2.6.1 is given as 
follows: 

Let cj; = 0, k = 1, 2, --- . We use the recursive formulas to do the computation. 


The computational course of above singular point value is given as follows: 
fy = b20b11 — 20011, 
1 
u2 = 3 (24471 43924} 1 b02—4a02411020b02 +15071420011 2402039911 ~ 34024200 
4-2aoab3, +30411439b20 +307, bo2b20 +4a02b02b11b20 — 1541107, b20 +2411 bo2b39 
—30a20b11b35 + 2407 b20). 
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Let 
1 
k21 = 3 (24a11420 + 4ao2b02 — 15a11b11 — 30a20b20 + 24631529), 


H2 ` H2 — koipa, 


then 
1 3 2 2 3 2 2 
H2 = 3 (— 2a1:bo2 T 2a92059b11 = 3a92420071 + 2ao2b7, + 3a11002020 + 2a11b92b5), 
i.e., 
1 
H2 — 32h = 3l» + 213), 
1 


H3 = 7 —(- 72364?) a39 — 696a92011459 — 778at, a20bo2 = 2250ao207  a39b02 


—153a0203, 2» — 120a25a11a29065 + 842443, a39b11 — 614a92a11a39b11 
4-381af,bo3b11 + 1204a9207, a20bo2b11 — 108a25a29bo3b11 — 262843, a20b?, 
—159a0201103 907, — 252a25a29b02b7, + 1082a92a11a29b], + 153a2ybo2b3, 
—38lap2a 100 + 15876a7,a35020 + 216043, a20bo2b20 + 2504a92011439b02b20 
+252a9207 , 025039 — 15120a? a20b11b20 + 1452a92039b11b20 — 10824}, bo2b11b20 
+120a25b20b11b20 + 4824920397, b20 — 1204a92a11002024 b20 + 2628a?,b?, b20 


—2160a 9242063, b20 + T'18a9301, b20 — 928821103 9b — 482a? 02909502; 
+108a92011b2b3 o +159a7,bo2b1 b39 —2504.a02420b02b1139 +1512001142067 b20 
+2250 aoabo2b7 b20 — 842441103, b20 — 1452a11a20b02b030 + 92880396113, 
+614.411b92b11b39 — 15876a39b2, b30 + 7236}, 035 + 696bo2b11b5,). 


Let 


1 
k31 = ry — (14472a7,a29 + 1392a92a3o + 290a?, bo2 + 4500402411 A29b92 + 240a2502» 


—16848a74a29011 —38a92a25011 —2408a92a110020114-5256a2,02, —909a92a3902, 
4-290ag3b3, — 31752a11a25029 — 909a7, bo2b29 — 5008a02a20b02b20 
+44712a11a20b11b20 + 4500a02b02b11b20 — 1684841167, b20 + 1857603963 
—38a11b02b20 — 31752a39b1102, + 1447202, 02, + 139259303), 


1 
k32 = g (Zia 1420 + 36ao2b02 = 112a11511 = 252a20b20 + 211b11b20), 


Ha — Ba — k31Hı — Kap, 
then 


H3 = g C o2bo2 + 41011) (a3, 092 + 292429014, — ao2b?, — 2a74 093020), 


i.e. 


5 
Ha = zubu — ao2bo2) (212 — Is)). 
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2.7 Singular Point Values and Integrability Condition of the 
Cubic Systems Having Homogeneous Nonlinearities 


Theorem 2.7.1. The first five singular point values at the origin of system 
(2.5.6) are given as follows: 
Ha = 021 — b21, 
H2 ~ b3ob12 — 30012; 


1 
H3 ^ gh + 81s = 31s), 
1 
fla ov pe” + b21)(9I4 — 615 + Ie), 


1 
H5 ^v gge = ao3bo3) (914 = 615 + Is), (2.7.1) 


where 
2 2 
I4 = 439403 — b39b03, 
I5 = a30b12403 — 63941203, 


lg = bf 2003 — a13boa. (2.7.2) 


Theorem 2.7.2. For system (2.5.6), the first five singular point values are all 
zero if and only if one of the following four conditions holds: 


Cı : a21 = b21, 3a30 — b12 = 3b39 — a12 = 0; 


C2: a21 = b21, a30d12 = b30b12, T4 = I5 = Ig = 0; 


C: d a21 21 ; 403903 Q12012, (2.7.3) 


a30 + 3b12 = b30 + 3a12 = 0. 
Theorem 2.7.3. For system (2.5.6), we write that 


fs = 1 = 6(b152? + a12w?) 


+3(3b2,24 = 2a43b932?w + 2a43b152?u? = 2by2a93wz + 3a2,w*) 


1 
+5 2ar22 = aogw)(2bigw = bo3z) 


x (bo3z* = 2b15z?w = 2a43u?z + ao3w*). (2.7.4) 


Then, 

(1) If Condition C, in (2.7.3) holds, then system (2.5.6) is Hamiltonian. 

(2) If Condition C2 in (2.7.3) holds, then the conditions of the extended symmet- 
ric principle are satisfied. 


(3) If Condition C3 in (2.7.3) holds, then there exists a integrating factor 29 
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From Theorem 2.7.1 ^ Theorem 2.7.3, we have 


Theorem 2.7.4. The origin of (2.5.6) is a complex center if and only if pı = 
H2 = H3 = pa = ps = 0. 


Appendix 


The computational course of the singular point values in Theorem 2.7.1 is given as 
follows: 
H1 = a21 — bai, 
H2 = —a12030 + b12b30, 
l3 = s (28413021430 + 3a03039 + 3a15bo3 — 12a12a21012 + 8093a39b12 — 3a03b72 
—20a12a30021 + 12a12b12b21 — 36421430630 — 8412603630 + 20a21b12b30 
+36az9be1b30 — 2812b21ba0 — 30362). 
Let 


3 
k31 = 3 (241230 — a12b12 — 3a39b30 + 2b12b30), 


—1 
k32 = 3n + b21), 
Ha — H3 — kay — Kaap2, 
1 2 2 2 2 
Ha = g (3203430 + 3a15093 + 8093839012 — 3aga3b15 — 8a12b03b30 — 3b03b30), 
i.e. 


1 
Ha = gh + 81s = 31s), 


1 
H4 = 15 1081203, 030 = 198 5055 = 81a03a21a2; = 13a25a21003 = 24a03412430b03 


4-28a12a2, b12 + 32a7,a30b12 + 24a03a21a30b12 + 403421075 + 88a12021430b21 
+75a03039b21 — 2093021 — 64a03a30015051 + 13a93025021 + 4a12a30b31 
—28a12b12b3, + 84a2;a30b30 + 96a42a2930 + 64a42a21593039 — 4a2, 015030 
+24a093b03b12b30 — 3241267630 — 24412b03b21b39 — 8821515021039 — 84a3905, b30 
410851262, bs — 75a21b03b29 — 96a39b1253, + 7202,03, + 8159552103). 


Let 
T 
k41 = g (752012021 a30 — 39a03430 = 3a?5b03 + 14412021612 + 22a0383001» = 3a093b75 


—4a12430b21 + 14a12b12b21 + 4282139039 + 22a12b03b30 — 4421612630 
+42a39b21b30 = 52515051030 = 3903630), 


1 
k42 = 1 + 18a12a30 + 6a930o3 — 8212012 + 2a21b21 + 2, — 24a39b30 + 18012030), 


1 
k43 = dg eau + 021), 
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Ha pa — kaipa — kazuo — Kaspa; 
then 
—1 
Ha = Jo (21 + b21)(—9a03439 + a15bo3- 6203030012 —do3b12— 6a12b03b30+9b03b30), 
i.e. 
1 
H4 = pe” + b21)(9I4 — 6I; + Ie), 
M 4 F 104a? 2 2961 2 a2 1482 3 
ps = Too! 60841205, a30 + 710447021403, + 2961a93a5, a3) + 1482003412035 


+423a?,a3, bo3 + 462a 
+104a93a75b23 — 1728 


3 2 42 
12030003 + 1944a93412421430b03 + 7249343903 

3 2 2 
412051012 = 4524a15a21030012 T 144a93a54 039012 


+712a93012039b12 = 200a35b03012 = 672a93012021b03b12 + 2880 3030003012 
+876a7,421b7—81a9343, 02 —1002a03a12a30015 — 1042500307, --200a93a1201., 


—9120a12824 a39021 = 400847503 9b21 = 2448093021 039b21 = 216a25a21003021 


—984a93412430b93b21 4 


- 4032a12a2, 013021 + 3060a7,a30b12b21 


+1684 93421 a30b12 b21 E 


—5184a3,a39030 — 126 


m 672a03412b93b12b21 = 876a75025021 + 216a93421075b21 


4-7008a12a21a3002, — 513aosa2,02, + 81a2509302, — 4032a12a2101202, 
4-1440a03a3901302, — 423ao302402, = 230441203063, + 1728a12b12b3, 


84a12a21a25030 = 57649303930 = 1440a12a2, bo3b30 


—2160a7,a30b03b30 = 2736493021 4390936030 = 2881a93012b23b30 + 230443, b12b30 


+12096a3,a39b21b30 + 
+2736493030 bos b21 b30 


+6732a21430 b20 + 513 


Let 


1 
koi = — 


T (1528a12a2,a39 + 


+10080a12421039b12b30 = 2130a03a29012030 + 1002a?5b03b12b30 
+984a93021b93b12b30 = 3060412421023030 + 2160a03a30b?3b30 = 462a03b33b30 


8532a15a39021030 — 168412421 b03b21b30 
= 700843, b12b21b30 = 10080a12039b12b21 b030 


—1944.a93b93b12b21b30 + 4524a12025051030 = 12096a21a30b21b30 
+744a12b03b21 b30 + 91204216123, b30 + 5184a30b3, b30 = 4608b12b34 b30 


a3, 09302; + 2130a12a30b03b20 — 72a93b23b35 


—8532a21a30612b35 = 712a12b03b12b3 + 4008a2102,02; = 6732a2,051 02; 
+2448a21b03b21b20 + 12684a30b12b21b20 m 7104024021025 = 296109302, b20 
+576a30b03b35 = 1482 93b12b3,). 


1852a?,a2, + 98793421029 + 117825821003 


+488a93012030b03 = 576a12021b12 == 1264a7,a30b12 s 320a93a21a3001» 


—224a93a12 bo3 512 +29 


2a2;b1, —3a93a21b15 — 1536a12421430b21 4- 171a93a29021 


—3a15b93021 4-768a42a21012051 —408a03a30b12b21 4-11 7a93015021 +776a12a30b31 
~576a19b1962, — 172842, aspbso — 353601202, 539 — 408012021 bosbao 
—912a03a30b03b30 + 776a2,015030 + 3360a120309b12b39 + 488a93b03b12b30 
—1264a13025030 + 2304a21a390251039 — 320a15593051b39 — 1536a21b12b21b30 
~1728a39b2, bao + 1528b1202, bao + 224403503, + 1710210353, — 3536a39b1202, 
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418526763) + 987bo3b21b20), 

1 
ks2 = gg 120: 774012421439 51980325, 90003 24003421003 +366412021012 
+200a03430b12 = 9ao3b75 = 36a2,021 = 774a42a39b21 = 240a93b03b21 
+366412b12b21 —36a2102, —12b3, +1038a21a30b30+200a12b03b30—774a21b12b30 
+1038a30b21 b30 = 774b19b21 b30 = 519bo3b3), 


1 
k53 = 35 274m + 185a12a30 + 42.a93b03 = 78a ,2b12 + 54a31091 + 274, = 240a30b30 


+185b12b30) 3 


—3 
k54 = 3n + b21), 
L5 — Hs — ksi pty — ks2p2 — ksapa — ksapa, 


then 
ps = en (—ao3b03 + 4a12b12) (—9a93439 + a72b03 + 6403430612 — 403672 — 6012093030 
+9bo3b3), 
i.e. 1 
H5 = sg daba = ao3b03) (914 = 61s + Is). 
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Chapter 3 


Multiple Hopf Bifurcations 


In this chapter, we discuss the bifurcations of limit cycles created from the origin 
for perturbed systems of (2.1.1). 


3.1 The Zeros of Successor Functions in the Polar 
Coordinates 


We consider the perturbed systems of (2.1.1) as follows: 


dx 


quoc Gwe X(zx,y,€, 6); 
k=2 
OY age Ah JS vate €,0) = Y (zx, y, 6,0) (3.1.1) 
dt y k 19, , mE , , ais 
where x, y and t are real variables, €—(£1,€5,::: ,€n) and 6 are real small parame- 


ters, 


Xxy(z,y,6,0) = XO Aaale, d)a%y’, 
a+B=k 


Yi(z,y,&,6) 2 M. Bagle,6)x (3.1.2) 
a+B=k 


are homogeneous polynomial in x,y. We assume that A45(e,0)'s, Bag(&,0)' s are 
power series of e€, ô which have real coefficients and nonzero convergent radius. And 
there are zo, yo, €o, ĝo, such that for |x| < zo, |y| < yo, |e| < vo, |ó] < ðo, the 
power series X (x, y,&,6) and Y (x, y,&,6) of x, y, &, ó are convergent. 


By using the polar coordinate transformation 


z-—rcosÜ, y-rsin6, (3.1.3) 
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system (3.1.1) becomes 


k 
a "|? + 2 eee Br ; 
2 das d (0, &, 6)r^ (3.1.4) 
di = 4 k+2 7&5 , sm 


where 


(x (0, €, ô) = cos 0X, 1(cos0, sin 0, e, 0) + sin 0Y, 1(cos0,sin 0, €, ô), 
Vx (0,&6,6) = cos 0Y, 1(cos0,sin0, 6,0) — sin0Xy 1(cos0,sin0,&e,0). (3.1.5) 


From (3.1.4), we have 
6 M pr+2(0, E, 5)r* 
k=1 


— =r— 5 _ = 75 + or). (3.1.6) 
1+ 5 We+2(0,€, d)r® 
k=1 


We consider the following equation 


dr 


37 rV R&(0,6,6)r^ = R(r,0, e, 0), (3.1.7) 


k=0 
where we assume that there exist positive real numbers ro, £9, do, such that R(r, 0, €, ô) 
is analytic with respect to r,&,ó in the region {|r| < ro, |e] < £o, |6| < ôo, |0| < 4x] 
and it is continuously differentiable with respect to the real variable 0. In addition, 


2v 
Ro(0,0,0)d0 = 0, 
0 


R,(0 + 7,¢,6) = (—1)*R,(6,¢,6), k—0, 1, ---. (3.1.8) 


For sufficiently small complex constant h (i.e. |h| < 1), the solution of (3.1.6) 
satisfying r|g—o = h and corresponding Poincaré successor function are given by 


r = F(0,h,€,6) = X` w.(0,6,6)h*, 
k=1 
A(h, €,6) = f(2m,h,e,0) — h, v1(0,0,5) — 1. (3.1.9) 


On the basis of the analytic dependence of solutions of a differential equation with 
respect to initial conditions and parameters, there exist positive numbers ho, € 
and 64, such that 7(0,h,¢,6) is analytic with respect to h,&,ó in the the region 
{|A| < ho, |e| < £, || < 56,|0| < 4x) and it is continuously differentiable with 
respect to the real variable 0. 
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Definition 3.1.1. Suppose that h = h(e,6) is a continuous function with com- 
plex value in real variables e, when |e| < 1 and |ó| « 1. If h(0,0) = 0 and 
A(h(e, 6), €,0) =0, then h = h(e, 6) is called a zero of A(h,&,9). 


To study the limit cycles created from the origin of (3.1.1), when the origin is a 
weak focus or centers, the problem can be formulated as follows: for |e| < 1,6 «& 1, 
how many small positive real zeros of A(h, &, 0) can have? 

In order to answer the above problem, we shall deal with it in the area of analytic 
theory of differential equations. We have to investigate the numbers, positions of 
all complex zeros of A(h,&,6) as well as some algebraic and analytic properties for 
A(h, &, à). 

First, Lemma 2.1.3 gives 

Theorem 3.1.1. For sufficiently small h, € and ô, if h = h(e,d) is a real or 


a complex zero of A(h,&,0), then h = —Tv(m,h(s,6),&,0) so is. Thus, in the real 
domain, the positive zero and the negative zero of A(h,e,5) are paired appearance. 


Definition 3.1.2. For sufficiently small h, € and 6, if h = h(&,6) is a real or 
complex zero of multiplicity k of A(h,&, à), then we say that r = T(0,h(&,0),&,0) is 
a 2s period solution of multiplicity k of (3.1.6) 


Particularly, if A(h,e) = 0 when 0 < |e < 1, |ó| < 1 , then, for all (e, ô) 
€10 < |e| «& 1, |6| « 1}, the origin of (3.1.1) is an center . 


Theorem 3.1.2. Suppose that the origin of system (3.1.1)¢_9 5o is a weak 
focus of order m. Then, when 0 < |e| « 1, 0 < |ó| < 1, there exist exactly 2m + 1 
complex period solutions of system (3.1.6) with 27 period near the trivial solution 
r=0 


Proof. Under the condition of Theorem 3.1.2, we have 


V9(27, 0,0) = v3(277, 0,0) = -- - = Yam (27,0,0) = 0, 
Vam43 (27, 0,0) £ 0. (3.1.10) 


From (3.1.9) and (3.1.10), we have 
A(h, 0,0) = vas c1 (27, 0, 0) 2*1 + o(h?™*1), (3.1.11) 


From (3.1.11), Theorem 3.1.1 and Weierstrass preparation theorem, there exist pos- 
itive number ho, €b, 64, such that for |e| < eG, |ó| < 66, A(h, €, ô) has exact 2m + 1 
complex zeros ( in the multiplicity) h = hj(&,60), k = 0,1,2,--- ,2m in the disc 
|h| < ho, where 


ho(e,d) S0, Am+r(e,6) = —r(m,hy(e,0),6,0), k=1,2,---,m. (3.1.12) 


Thus, the conclusion of this theorem holds. o 
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We see from Theorem 3.1.1 that there are at most m positive real zeros in the 
2m-+1 zeros given by Theorem3.1.2. Furthermore, we have the following conclusion. 


Theorem 3.1.3. If the origin of system (3.1.1)¢_9 59 is a weak focus of or- 
der m, then, when 0 < & < 1, ó| « 1, (3.1.1) has at most m limit cycles in a 
neighborhood of the origin . 


Theorem 3.1.4. Suppose that (1) the origin of system (3.1.1)¢_9 so is a weak 
focus of order m; (2) n > m— 1 and there exist j1,j2,::: , jm-1 € {1,2, -< ,n}, such 
that at the origin of € — 6 parameter space, we have 


aln, V3,U5,°°* 5 V2m—1) 
———————————— £0, (3.1.13) 
O(S, Eji Ej2s ** 834i) 
where 
V2k+1 = Vək+1 (27, €, Ô), k= 1,2,- ,m — 1. (3.1.14) 
Then for choosing proper € = (£1,€2,:-* ,€n) and ô in the parameter space of (n+1)- 


dimension, in a sufficiently small neighborhood of the origin, system (3.1.1) has 
exactly m limit circles . 


The proof of Theorem 3.1.4 will be given in Section 3.3. 


3.2 Analytic Equivalence 


Thereinafter we assume that the dimension of parameter space is one, i.e., € = € is 
an real small parameters. System (3.1.1) becomes 


dx a: 
dt = fea ame) = X (2, y,5,0), 
- =e + dy Y eae d) = Yos). (3.2.1) 


Usually, when we consider the problem of multiple Hopf bifurcation of limit 
cycles for a concrete planar dynamical system, we are always going to find the focal 


value 12441 under the conditions 6 = 0 and v3 = vg = +--+ = Vək—-1 = 0. We do not 
like to compute vo, v4, ---, vog. Generally, a successor function has infinitely many 
terms, one can only find the first finitely many terms. Therefore, it is difficult to 
determine exactly all zeros of a successor function. We shall show in Section 3.3 
that if Condition 3.3.1 is satisfied, one can find a quasi successor function, by which 
the first terms of all zeros of a successor function can be determined. 


In this section, we study the relation of analytic equivalence of focal values. 
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Definition 3.2.1. Suppose that for some positive integer k > 1, there exist power 


series e, o ZEN Ds of € and 6 with a nonzero convergence radius, such that 
vy (21, 6,6) = & i (2m, 6,8) — 1] 2S Puy 27, 6,6) + ix (e, ô). (3.2.2) 


j=2 


We say that vi(25,2,0) and v&(e,0) are analytic equivalent. They are written by 
vi (2m, €, à) = V (e, à). 


We see from 11(7,0,0) = 1(27,0,0) = 1 and Theorem 2.1.1 that the following 
conclusions hold. 


Theorem 3.2.1. For every positive integer m, we have V2(27,€,6) c 0. 


Theorem 3.2.2. For every positive integer m, Vam+1(27,€,0) c Vom+ile, ô) if 
and only if there exist power series nO a, ree, yér» of € and 6 with nonzero 


convergence radius, such that 
Vom+1 (20, €,6) = nim n (27, £,6) — 1] 


4 Y n vay 11 (27, 6,6) + Voss 1i (€, Ô). (3.2.3) 


Theorem 3.2.3. For system (3.2.1), we have 
V3k- 1 (27, €, Ô) = Vok4.1 (27, €,0), k= 1,2,- å (3.2.4) 
Proof. For system (3.2.1), denote that 


v (2m, €,5) — 1 =e?" — 1 = 2nógo(6), 
Vok41(27, €, 0) = Vək+1 (27, €,0) + dg (Ee, 0) k= 1,2,--- ; (3.2.5) 


where go(0) = 1, go(d) is a power series of 6 and for all k, gg(€, ð) are power series 
of e and ô with nonzero convergence radius. From (3.2.5), we have 


,(&,6 
NM E LE E E TIR eee OT (3.2.6) 
27 go(0) 
It follows the conclusion of Theorem 3.2.3. Li 


Considering the algebraic equivalence of focal values, the following conclusion 
holds. 


Theorem 3.2.4. For systems (3.2.1)s=0, if there exists a positive integer k, such 
that Vək+1 (27, €, 0) ~ Von+1(€), then Vək+1 (27, E, 0) = Vo~+41(E). 
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The associated system of (3.2.1)5-9 has the form: 


dz oo 
= atu 
IT =z+ J aaglE)z “w”, 


Mida 
dw 8 
a= m» bag(c)w?z (3.2.7) 
a+B=2 


where all aag(€), bag(e) are power series of € with nonzero convergence radius. 


Definition 3.2.2. For systems (3.2.7), if there is a positive integer m > 1 and 


power series EY (e), EP (e), ey gU of € with nonzero convergence radius, 
such that G 
= V e! (e)us(e) + fim). (3.2.8) 
k=1 


Then, we say that um(€) and fim(e) are analytic equivalence. They are written by 
Um(£) S fae). 

Obviously, if u,,(£) ~ fim(e), then, fim(e) is a power series of € with nonzero 
convergent radius. Similar to theorem 3.2.4, we have 

Theorem 3.2.5. For systems (3.2.7), if there exists a positive integer m > 1, 
such that uj (£) ~ fim(e), then Um(e) ~ fus (E). 

From the relationship of focal values and singular point values, we have the 
following result. 

Theorem 3.2.6. For the associated system (3.2.7) of system (3.2.1), if there 
exists a positive integer m > 1, such that Um(e) ~ fim(e), i.e., they are analytic 


equivalent, then 


V2m43 (27, 8,0) = inju (e). (3.2.9) 


3.3 Quasi Successor Function 


Let 6 = ó(£) be a power series of real coefficients with respect to €, which has a 
nonzero convergence radius and 6(0) = 0. System (3.2.1) becomes 


27 — fejs -y+ Y Xie) = Xs y, e. 8le)), 
k=2 
x =x + d(e)y4 M» 7,y,6,0(7)) = Y (x,y, e, 0(e)). (3.3.1) 


The Poincaré successor function of system (3.3.1) is given by 
1 


A(h,€, 6(€)) = 7(27,h,€, 0(€)) - h = S v,(0,€,6(e))h® — h, (3:3:2) 
k= 
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where A is a sufficiently small complex constant. 
In this section, we suppose that A(h,¢,6(e)) is not identically zero when 0 < 
[e| <1. Thus, the following condition holds 


Condition 3.3.1. There exist natural numbers N, m and Ao, M, +++; Am, which 
are independent of £, such that 


(27, €, 6(€)) — 1— Agelo*N + o(glo*N), 


Vak1 (27,6, 5(€)) e Ape tN tofe tN), k—1,2, .., m, (3.3.3) 
where lo, l4, ++- , lm—1 are positive integers, 
lm —0, Am #0, (3.3.4) 
and 
Vom+k+1(27,6,ô(€)) = O(g"), k= 1, 2, =. (3.3.5) 


Remark 3.3.1. (1) In Condition 3.3.1, if N = 0, then the origin of (3.3.1)e=0 is 
a m-th weak focus. In this case, we suppose that €" — 1. Furthermore, if the origin 
of (3.3.1)e2o is a m-th weak focus, then N = 0, and (3.3.5) hods. (2) If N > 0, 
then the origin of (3.3.1)e=0 is an center. Furthermore, if the origin of (3.3.1)e=0 
is an center, and N = 1, then (3.3.5) hods. 


Remark 3.3.2. (1) In Condition 3.3.1, if v4(21,2,0(2)) = 1, we suppose that 
ào = 0, lo = oo. (2) If for some positive integer k € (1,2,--- ,m — 1], we have 
V3k-1(27,6,0(€)) ~ 0, then we suppose that Aj, — 0, ly = oo. 


Lemma 3.3.1. If Condition 3.3.1 is satisfied, then A(h,e,6(e)) can be repre- 
sented as 


A(h, e, 6(e)) = eX hA(h, e), (3.3.6) 

where " 
A(h,e) = So Aue * n? gi (h, €) (3.3.7) 

k=0 


and gx(h,e) is a power series of h and £ with nonzero convergent radius, gy (0,0) = 
1, k=0, 1, =; M. 


Proof. The proof is divided into the following three steps. 
(1) First, Condition 3.3.1 and Theorem 2.1.1 follow that for every positive integer 
N y. (27, £, 6(€)) is a power series of € with nonzero convergent radius. 


k, € 
(2) We rewrite (3.3.3) as 


2 


(2m, €, 6(€)) — 1 = Agel *" Ep (e), 
Vop+i(2m,€, 5(€)) = Age ^ N&(e), k=1, 2, +++, m, (3.3.8) 
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where &;(<) is a power series of € with real coefficients, which has nonzero convergent 


radius and €j (0) = 1, k — 0, 1, --- , m. From Theorem 2.1.1 and Definition 3.2.2, 
we know that when 2 < k < 2m + 1, vi(2s,6,0(£)) is a linear combination of 
Agele* N, Aye tN, ..., Agel" *N, for which the coefficients are power series of € 


with real coefficients and nonzero convergent radius. It leads to 


2m+1 
v (2m, €,6(e)) -1+ XO wk (27,6, 9(e))h* ^! 
k=2 
m-—1 
=EN V Aes P gr(h, €) + A elt Em(e)h?™, (3.3.9) 
k=0 


where gi(h,£) is not only a polynomial of h, but also a power series of € with real 
coefficients and nonzero convergent radius, gx(0,¢) = &&(€), k 20, 1, ---, m— I. 
(3) From (3.3.4) and (3.3.5), 


Julius) = Em(E — 3 A x (27,5, 0(c))h*-?m-1 (3.3.10) 


k=2m+2 


is a power series of h,e with real coefficients and nonzero convergent radius. From 
(3.3.9) and (3.3.10), we have 


A(h, e, 5(e)) = ~h X` Ane!*h?* gu (h, e). (3.3.11) 
k=0 


This completes the proof of this lemma. O 


Definition 3.3.1. Suppose that Condition 3.3.1 is satisfied. We say that 
= Au (3.3.12) 


is a quasi successor function of system (3.3.1). 


Obviously, the quasi successor function of (3.3.1) can be computed by finitely 
many steps under Condition 3.3.1. 
Clearly, we have 


Lemma 3.3.2. Under Condition 3.3.1, if h = 0 is a zero of multiplicity k of 
A(h,£), then k must be an even number. Moreover, h = 0 is a zero of multiplicity 
k of L(h,&). 


Remark 3.3.3. Suppose that h.— h(e,0(&)) is a zero of A(h,¢, d(€)) and h(e,0(&)) 
is not identically zero when |e| <1. If Condition 3.3.1 holds, then, by using Weier- 
strass preparation theorem, it follows that € = 0 is an algebraic zero of h(e, ó()). 
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Namely, there are two irredusible positive numbers p and q and a nonzero constant 
(3.3.13) 


n, such that 
p P 1 
h(e,0(e)) = nes -- esG(e*), 
where C(c) is a power series of o with nonzero convergence radius and ¢(0) = 0. nes 
is called the first term of h(e,ó(e)). 


From Lemma 3.3.1, we obtain 
Lemma 3.3.3. If Condition 3.3.1 is satisfied, then, for every positive integers p 


and q, we have 
A(a?n,a*) = o” [G(n) + e9(n, c)], 
(3.3.14) 


V(n,c) are analytic for sufficiently small o and a bounded |n|. In 


where (n, c), 
addition, 
D= oin. {hea + 2kp}, (3.3.15) 
Gin) = 3 Agn”, (3.3.16) 
k=0 
if lkq + 2kp = D 
pea (3.3.17) 


y = Nk 
k= : 
0, if lkq + 2kp > D. 


(3.3.14) implies the following lemma. 

Lemma 3.3.4. If Condition 3.3.1 is satisfied, h = h(e,0(e)) is a zero of A(h,&, 
d(€)), for which the first term is met, no Æ 0, then n = no is a zero of G(n). 
Moreover, replacing A(h,&,ó(&)) with L(h,£), above conclusion also holds. 


(3.3.14) and implicit function theorem follows that 

Lemma 3.3.5. If Condition 3.3.1 is satisfied and n = no # 0 is a simple zero of 
G(n), then, A(a?n, 0%) has also a zero n = no + f (c)correspondingly, A(h,&,ó(&)) 
has a zero h = MoET + et flea), where f(a) is a power series of o with nonzero 


radius of convergence and real coefficients, f(0) — 0 and ņo is a real number. 
Moreover, replacing A(h,¢,6(€)) with L(h,&), above conclusion also holds. 


Again (3.3.14) and the Weierstrass preparation theorem imply that 


Lemma 3.3.6. If Condition 3.3.1 holds and n = yo 4 0 is a zero of multiplicity 
k of G(n), then A(a?n, o?) has k zeros n = no+f;(o). Correspondingly, A(h, e, ó(&)) 
also has k zeros h = moet +e% fj (e3), where f;(c) are power series of o with nonzero 


convergent radius, f;(0) 2 0, j —1, 2, =+, k. 
For L(h,&), we have the same conclusion. 
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Thus, from Lemma 3.3.1 ~ Lemma 3.3.6, we obtain 

Theorem 3.3.1. If Condition 3.3.1 holds, then, the zeros of A(h,e) and L(h,€) 
have the same first terms by rearranging the orders of these zeros. 

From Theorem 3.3.1 and Lemma 3.3.5, we have 


Theorem 3.3.2. If Condition 3.3.1 holds and for 0 < € <1, there exist exactly 
s zeros having positive first term in all 2m zeros of L(h,&)). In addition, these s 
positive first terms are different each other. Then, A(h,£) has exactly s positive 
zeros. 


For the case 0 < —e « 1, replacing € by —e in the quasi successor function, we 
obtain the corresponding result. 


Theorem 3.3.3. Suppose that Condition 3.3.1 holds. If (1) There is a positive 
integer d, such that 


(2) G(n) = Xen” has exactly m different positive zeros m, To, >, Nm: 


k=0 
Then, forO<e<1, A(h,£) has exactly m positive zeros 


h= hy(e) = me? to(e?), k=1, 2, ,m. (3.3.19) 


Correspondingly, in a sufficiently small neighborhood of the origin, system (3.3.1) has 
exactly m limit cycles, which are close to the circles x? +y? = net, k=1, 2,--++,m. 


Proof. If the Conditions of Theorem 3.3.3 hold, then 


L(h, e) = y age, 
k=0 


By Theorem 3.3.2, we know the conclusions of this theorem. L1 
Theorem 3.3.4. Suppose that Condition 3.3.1 holds. In addition, 


Ak-1Ag <0, k—1,2,-,m, 
la lk > li m laa; k= 1, 2, 0a, Ml 1. (3.3.20) 


Then, for 0 <e «& 1, A(h, e) has exactly m positive zeros 


—Ar. lp-.—FH lk. 1—lg 
h = hy(e) = x log 3 poe =), A-1,23,,m. — (3321) 
k 
Correspondingly, system (3.3.1) has exactly m limit cycles in a sufficiently small 
—Àk— 
neighborhood of the origin, which are close to the circles x? + y? = = elite | 
k 


k=1, 2, +++, m. 
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Proof. Let k € (1, 2, ---, m], (3.3.20) implies that 
lj = lk > (k — j) (Up = ly), 3 = 0, 1, ELE Ur (3.3.22) 


(3.3.22) becomes an equality if and only if j = k— 1 or j = k. Let 2p = q(ly 1 — lk), 
where p, q are relatively prime. Lemma 3.3.3 follows that D = lkq + k(ly 1 — 
la, Gn) = Ax im? + Apn?*. Hence, Lemma 3.3.5 follows the conclusion of 
'Theorem 3.3.4 El 


Example 3.3.1. Suppose that for system (3.3.1), we have 


v1(21,6,6(&€)) — 1 = Ave + o(£), 


Vək+1(27, 0,0) = 0, k=1, 2, ee m — 1, 
Misi = Am, Am Z0. (3.3.23) 
Then 
Vop41(2m,€,6(e)) 20, k=1, 2,- , m-1 (3.3.24) 


and the quasi successor of system (3.3.1) is L(h,€) = oe + Amh?™. It follows the 
conclusion of Hopf bifurcation theorem. 


Proof of Theorem 3.1.4 Based on the Implicit function theorem, under the 
conditions of Theorem 3.1.4, solving 


(27, €, 0) — 1 = covom+1 (27, 0, 0)o?”, 
Vok41 (2T, €, 8) = CKV2m+1(27,0,0)o7"—-**, & —1,2,... ,m— 1, (3.3.25) 


we obtain the unique solution 


ð= ô(o), e=e(o), (3.3.26) 
where Co, C1, +++, Cm—1 are determined by 
[[@’-”)= 2x (3.3.27) 
k=1 


d(o), e(o) is analytic at c = 0 and 6(0) = 0, e(0) = 0. 
From (3.3.25) and (3.3.27), the quasi successor function of system 
(3.1.1)s—5(e),&—&(o) is 


L(h, 0) = vam 41(27,0,0) 5 Go 
k=0 


= vəm+1 (27, 0,0)02” I (S E 2 (3.3.28) 
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Thus, from Theorem 3.3.3, when 0 < e < 1, in a sufficiently small neighborhood of 
the origin, system (3.1.1)5-5(5), e-e(c) has exactly m limit cycles, which are close to 
the circles z? + y? = k?o?, k = 1, 2, --- , m. It follows the conclusion of Theorem 
3.1.4. 


3.4 Bifurcations of Limit Circle of a Class of Quadratic 


Systems 


In order to obtain more limit circles, as an example, in this section, we consider a 
planar quadratic system to show how to compute quasi successor function and find 
focal values in a higher order weak focus (or a center). 
We investigate the planar quadratic system 
dx 


d 
= = Se y+ Xey) = e + E Yon), (3.4.1) 


where Xə(x, y), Yo(zr, y) are homogenous quadratic polynomials of x,y. By trans- 


formations z = zr + iy, w = x — iy, T = it, i = /—1, system (3.4.1)s=0 becomes 


| — z? +ayzw + anw? 
dT = i 20 i 11 r 402 , 
d 
ao w bagw? by wz boaz?, (3.4.2) 
where 
Qab = Aog + iBag, bee = Aag — iBag. (3.4.3) 
Now 


Xo(a, y) = — (Bao + By + Boz)a? = 2( A20 = Ao2)xy + (B20 = Bıı + Bo2)y?, 
Y>(zx, y) = (A20 + A11 + Ao2)x” = 2( B20 = Boz)xy — (A20 — A1 + Ao2)y^. (3.4.4) 


Theorem 2.6.1 follows that the first 3 focal values of system (3.4.2) are 


Hı = 0290311 — à29811, 
pə ~ —4(2h + 3I5 — 213), 
ps ~ g (aibi — ao2bo2)2Ia — Is), (3.4.5) 


where 


3 3 2 2 
Io = 459492 — b59b02 Ij = a$9011a02 — 55981102, 


Tp = 429024 02 = 3902492, I5 = b3 402 = a3, boo. (3.4.6) 
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Suppose that N is a natural number, taking 


25 
ô = y6 T EN jet, a1 = bit = 1, 


ap? —2--&l"i, bog =2-E 
15 25 
a29 = —2— *. 0 4 ei Ng? — 3* e gts 


15 25 
bo = —2— 38 Sige Ne? go C PENY (3.4.7) 


Ni 


Then Theorem 2.3.1 implies that 


25 
v;(2m) ~ -—-*3 + e? Pe + o(g"). (3.4.8) 
Furthermore, when (3.4.7) holds, we have 
a20411 — b20b11 = o(g^), 


I, =O(e%), k-0,1,2,3. (3.4.9) 


Therefore, Theorem 2.4.7 and the elementary invariants of the quadratic system 
given by Corollary 2.5.1 follows that 


Vok41— O(e"), k=1,2 (3.4.10) 


(3.4.8) and (3.4.10) give rise to that under condition (3.4.7), the quasi successor 
function of (3.4.1) is 


2 
L(h,e) = D ne? — 2h? "eh — 49), (3.4.11) 
where 
4, if N=0 
ie ne , (3.4.12) 
3, if N 50. 


For 0 < e «& 1 there exist three zeros of L(h, €) 
h=he(e) =e* + o(e*), k—1,2,3. (3.4.13) 


Thus, Theorem 3.3.4 implies that 
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Theorem 3.4.1. Suppose the coefficients of right hand of system (3.4.1) are 
given by (3.4.7). Then, (1) For N = 0, the origin of system (3.4.1)e-o is a 3 order 
weak focus, while when N > 0, it is a center. (2) For 0 < |e| <1, system (3.4.1) 
has exactly 3 limit circles in a sufficiently small neighborhood of the origin, which 
are close to the circles x? + y? = e°, k = 1,2,3. 


Remark 3.4.1. When N > 0 in (3.4.8), we must show that (3.4.10) holds. It 
was proved by using the construction theorem of singular point values. 
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Chapter 4 


Isochronous Center In Complex Domain 


For a given planar dynamical system, when we have characterized its center, it is 
also interesting to know whether the center is isochronous or not. In this chapter, 
we extended the concepts of the period constant and the isochronous center in the 
real systems to the complex systems. The results and methods mentioned in this 
chapter are more interesting. 


4.1  Isochronous Centers and Period Constants 


We consider the following two-dimension complex autonomous differential system 


dx > 

k=2 
E T ) (4.1.1) 
dt a k , DUE UC 


where x, y, t are complex variables, X(x, y) and Y (x, y) are power series of x, y with 
non-zero convergent radius. X(x, y) and Yz(r, y) are homogeneous polynomials of 
degree k. 

By using the polar coordinate transformation 


xz =rcosð, y-rsin6, (4.1.2) 
system (4.1.1) becomes 
dr > , d E , 
Z -r)yendOr, T -1-Y brl), (4.1.3) 
k=1 k=1 


where 


(x (0) = cos 0X, 1(cos0, sin 0) + sin OY,_1(cos 0, sin 0), 
Vx (0) = cos OY;,_1(cos 0, sin 0) — sin 0X5. .1(cos 0, sin 0). (4.1.4) 
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From (4.1.3), we have 


d T > pr+2(0)r" 
a — (4.1.5) 
do = " 
1 + 5 WPr+2(0)r 
k=1 
Let Ap 
r=F(0,h) = M w(0)h* (4.1.6) 
k=1 
be the solution of (4.1.5) satisfying the initial condition r|g2o9 = h, where 
v1(0)=1, (0)=0, k22,3,.. (4.1.7) 
From (4.1.3), we have 
0 
d 
t= T(0,n) = f e : (4.1.8) 
0 


1+ M vuaoa(8)r^ (9, h) 
k=1 


Definition 4.1.1. Suppose that for sufficiently small complex constant h (i.e., 
|A| «& 1), we have 
T(2m,h)-—h, T(2m,h)z 2m. (4.1.9) 


We say that the origin of system (4.1.1) is a complex isochronous center. 


Obviously, if system (4.1.1) is a real planar autonomous differential system and 
the origin of system (4.1.1) is a complex isochronous center, then the origin of system 
(4.1.1) is an isochronous center in the real field. 

Denote that 


T (2n, h) = m ME HEU. (: - 1) (4.1.10) 
k=1 


1+ M Yeal) (0, h) 
k=1 


It is proved in [Chicone etc, 1989] that 


Lemma 4.1.1. For system (4.1.1), if T(2r,h) = h, then Ti = 0. Furthermore, 
for any positive integer k, if T1 = Tz =--- Toy = 0, then Toy 44 = 0. 


From (4.1.10) , Definition 4.1.1 and Lemma 4.1.1, we have 


Theorem 4.1.1. Suppose that the origin is a complex center of system (4.1.1). 
Then, the origin is a complex isochronous center if and only if for any positive integer 
k; To, = 0. 
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By the transformation 
z—r-iy w=a2-iy, T=it, i=v-1, (4.1.11) 


system (4.1.1) becomes its associated system 


Ben +S Melee) = Z(z,w), 


=-w- "UE (z,w) = —W(z,w), (4.1.12) 


where 
Zk = Y; Ls iXy = 5 aagz?^ wP, 
a+B=k 
We =Yr+iXe= XO bapw%24 (4.1.13) 
a+B=k 
are homogeneous polynomials of degree k of z, w. 

Definition 4.1.2. Suppose that the origin of system (4.1.1) is a complex isoch- 
ronous center. Then, we say that the origin of system (4.1.12) is also a complex 
isochromous center. 

We see from Section 1.8 that system (4.1.1) can be reduced to the following 
standard normal form 


E Cecy nen 
k—1 
d oo 
D = =n =n} eem", (4.1.14) 


by means of the standard formal transformation 


E=z+ 5 cx z^ w —-E- M Az w) = €(z,w), 
k—2 


k+j=2 
n=wt »- dyjw"z) =n + b» mz,w) = n(z,w), (4.1.15) 
k+j=2 k=2 


where for all k, £i(z, w), n(z,w) are homogeneous polynomials of degree k of z, w. 
Let 


v e+= A u (x,y) = u(x, y), 
k=2 


i 56) =ut Y oley) = vay) (4.1.16) 
k=2 
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where for all k, u(x, y), vi(x, y) are homogeneous polynomials of degree k of x, y. 
By transformation (4.1.16), system (4.1.1) becomes 


du lS 2 2k 

T Da pco - vt)", 

2 =u+ D E obs (4.1.17) 

dt 2— ' UC 
where 

Ok = ilk = i(pk — dk); Tk = Dk — qk- (4.1.18) 


For the origin of system (4.1.12), uy = py — qk is the k-th singular point value, 
Tk = Pk + qk is the k-th period constant. 

We next consider the relation between {72x} and {Tk}. 

By the transformation 


u = pcosw, v= psinw, (4.1.19) 


system (4.1.17) can be reduced to 


dp lw an Ww bx 2k 
dp 1 . Ne nq cS ae 4.1.2 
d 732,595 q itg, ne au 
k=1 k=1 
Obviously, by means of the transformation 
£— pe^, n—pe ", T —it, (4.1.21) 
system (4.1.14) can also be reduced to (4.1.20). 
Let 
p(6, h) = A, 8) F ET), (4.1.22) 
where 


4 —r(0,h)cos0, y=7(0,h) sing. (4.1.23) 
From (4.1.22), we have 


p(0, h) = \/u2(h, 0) + v2(h, 0) = hA(h), (4.1.24) 


where A(h) is a power series of h with non-zero convergent radius, and A(0) = 1. 
By (4.1.3) and (4.1.20), we obtain 


Lemma 4.1.2. If the origin of system (4.1.1) is a complex center, then p(0, h) 
is independent of 0, namely 


p(8,h) = p(0, h) = hA(h). (4.1.25) 
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Thus, (4.1.3), (4.1.20) and Lemma 4.1.2 follow that 


Lemma 4.1.3. Suppose that the origin of system (4.1.1) is a complex center, 
then when x = r(0,h) cos0, y = (0, h) sind, we have 


— w(0, h), (4.1.26) 
where 
1% , 
w(9,h) =w(0,h) + 1 5 > me, J T(0,h) (4.1.27) 
k=1 
and " 
XO v.(h,0)n*7! 
h 

w(0, h) = arctan = arctan — (4.1.28) 


is a power series of h with non-zero convergent radius. 


From (4.1.2) and (4.1.19), we know that 


xv 
w — 0— arctan 


= arctan ———EÉ2. ~ (4.1.29) 


'Thus, we have 


Lemma 4.1.4. For sufficiently small h, when x = 7(0,h) cos0, y = r(0, h) sin6, 
we have 


w(0, h) — 0 
[vi (cos 0, sin 0) cos 0 — uj (cos 6, sin 0) sin 0| 7^! (6, h) 
= aretan = $$ . (44.30) 
1+ A [ux (cos 0, sin 0) cos 0 + vi (cos 0, sin 0) sin 0] r^ ! (0, h) 
k-2 


Theorem 4.1.2. If the origin of system (4.1.1) is a complex center, then, in the 
sequences {Tk}, we have 


{Tor-1} ~ (05 {Tor} ~ {tr}. (4.1.31) 
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Proof. Suppose that the origin of system (4.1.1) is a complex center. We see from 
(4.1.30) that w(0, h) — 0 is a 27 periodic function of 0 and 


w(2r, h) — w(0, h) = 2m. (4.1.32) 


On the other hand, from (4.1.27), we have 


w(2n, h) — w(0, h) = 


1 > 2k 
lp 04% T (2m, h) 


k=1 
1 oo 1 oo 
—2m«|14- ?k(90 ny [1— 2 V 7,h^ | . (4.1. 
T *32,nP (0, Jn 32. k ) (4.1.33) 


(4.1.25), (4.1.32) and (4.1.33) imply that 
y ThE = X n Bar(h), (4.1.34) 
k=1 k=1 


where for any positive integer k, 


A**(h 
Box (h) = - + (4.1.35) 
2k A2k 
1+ 5 2 nh? AP*(h) 
k=1 
is a power series of h with non-zero convergent radius and Bə(0) = 1. From 
(4.1.34) and Theorem 2.2.1, we obtain (4.1.31). Thus, the conclusion of Theorem 
4.1.2 holds. O 


From Theorem 4.1.1 and Theorem 4.1.2, we obtain 


Theorem 4.1.3. The origin of system (4.1.12) is a complex isochronous center 
if and only if 
{uk} = {0}, {Te} = {0}. (4.1.36) 
We see from Theorem 4.1.3 and Theorem 1.8.18 that 
Theorem 4.1.4. The origin of system (4.1.12) is a complex isochronous center 


if and only if system (4.1.12) is linearizable in a neighborhood of the origin. 


4.2 Linear Recursive Formulas to Compute Period Constants 


In this section, we discuss a method to compute Tk, which was developed by [Liu 
Y.R. etc, 2003a]. 
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Theorem 4.2.1. For system (4.1.12), one can derive uniquely the formal series 


f(zow)-2z- Y Chj? kwi = È fale 


on 2 
g(z,w) =wt = dpjw kzi = ` Im(Z, w) (4.2.1) 
k+j=2 m=1 


where fm(z,w), gm(z,w) are homogeneous polynomials of degree m, and 


hyj = Gya 0, fH 1a, (4.2.2) 


such that system (4.1.12) reduces to 


iere kr 


dg ; 
m l x qiio lh, (4.2.3) 


Theorem 4.2.2. In (4.2.1) and (4.2.3), when k — j — 1 #40, c; and d; are 
determined by the recursive formulas 


i Ck; i Dkj 
Cki 


_ "E 42.4 
9 G+1-k "€ G41-F R 


and for any positive integer m, pl, and q}, are determined by the recursive formulas 


Ps = Vm-4l,m; s = Dm im, (4.2.5) 
where 
k+j+1 
Ck; = 5 [(k — aœ + 1)aa,g-1 — (j — B+ 1)b8,o—1]6& 01,5841: 
a 8-3 
k+j+1 
Dyj = 5 [(k — a+ 1)ba,g-1 — (j — B+ 1)a8,o—1]dk.11,j— 841 (4.2.6) 
a+B=3 
n (4.2.6), we have taken cio = dig = 1,ch, = de 0 and if a <0 or B « 0, we 


take dag = bag Cop dig 0. 
Proof. From (4.2.3), we have 


df = Of Ofm 3 


m=2 m=2 
dg = Im OGm = 
Giga m) — 95 Vm(z,w), 4.2. 
dT ve = (Se 8w ^ z^ I b (au) ee 
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where 
2m Pina, = fim = b» -j —1)dyz w, 
Aw B ye, M PX, us jwtz (4.2.8) 
and 
on 3 (4 Zm-k+1 2. Wnes) = P» Ckjz ur , 


From (4.2.3) and (4.2.7) ~ (4.2.9), we have 


oo 


5 [(k = un 1)6,; LS Crj] z A = 2: pus , 


k+j=2 


XO [(k- 4- 1)dp; + Di] w'zi = Yao ae io (4.2.10) 


k+j=2 


(4.2.10) follows the conclusion of this theorem. o 


We next consider the relations between (pj, qj) and (pj, qj). 


Theorem 4.2.3. Let (po, Go) = (pp, qo) = (0,0). For any positive integer m, if 


(po, go) = (P1,91) = -© = (Pm-1; 4m-1) = (0,0), 
(po; q0) = (Pi, d) = +++ = (Pi 48-1) = (0,9), (4.2.11) 
then 
(Pins Im) = (Pm, am). (4.2.12) 


Proof. Suppose that there exists a positive integer m, such that (4.2.11) holds. Let 


2m+1 2m+1 
= z+ y» cxjz^u), nt = wt 5 dpjw" zi, 
k+j=2 k+j=2 
2m+1 2m+1 
f'-zc 5 c4 2 w, g'—wc 5 d jw zi. (4.2.13) 
k+j=2 k+j=2 


Then, from (4.1.15), we have 


d&* dn” 
- = m + hot., 
dT —£* + paz" w^ + h.o iT 


= =n" —qmw™t!2z™ + hot. (42.14) 
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and from (4.2.3), we obtain 


df* dg* 

M = f* ptt + hod. = =g" -qw + hot. (4.2.15) 

Because of £, 7, f and g are all unique, from (4.2.14) and (4.2.15), we have that 
£* = f*, n* = g*. It follows the conclusion of this theorem. O 


Remark 4.2.1. For system (4.1.12), if (4.2.11) holds, then, we have p^, + qn = 
Dm + dm = Tm; Du a Gn = Pm — Qm = Hm. 


The above three theorems give rise to an algorithm of Tm. The algorithm is 
recursive. It can be easily realized by computer algebra systems. 
Similar to Theorem 4.2.1, we have 


Theorem 4.2.4. For system (4.1.12), we can derive uniquely the formal series 


f(z,w) =z+ 5 G2, wÍ = 5 fin(z,w), 
m=1 


k4-j—2 
$(z,w) — w- M7 dwz = V Gm(z,w), (4.2.16) 
k+j=2 m=1 


where fm(z, w) and Jm(z,w) are homogeneous polynomials of order m, 


Čj+1,j dj, 0, J 1, 2, DE (4.2.17) 
such that 
df = GTP 
T =f 1+ M kw) | ; 
k=1 
B. -j 1-4 p» ^. (4.2.18) 
dT = 


Thus, we obtain the following result as Theorem 4.2.2. 


Theorem 4.2.5. In (4.2.1) and (4.2.3), when k — j — 1 40, &j and dy; are 
determined by the recursive formulas 


i 200 [a1 
Chi — ek Ckj — > E ssa. E 
; 20 MN 
Td; = Fae | Pai NES UT (4.2.19) 


s—l 
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and for any positive integer m, Dm and Gm are determined by the recursive formulas 


m-1 
Pm = Cmm = X PsCk—a.j—ss 
s—l 


m-—1 
dm = Disi ud c Qsdk—s,j—s; (4.2.20) 
s=1 
where 
k+j+1 
Ck; = 5 [(k — a + 1)aa,g-1 — (j — B+ 1)bg,a—1]Čk-a+1,j-6+1; 
a+ß=3 
k+j+1 
Deg = M [(k-a+ 1)ba g1- (j — 8o 1)apa-i]dk-at1j-p+1 — (4.2.21) 
a+8=3 


In (4.2.19) ~ (4.2.21), we have taken čio = dio = 1, Čoi = do = 0, and if a < 0 or 
B <0, we take aag = bag = Cap = dag = 0. 


For (4.2.18), we write that 
Bk = Dk — de Tk = Dk tik, K=1,2,---. (4.2.22) 
Theorem 4.2.6. In (4.2.22), we have 
{un} ~ (n: (4.2.28) 


Proof. Let F(z,w) = f(z, w)g(z,w) = zw + h.o.t.. From (4.2.18), we have 


dF ^L. , 
ar I> Ji (zw)*. (4.2.24) 
k=1 
(4.2.24) and Theorem 2.3.4 implies the conclusion of this theorem. o 


Theorem 4.2.7. If the origin of system (4.1.1) is a complex center, then in 
(4.2.22), we have 


{Tk} ~ {Fk}. (4.2.25) 
Proof. Let 
f-jcosw, 4j-— sinc, (4.2.26) 
then 
Bs ity nup (4.2.27) 
d 24% 
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Suppose that the origin of system (4.1.1) is a complex center, then when x = 
T(0,h)cos0, y= T(0,h)sin0, we have w = w(0, h) and 


1+ 5 gg e *9)r*—1(0, h) 
1 = 
c(0,h) — 6 = >l | —22 (4.2.28) 
2i : . 
1+ ef? grle”, e ?9yp-1(9, h) 
k=2 


is a 27 periodic function in 0. Thus, we get 
co(2m, h) — w(0,h) = 2m. (4.2.29) 


(4.2.29) and (4.1.27) imply that 


LO. ok 
" au ML 
=1 


27 
an | Gio | — 9993572 
j ^ 14 Y Ween (0)F* (0, h) 
k=1 
9e 27 2k 
-T(m,h) + sot = ee 
epo CU 1+ Y vs (0)F* (6, n) 
k=1 
—T (2r, h) +r V Fh7* Barh), (4.2.30) 
k=1 
where for any positive integer k, 
" 1 d T?* (9. h)d0 
Box(h) = zm LOT ANNE (4.2.31) 
SIRE (dcs ^^ (9, h) 
2 a kr j 


is an unit formal power series of h. From (4.1.10), (4.1.34) and (4.2.30), we obtain 
n Bor(h) = M teh?* Bar(h). (4.2.32) 
k=1 k=1 


Hence, by (4.2.32) and Theorem 2.2.1 we complete the proof of this theorem. O 


122 Chapter 4  Isochronous Center In Complex Domain 


4.3  Isochronous Center for a Class of Quintic System in the 
Complex Domain 


In this section, we investigate an example to show how to apply the method men- 
tioned in Section 4.2. Consider the following complex quintic system: 


d 
= = z + agoz” + a2312?w + (a12 + 3b39) zw? + aggw? + Az? w?, 
d 
= ——Ww b3gw? = boy wz = (b19 + 3a30) wz" = bo3z° = Au? z?. (4.3.1) 


First we have the following conclusion, which is similar to Corollary 2.5.2. 
Lemma 4.3.1. System (4.3.1) has exactly 14 elementary invariants as follows 
d30030, 412012, 03003, 30012; b39bi2, a21 bai, A. 
439403, 39b03, 430012403, b30a12003, 15803, a15bos. (4.3.2) 


We next discuss the conditions that the origin of system (4.3.1) is a center. 
Applying the recursive formulas given by Theorem 2.3.5, we obtain 


Theorem 4.3.1. The first seven singular point values at the origin of (4.3.1) 
are as follows: 


Hı = Q21 — b21, 
L2 ~ b12b30 — 012030, 


1 
Ha ~ z B(ai2bo3 — b},a03) — 10(b12a30403 — a12b30b03)], 


1 
ua ~ ——(aa1 + 021) (a25bo3 — b72403), 


40 
H5 ~ 15g (25a0sb0s — a12b12 — 150A)(a25093 — 675403), 
He ~ 0, 
Hr ~ gag abis Globos — Blas). (4.3.3) 


Theorem 4.3.1 follows that 


Theorem 4.3.2. The first seven singular point values of system (4.3.1) are all 

zero if and only if one of the following four conditions are satisfied: 

Ci : a21 = b21, a12 = b12 = 0; 

Co : a21 = b21, bi2b30 = 412430, a15bo3 = b15aoa, |a12| + |bi2| 4 0; 
J A= a21 = b21 = 0, 1039 + 3b12 = 10630 + 3a12 = 0, 

os = 25agsbos |a12| + |b12| Æ 0, b15ao3 — a15bos # 0; 
C4 : a21 = b21 = a12 = b30 = 0, 10a3o + 3515 = 0, aozbo3 = 6A, b12a03b03 # 0; 
CÌ : a21 =b21 =b12=a39 = 0, 10b39 + 3a12=0, a03b03 = 6A, a12a03093 Æ 0. (4.3.4) 
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4.3.1 The Conditions of Isochronous Center Under Condition C, 


Suppose that Condition C1 in Theorem 4.3.2 is satisfied. Then, there exists a con- 
stant s, such that a21 = b21 = s. Thus, system (4.3.1) becomes 


d 

= = z + a392? + sz?w + 3bgozu? + aggu? + Az? w?, 

dw | 3 2 2 4 - 32:82 

ape w — bagw? — sw^z — 3aagwz^ — bgaz" — Aw? 2°. (4.3.5) 


Applying recursive formulas given by Theorem 4.2.2 to do computations, we obtain 


Theorem 4.3.3. For the origin of system (4.3.5), the first six complex period 
constants are as follows: 


Ti = 2s, 
1 
T9 ^4 z - 3aosbos = 48439630 + 4A), 


draco 30(a03b3o + 593029), 


15 

TA ^v 35 (3403003 — 128a93b03430b30 + 768a29024), 

T5 ~ 0, 

Te ~ 7a39b39(1111a03b03 — 2688a30b30). (4.3.6) 


Moreover, the first six complex period constants are all zero if and only if one of the 
following two conditions holds: 


Cii: s = À = a30 = bos = 0; 
Ch: Ej A b30 03 0. (4.3.7) 


Theorem 4.3.4. If Condition C41 or Ct, holds, then the origin of system (4.3.5) 
is a complex isochronous center. 


Proof. If Condition Ci is satisfied, then system (4.3.5) becomes 


dz 


w 
T — = —w(1 + sow?) (4.3.8) 


d 
= 3b 2 3 
z + 90390zw^ + aga Ww", dT 


System (4.3.8) is linearizable by using the transformation 


1 w 
= (z + bsozu? + Cagsw?)A/ 1 + b3gw?, = ——. 4.3.9 
€ ( 30 4 03 ) 30 n VA b3ow? ( ) 
Thus, the origin of system (4.3.9) is a complex isochronous center. 
If Condition CT, is satisfied, then by using the same method as the above, we 
know that the origin of system (4.3.5) is also a complex isochronous center. o 
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4.3.2 The Conditions of Isochronous Center Under Condition C2 
If Condition C5 in Theorem 4.3.2 holds, then there exist constants p, q, s, such that 
a21 — b21 =5, aso — pbia, bso — pais, o3 — qaj3, bos — qbj9. — (4.3.10) 


Thus, system (4.3.1) becomes 


dz 

ap = * + pbiaz? + sz?w + (14 3p)ayozw? + qaz,w? + Az?w 

dw 3 2 

gqp^ "-Puxw —swz- (1+ 3p)biawz? — q02,2? — Au?z (4.3.11) 


Theorem 4.3.5. The first sir complex period constants of the origin of system 
(4.3.11) are as follows: 


TI = 28, 
1 

TI zA — aı2b12(4 + 28p + 48p° + 3a12b120°))], 
1 

T3 ~ 7412b12(3 + 10p)(7 + 24p)q, 


Ta~ Zat, t, l192(1 + 3p)? (1 + 4p) (2 + 5p) 


+8a12b12(13 + 42p)q? + 135a73b724°], 


1 

Ts ~ EM + 5178p)q(63 + 226p + 105a12512q?), 

Te ~ aap ati 3[-12(37019 + 310766p + 858060p? + 781200?) 
+4a12b12(1006867 + 3466140p)q?)](1 + 3p)?(1 + 4p). (4.3.12) 


In addition, the first siz complex period constants are all zero if and only if one of 
the following five conditions holds: 


1 
C531: s=0, r=0, q—0,p ~3? 
1 
C53: s=0, r=0, q—0, p UP 


7 
C23: s — 0, r=0, p—-34 36ai2b12q" — 1 = 0; 
C94: §$=0, r=0, ayo = 0; 
Cy: s=0, r=0, big =0. (4.3.13) 


Proposition 4.3.1. If Condition C21 holds, then the origin of system (4.3.11) 
is a complex isochronous center. 


Proof. When Condition C2; holds, system (4.3.11) becomes 


dz 1 3 dw 1 3 
ue esu cm. —-—— Z : 4.3.14 
JT z 3122 ' dT w+ 3212w (4.3.14) 


4.3 Isochronous Center for a Class of Quintic System in the Complex Domain 125 


This system is linearizable by using the transformation 


z w 


¿= -A n= -== (4.3.15) 
q= 3522? 4f1— znw? 
It follows the conclusion of this proposition. O 


Proposition 4.3.2. If Condition C55 holds, then the origin of system (4.3.11) 
is a complex isochronous center. 


Proof. When Condition C22 holds, system (4.3.11) becomes 


d 1 d 1 
T = v4 me b152? + a12w?), = = qu 0422? t bow”). (4.3.16) 
Let 
z—ref?, w=re”, T= it, (4.3.17) 
tl j= d ln w), we have zi eni It implies the lusi f this 
hen = 5i nz—Inw), we hav I iT = 1. It implies conclusion of this 
proposition. O 


Proposition 4.3.3. If Condition C23 holds, then the origin of system (4.3.11) 
is a complex isochronous center. 


Proof. When Condition C23 holds, system (4.3.11) becomes 


dz — Tb1522 zu? u? 
ae 24 WSbiaq2 129602,9? 
dw 2 3 biswz? Tu? 
dT = —-W— bioqz = ar 86401092. (4.3.18) 
System (4.3.18) is linearizable by using the transformation 
fi fi 
where 
dies bizz’ " zw zw? " w3 
in 24  48q  288bq?  518402,q39' 
paws b, ge " bioz?w zw? 7 w3 
=: 4 8 48q  864b,5q?' 
b 2 2 
pers 2” (4.3.20) 


It gives the conclusion of this proposition. Li 
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Proposition 4.3.4. If Condition C54 holds, then the origin of system (4.3.11) 
is a complex isochronous center. 


Proof. When Condition C24 holds, system (4.3.11) becomes 


dz dw 
ar^ z(1 + b1opz?), oe b25g2? — 3bi2pz7w — b1222w. (4.3.21) 


System (4.3.21) is linearizable by using the transformation 


12 
where 
E biop2?) if p £0, 
4= 2 
en if p=0, 
fs-2w- a) (4.3.23) 
and 
—b122? 
2 — bigz7 — 2e CER" ifp= ; 
b15z? 1 
b152? + 21n (1- = ) ifp——-5 
g(z) — b22 1 (4.3.24) 
— 2b132? — 2(4 — b132?) In (1- = l if p= Up 
—1+2p 
2 = bia(1 + 2p)2? — 2(1 + biap2*) ™ thers 
(1+ 2p)(1 + 4p) ! i 
It follows the conclusion of this proposition. m 


Remark 4.3.1. From (4.3.24), we have g(0) — g'(0) — g"(0) — 0. 
Similar to Proposition 4.3.4, we have 


Proposition 4.3.5. If Condition C3, holds, then the origin of system (4.3.11) 
is a complex isochronous center. 


Proposition 4.3.1 ~ Proposition 4.3.5 imply that 


Theorem 4.3.6. The origin of system (4.3.11) is a complex isochronous center 
if and only if one of condition in (4.3.13) holds. 
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4.3.3 The Conditions of Isochronous Center Under Condition C3 


If Condition C3 in Theorem 4.3.2 holds, then system (4.3.1) becomes 


Z =z— Žo + Zanu? + aggu?, 
w = —w — bog?’ — Zonu t Žanu’, (4.3.25) 
where 
b15ao3 — aî2bo3 = 0, aiab12 = 25ao3bo3, |ar| + [b12] Æ 0. (4.3.26) 
We have 


Theorem 4.3.7. The first two complex period constants of the origin of system 
(4.3.25) are as follows: 
| 012012 
50 


In addition, the first two complex period constants are all zero if and only if one of 


(4.3.27) 


Tj — 0, T9 — 


the following two conditions are satisfied: 


C31: 012-0, bos — 0, 
C31 : 512 = 0, 03 = 0. (4.3.28) 


Theorem 4.3.8. If Condition C31 or C3, holds, then the origin of system 
(4.3.25) is a complex isochronous center. 


Proof. When Condition C3; holds, system (4.3.25) becomes 


dz 3 dw 1 
ap tea 79012 + aga? , aped (1 + ane) . (4.3.29) 


System (4.3.29) is linearizable by using the transformation 


EH =i 
E= fef, n=wfr , (4.3.30) 
where 
1 3 
fe=2+ 4203", 
3 2 3 3 1 2 6 
f =]— 102” = 10208272Y = 55 (030120 . (4.3.31) 


Thus, the origin of system (4.3.29) is a complex isochronous center. 
Similarly, if Condition C3, holds, the origin of system (4.3.25) is also a complex 
isochronous center. o 
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4.3.4 Non-Isochronous Center under Condition C4 and C7 
If Condition C4 or C7 in Theorem 4.3.2 holds, then for system (4.3.1),we have 


T 
n=, qu —g dosbos z 0. (4.3.32) 


Thus,we have 


Theorem 4.3.9. If Condition C4 or Că in Theorem 4.3.2 holds, then the origin 
is not an isochronous center. 


Thus, the problem of the complex isochronous center for the system is completely 
solved in this section. 


Remark 4.3.2. On the basis of the conclusions in this section, for system 
(4.3.1), if A £0, then the origin is not an isochronous center. 


Remark 4.3.3. System (4.3.1),=0 is a cubic systems having homogeneous non- 
linearities. For the origin of system (4.3.1),=0, the problem of the complex 
isochronous center is correspondencely solved in this section. 


4.4 The Method of Time-Angle Difference 


In this section, we introduce another method to characterize isochronous centers of 
system (4.1.1) and system (4.1.12) (see[Liu, Li, 2006]). 

A center of an analytic system is isochronous if and only if there exists an analytic 
change of coordinates such that the original system is reduced to a linear system. 
Clearly, such a change of variables needs to determine two functions of two variables. 
We now give another new method to characterize isochronous centers of polynomial 
systems. Unlike the above method of the linearized system, this method only needs 
to determine a function which is called the function of the time-angle difference. In 
addition, other two algorithms to compute period constants 7; are also given. 


Theorem 4.4.1. For system (4.1.12), one can derive successively the terms of 
the following formal series 


G(z,w) = > e (4.4.1) 
k=1 


where, for any positive integer k, 


gs(z,w)— M Cagz*w? (4.4.2) 
o--B—3k 
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is a homogeneous polynomial of degree 3k in z,w, Cyr can take any constant, such 
that 


SS quis ey (44.3) 


where 
1 E dé wZ + z<W 


0 = — lh —, 


— = 4.4.4 
2i w dT 2izw ( ) 


Theorem 4.4.2. In Theorem 4.4.1, let Coo = 0, for any positive integer m, 
when a+ B = 3m and a ¥ B, Cag is given by the following recursive formula 


1 


In addition, T}, is given by the following recursive formula 


/ 
Tm ~ Am+1,m F bium 


2m+1 
42i 5 [(m—-k+1)akj—-1— (Mm — j + 1)bjk—-1]C3m—-2k-j+3,3m—-2j-k+3; (4.4.6) 
k+j=3 
where 
—3i 
Aag = — (de m+1,B-—m T bg m+1,a m) 
m-4-1 
+ M (Qo - 8 —3k--3)axj-1 — (28 — a — 3j + 3)bj 1] 
k+j=3 
Xa—2k— j--3,8—2j—k-4-3- (4.4.7) 


In the above two formulas, if a < 0 or B < 0, then we define that dag = bag = 
Cag = 0. 


1 
Proof. Notice that 0 = — In uj We have 
2i w 
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where for any positive integer m, 


Hag = Gu) (wZ me + z2Wm+1) 
X Og k 
+ (zw)! E — (m— Boma WwZk+1 
k=1 = 
m-—1 8g 
— (zw)*71 ES — (m— homa zWķk41 
w 
k=1 
1 
== SY) Azu. (4.4.9) 
a+B=3m 
From (4.4.8), (4.4.9), and (4.4.3), the conclusion of this theorem holds. Li 


Corollary 4.4.1. For system (4.1.1), one can derive successively the terms of 
the following formal series 


G* (x,y) = G(x + iy, x — iy) = - (4.4.10) 
»» (x? + y?)* 
such that 
dG* do 1 Š 
duc 25 NCC 44.11 
í Us PW) (4.4.11) 


Corollary 4.4.2. For system (4.1.3), one can derive successively the terms of 
the following formal series 


G(r, 0) = G(re'?, re?) = Scale’ er", (4.4.12) 
k=1 
such that 
dG dd 1 
—-14+—=- EIE 4.4.13 
d d 3 25 id fem 


Theorem 4.4.3. If the origin of (4.1.12) is a complex center, then 
i0.) 7 {Tm} (4.4.14) 


Proof. From (4.4.13) and (4.1.3), we have 


pi- E (4.4.15) 
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Because the origin of (4.1.12) is a complex center, so G(T(0, h),0) is a 27 periodic 
function in 0. Integrating the two sides of (4.4.15) from 0 to 27, it follows 


T(2m,h) = 2r — r V Th?" Ba (h), (4.4.16) 
k=1 


where for any positive integer k, B3j(h) is given in (4.2.31). From (4.1.10), (4.1.34) 
and (4.1.16) we have 


n Bar(h) = XO ru Ba (n). (4.4.17) 
k=1 k=1 
(4.4.17) and Theorem 2.2.1 imply the result of Theorem 4.4.3. D» 


Theorem 4.4.1 and Theorem 4.4.3 give an algorithm to compute period constants 


Tk. 


Definition 4.4.1. (1) For system (4.1.12), if there exists a formal series G(z, w) 
having the form (4.4.1), such that 


—+i+—=0, (4.4.18) 


then G(z,w) is called a function of the time-angle difference in a neighborhood of 
the origin; 

(2) For system (4.1.1), if there exists a formal series G*(x,y) having the form 
(4.4.10), such that 


—-14+—=0, (4.4.19) 


then G* (x,y) is called a function of the time-angle difference in a neighborhood of 
the origin. 


For system (4.1.12), we notice that the function of the time-angle difference 
is not unique. In fact, if G(z,w) is a function of the time-angle difference and 
F(z,w) is a first integral satisfying F(0,0) = 0, then G(z,w) + F(z,w) is also a 
function of the time-angle difference . In addition, if Gi(z,w) and G»(z, w) are two 
functions of the time-angle difference and G4(z, w) — Go(z, w) is not a constant, then 
Gı(z, w) — G»(z, w) is a formal first integral. 

From Theorem 4.4.1 and 4.4.3, we have 


Theorem 4.4.4. (Theorem of time-angle difference) For system (4.1.1) and 
(4.1.12), if the origin is a complex center, then the origin is a complex isochronous 
center, if and only if there exists a function of the time-angle difference in a neigh- 
borhood of the origin. 
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This theorem tell us that if the origin of (4.1.1) is a complex isochronous center, 
then, when |h| «& 1, we have formally 


t — 6 = G*(F(0,h) cos, (0, h) sin6) — G*(h, 0). (4.4.20) 


Now we discuss some properties of the function of the time-angle difference of 
system (4.1.12). Suppose that € and ņ are given by (4.1.15) satisfying (4.1.14). We 
consider the function 


= T——— —]n——— 4.4.21 
G(z,w) 9; [m " nc ( ) 
Letting z — u?v, w — uv?, then, from (4.4.15) we obtain 
E(z, w) zu 5 utuli, (u, v), 
s k=2 
nean =1+ 5 uF ly ^q (u, v), (4.4.22) 
w 
k=2 


yk-lyk-2 


where for any positive integer k > 1, u*-?v*-1£,(u, v), Nk(u,v) are two 


homogeneous polynomials of degree 3(k — 1) in u,v. Hence, G(u?v, uv?) is a power 
formal series having the form 


G(u?v, uv?) = 5 fa (u, v), (4.4.23) 


where for any positive integer k, fax(u, v) is homogeneous polynomials of degree 3k 
in u, v. So that, we have 


G(z,w) = 5 frlu) (4.4.24) 


LL E T R $n. in) 


Proof. We see from (4.4.21) that 


G(z,w) = xing — lnn] — 6. (4.4.26) 


By using (4.1.15) and (4.4.26), we obtain (4.4.25). Li 
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Theorem 4.4.6. Suppose that the origin is a complex isochronous center of 
(4.1.12). Then, G(z,w) is a function of the time-angle difference of (4.1.12) in 
a neighborhood of the origin. As a series of u and v, the convergence radius of 
G(u?v, uv?) is not zero. 

Specially, if z — 0 and w — 0 are two complex straight line solutions of system 
(4.1.12), then (4.1.12) has the form 


d d 
T — zP(z,w), TT = —wQí(z,w), (4.4.27) 
where 
P(z,w)=1+ 5 apjz"w, Q(z,w)=1+ x bw" zt. (4.4.28) 
k+j=1 k+j=1 


Theorem 4.4.7. For system (4.4.27), one can derive successively the terms of 
the following formal series 


G(z,w) = V ^ gk(z, w), (4.4.29) 
k=1 
where for any positive integer k, 
gx(z,w) = M. Capz%w8 (4.4.30) 
a 8-—k 


is a homogeneous polynomial of degree k in z,w, Cex can take any constant, such 
that 


d dd 1« 
Spe a s opm, (4.4.31) 


Theorem 4.4.8. In Theorem 4.4.7, denote Coo = 0, then for alla # B, Cag is 
given by the following recursive formula 


a-8—1 
Cog = Ll d S28 t po V^ ((o- kak, - (8 — 9] C. (P. (44.32) 
aß = B-a 2i « xj J)9jk| a—k,8—j f V5 
k+j=1 


For any integer m > 0, 77, is given by the following recursive formula 
2m-—1 
/ / / è £ 2 / 
Tha = dnm tbmm 2i M. [(m—k)aky (m-j)] Cm-km-;  — (44.33) 
k+j=1 
In the above two formulas, if a < 0 or B < 0, then we define that dag = bag = 
Cog = 0. 


Theorem 4.4.8 gives an algorithm to calculate complex period constants of the 
origin of system (4.4.27). In this case, G(z, w) is a formal power series of z, w. 
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4.5 The Conditions of Isochronous Center of the Origin for 
a Cubic System 


In this section, as an application of the method of Time-Angle Difference, we consider 
the following real cubic system 


dx 
= y — 2aixy — (3a4 + as — ac)a?y + (a4 — as + a6), 
d 
=e + (ay + a2)z? — (ay — a2)y? + (a4 + as + ag)? —(3a4 — as — ag)zy? (4.5.1) 
and its associated system 
d 
= = 24 az? + a2zw d aaz” t azz? w t agzw?, 
dw um 2 3 2 2 
we w — aw azwz — Q4W a5w Zz — agwz^*. (4.5.2) 


Using Theorem 4.4.8 and computer algebra systems, we have the following result. 


Theorem 4.5.1. The first 5 period constants of the origin of (4.5.2) are as 


follows: 
Tı = 2(a5 — a1a9 — a3), 


T9 ^v 2[(3a2 — a5 — ag) (a4 + a5 + ag) + 3a5as], 


1 
T3 ~ 3 (4 + a5 + ac) fa, 


1 
T4 ~ — (a4 + as + ag) fa, 


30 
1 
~ 302969600000 545 —? 4.5.3 
7 ~ 1029696000002" (45 — 2a6)(a4 + as + as) fs, (4.5.3) 
where 
fs — —20a2as — 80a2ag + 3a4as + Taz + 6a4ag + 9agag + 2ag, 


[4 —36a4a2 + 4a} — TTa4a5ag — 58a2ag — 98a4a2 + 247a5az — 186a, 
fs =1371835883790a7 — 57411367448a4a5 — 16682041862a2 
—3793858253681a4ag + 1649355227996a5ag — 989885411687ag. (4.5.4) 


From Theorem 4.5.1, we have 
Theorem 4.5.2. The first 5 period constants of the origin of (4.5.2) are all 
zero, if and only if one of the follouing 5 conditions holds: 
C1: a2 = a5 = ag = 0, 
Cə : a2 = a5 = a4 + ag = 0, 
C3: a, + a2 = às = a4 + ag = 0, 
C4: 1 —3a5 = a4 — 202 = ag — 402 = ag — 202 = 0, 


C5 : a4 + a2(a1 + a2) = as — as(a4 + a2) = ag = 0. (4.5.5) 
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We next consider respectively 5 conditions C4 ~ Cs. 
When Condition C; holds, system (4.5.2) becomes 


d 
= z(1 + aiz + a42?), 


r dm —w(1-- aw + a4u?). (4.5.6) 


w — 

dT — 

Proposition 4.5.1. For this system, there exists a function of the time-angle 
difference 


pois J SS ie | atau iwl. (4.5.7) 
2|Jo 1+ az + a42? o 1+aw + aw? 


When Condition C2 holds, system (4.5.2) becomes 


dz 

ir^ z(l-c-aiz4 a4z? — asw’), 

d 

TT = —w(1 + aw + asw? — a42?). (4.5.8) 


The associated system of (4.5.8) is that 
dx 


a —y(1 + 2a12 + 4a427?), 
d 
= —r-ajz?—ajy? — dary’. (4.5.9) 


We have 


Proposition 4.5.2. For system (4.5.9), there exists a function of the time-angle 
difference 


1+ — ,/4a4 — a? 
—— n| ae 
24/4a4 — a? 1 cr a1z + \/4a4 — ay 
—01y -¢ 2 
t-9=¢ —— — 4a, = 0 4.5.10 
0 Iar if aj a4 , ( ) 
- 2_ 4 
— rotan | eii > if a? — 4a4 > 0. 
Jaz — 4a4 1+ag 


When Condition C3 holds, system (4.5.2) becomes 


d 

= = z(1 + az — ayw + asz? — a4w?), 

d 

T = —w(1-- aw — a1z4 asw? 42”). (4.5.11) 


Proposition 4.5.3. For system (4.5.11), there exists a function of the time- 
angle difference 


t-0=0. (4.5.12) 
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When Condition C4 holds, system (4.5.2) becomes 


2 = z(1 + 3a2z + agw + 2a22? + Aa2zw + 2a2w’?), 
dw 2,2 2 2 
rim w(1-F 3asw + azz + 2a$w^ + 4a$wz + 2a22*). (4.5.13) 
The associated system of (4.5.13) is 
d 
m = —y(1 + 2aaz)(1 + 4aox), 
dy _ 2 2 Bares 
“oe 4agx* — 2agy” + 8a$x". (4.5.14) 


We obtain 


Proposition 4.5.4. For system (4.5.14), there exists a function of the time- 


angle difference 
4aa(1 + 2aox)y 


t — 0 = — arctan ———__—... 4.5.15 
arctan TT Jagg + 8a2z? ( ) 
When Condition Cs holds, system (4.5.2) becomes 
T= afl + (a1 eaa) — azz + azu] 
dT = z a1 2)Z ü2Z a2Wj, 
dw 
a —w({l + (a1 + a2)w]|1 — a2w + a»z]. (4.5.16) 
The associated system of (4.5.16) is 
d 
^ = —y[1 + 2a1x — 2a»(a4 + az)a? + 2a2(a4 + a2)y?], 
d 
z = x + (a1 + az)a? — (a1 — a2)y? + 4a2(a1 + ae)ry?. (4.5.17) 


We have 


Proposition 4.5.5. For system (4.5.17), there exists a function of the time- 
angle difference 
(aı +a2)y 
1+ (a1 + a2)x` 
Theorem 4.4.4, Theorem 4.5.2 and Proposition 4.5.1 ~ Proposition 4.5.5 follow 
that 


t — 0 = — arctan (4.5.18) 


Theorem 4.5.3. The origin of the real system (4.5.1) is an isochronous center 
if and only if the first 5 period constants of (4.5.1) are all zero, i.e., one of the 
conditions C4 ~ Cs is satisfied. 


Remark 4.5.1. If a1,a3,a4,a5,ag are all complex constants, and x, y,t are all 
complex variables, then the functions of the time-angle difference given in Proposition 
4.5.1 ~ Proposition 4.5.5 are all power series with non-zero convergent radius. Thus, 
the conclusion of Theorem 4.5.3 is also correct in the complex field. 
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we often need to obtain the necessary condition of isochronicity from the first period 
constants vanishing and then prove the conditions are sufficient with other methods 
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Chapter 5 


Theory of Center-Focus and Bifurcation of 
Limit Cycles at Infinity of a Class of 
Systems 


We have mentioned in Preface of this book that a real planar polynomial vector field 
V can be compactified on the sphere. The vector field p(V) restricted to the up- 
per hemisphere completed with the equator I, is called Poincaré compactification 
of a polynomial vector field. If a real polynomial vector field has no real singular 
point in the equator læ of the Poincaré disc and Tœ can be seen a trajectory, all 
trajectories in a inner neighborhood of [x are spirals or closed orbits, then Ta is 
called the equator cycle of the vector field. Dl'à5 can be become a point by using 
the Bendixson reciprocal radius transformation. This point is called infinity of the 
system. 

In this chapter, we discuss the center-focus problem of infinity (i.e., to distinguish 
when the trajectories in a inner neighborhood of Fə are either closed orbits or 
spirals) and the bifurcation of limit cycles at infinity for a class of systems. 


5.1 Definition of the Focal Values of Infinity 


Consider the following real planar polynomial system of degree (2n 4- 1): 


2n4-1 2n4-1 


dx dy 
— = J Xx(: — = J Y. "I 
ran (t, y), di ran xt y), (5 ) 


where n is a positive integer and X; (x, y), Yk(£, y) are homogeneous polynomials of 
degree k in z, y of the form 
k(z,y) —- M; Aaga^w?, 
a+B=k 
Yanu) = 2 Bagz^y. (5.1.2) 
a+B=k 
Suppose that the function zYo, 1(z, y) — yXen+1(x,y) is not identically zero. 
Then, system (5.1.1) only has finite real or complex singular points in Fə. It has 
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no real singular point in Fo if and only if #Yon41(x, y) — yXan41(2, y) is a positive 
(or negative) definite function in the real field. This function can be expressed as a 
product of linear terms in the complex field as follows: 


2n4-2 


zYos41(2,y) — YXən+1 (x, y) = II (oz + Bey). (5.1.3) 
k=1 


On the Poincaré disk, all infinite singular points (real and complex) of system 
(5.1.1) are the intersection points of the straight line oz + 6,y = 0 and the unit 
circle z? + y? = 1, k = 1,2,--- ,2n +2. 

Without loss of the generality, we assume that I(x, y) is positive definite (other- 
wise, we can take a transformation t — —t), then, there exists a positive numbers 
d, such that 


tYon41(2,Y) — yXon41(2, y) > d(x? + y^)". (5.1.4) 


By using the transformation 


r=- quet (5.1.5) 
system (5.1.1) becomes 
2n+1 
dr —1 " 
a mu XO enaa-s(0)r*, 
k=0 
2n+1 
d0 1 ; 
E = pon p» U2n-2-x(0)r^. (5.1.6) 
k=0 
Thus, we have 
2n4-1 
d P2n+2(0) T 5 Yon+2—k(O)r* 
= — $= (5.1.7) 
W2n+2(9) T 5 Pon+2—k(O)r* 
k=1 


where p(0), Wx(@) are given by (2.1.5). Especially, 


P2n+2(0) = cos 0Xən+1 (cos 0, sin 0) + sin 0Y5, 4 1(cos 0, sin 0), 
Won+2(8) = cos OY2n41(cos 0, sin 0) — sin 0X2n+1 (cos 0,sin 8). (5.1.8) 


(5.1.4) and (5.1.8) follow that 


Won+2(0) > d> 0. (5.1.9) 
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Since for all k, yx (@) and (0) are homogeneous polynomials of degree k in (cos @, 
sin 0), we have 


yr(O +T) = (-1) prl), vx (0 +m) = (-1)* v (8). (5.1.10) 


It implies that equation (5.1.7) is the specific form of the equation (2.1.7). 
For a sufficiently small constant h, we write the solution of (5.1.7) with the initial 
condition r|ọ=0 = h as 


r= F(0,h) = M w(0)h*. (5.1.11) 
k=1 
From (5.1.7) and (5.1.11), we obtain 


0 = 
14 (8) = exp | Hmm (5.1.12) 


By Corollary 2.1.1, if 4(2x) = 1, then the first positive integer k satisfying 
vi (25) Æ 0 is an odd number. 


Definition 5.1.1. For any positive integer k, vay ,1(20) is called the k-th focal 
value at infinity of system (5.1.1) 


Definition 5.1.2. For system (5.1.1): 

(1) If (2x) A 1 and when (27) < 1 (> 1), infinity is called a stable (an 
unstable) rough focus; 

(2) If w(2n) = 1 and there exists a positive integer k, such that vo(2x) = 
va(2m) = +++ = vox(22) = 0 and vək41(27T) # 0, then when voy44(21) < 0 (> 0), 
infinity is called a stable (an unstable) weak focus; 

(3) If (27) = 1 and for any positive integer k, we have vay,1(2x) = 0, then 
infinity is called a center. 


From Corollary 2.1.1 and the geometric properties of the Poincaré successor 
function A(h) = f(2z, h) — h, we obtain 


Theorem 5.1.1. If infinity is a stable (an unstable) focus of system (5.1.1), then 
Tæ is an internal stable (an internal unstable) limit cycle. 

If infinity is a center, then there exists a family of closed orbits of system (5.1.1) 
in a inner neighborhood of the equator Ta. 


For a given polynomial system, to solve the center-focus problem of infinity, it 
depends on the computations of the focal values of infinity. In next sections, we 
discuss this difficult problem. 
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5.2 Conversion of Questions 


First, we consider a special case of system (5.1.1). Letting 


Xon. i(2,y) = (6a — y) (z? + y?)”, 
Yon (2, y) = (x + óy)(z? + y^)", (5.2.1) 


then system (5.1.1) becomes 


ii 4 2n : 
qp 60-9) xy) 5 Aapa, 
a 8-0 
dy 2n 
qo Sy)? y?) + XO Bags yP. (5.2.2) 
a4 8-0 
For system (5.2.2), (5.1.8) reduces to 
Q2n4-2(0) = Ô, Won+2(0) zu (5.2.3) 
Thus, (5.1.7) becomes 
2n4-1 
P OLG 
T sgh EE, (5.2.4) 
1+ $5 Von+2-(0)r" 
k=1 


It is easy to prove that 


Proposition 5.2.1. For system (5.2.2), we have (0) = e-9?* and when 6 > 
0 (< 0), infinity is a stable (an unstable) focus. 


From Lemma 2.1.2, we obtain 


Proposition 5.2.2. If ó — 0, then for system (5.2.2), all vk(0) are polynomials 
in 0, sin, cos0, and their coefficients are polynomials in Aag, Bag. Especially, for 
all k, vk(T), vk(2T) are polynomials in Aag, Bag- 


Notice that infinity of system (5.2.2) can be changed to the origin by using a 
suitable transformation. In fact, by the transformation 
u v dt 


= — = 2 2\2n 
oe Sura Ge eg un) 
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system (5.2.2) becomes 


2n 


d 
= = — (ðu + v) (u? +v?” 4 * he +v?) E (u? — 92) X. (u, v) + 2uvY&(u, v], 
d k=0 
dv 2 2yn C 2 2)2n—kyy, 2 2 
g = (um Su) (u? + v7)" + Y SQ? + v? (u? — v?) Ve (u, v) — 2uvXx(u, v]. 
k=0 
(5.2.6) 
In the transformation (5.2.5), 
u U 


is called Bendixson reciprocal radius transformation. Making the polar coordinate 
transformation u = rcosÓ, v = rsin@, the transformation (5.2.7) becomes the 
transformation (5.1.5). 

The transformation (5.2.5) makes infinity of system (5.2.2) become the origin of 
system (5.2.6). Thus, the studies of the center-focus problem and the bifurcation 
of limit cycles of infinity of system (5.2.2) can be changed to the studies of the 
corresponding problems for the origin of system (5.2.6). Since the origin of system 
(5.2.6) is a higher-order singular point (or degenerate singular point), it leads to 
some difficult problems. We discuss them in Section 6. 

If for all k € {n+1,n+2,--- ,2n], we have Xy (x, y) = Yk(x, y) = 0, then system 
(5.2.2) becomes 


=z = (x — y)(z? + y2)” XO Xz(z,y), 
k=0 
dy 2 2\n : 
B= (w+ by)(a? +y?) + Y Y sy). aoe 


Hence, we have the following conclusion. 
Theorem 5.2.1. By the transformation 
u U dt 


Taxe Tapo dr 


2 2\n 
TOT = (u? + v2)", (5.2.9) 


system (5.2.8) becomes the following polynomial system 


du : 2 23n—kj(,,2 2 

T^ Paca T vt)" (u — v*) Xy(u, v) + 2uvY;,(u, v], 

d n 

T = u — ðv + J (u? +v?) E(u? — v? )Yp (u, v) — 2uvXp(u, v], (5.2.10) 


k=0 


for which the origin is an elementary singular point. 
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We can use the following transformation 


u U dt 


2 2m 
=a? Yeo’ ae 2 2.11 
(umm 9 Fo dr a, el 


such that infinity of system (5.2.2) changes to the origin which is an elementary 
singular point. 
Theorem 5.2.2. By the transformation 


ee ED ee dt 2 2\n(2n+1 
t= Tape YS Geter get tv 99, — (6212 


system (5.2.2) becomes the following polynomial system: 


du —óu pins. 

de Ak ut 5 Pənk+k+1 (u,v), 
k=1 

dv ôv piu 

cedet XO Qonk+eti (u,v); (5.2.13) 
k=1 


for which the origin is an elementary singular point, where 


1 


Pənk+k+1 (u, v) = IG Bv 


? Xon41—K(U, v) 


2n 4- 2 
-TE uv Yosq1-x(u,v)| (ud + v2) 6-DG-D.— (5.5.14) 
2n 4-1 
and 
2 2 
nk--k ,U)— EET Yon+1—k(U, 
Qonk+k+1 (u, v) (« arr" ) 2n4+1—k(U, v) 
2n 4- 2 
-2T E uv Xonii-a(u, v) (u? + v2) 6-D(*D. (5.315) 
2n +1 
are homogeneous polynomials of degree (2n-- 1) k--1 ofu and v, k — 1, 2, +--+, 2n+1. 


'This theorem tell us that the studies of the center-focus problem and bifurcation 
of limit cycles at infinity of system (5.2.2) can be change to the studies of the 
corresponding problems at the elementary singular point O(0, 0) of system (5.2.13). 
Because system (5.2.13) is a class of particular systems of (2.1.1). Therefore, we 
can apply all known theory for the center-focus problem of system (2.1.1) to system 
(5.2.13). 

Of course, system (5.2.13) have the following particular properties. 

(1) The subscripts (i.e., the degree of homogeneous polynomials) of Pznk+k+1, 
Qenk+k+1 form an arithmetic sequence having common difference 2n + 1, k = 
1,9: 9n3c T. 
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(2) Ponk+k+1 and Qonk+k4+1 have the common factor (u? + v?) 5-D (n0, 


(3) System (5.2.13) has a pair of conjugated complex straight line solutions u + 
iv — 0. 

We can use these special properties to study the theory of center-focus at infinity 
for system (5.2.2). 


5.3 Method of Formal Series and Singular Point Value of 
Infinity 


By the polar coordinate transformation 
u = pcosÓ, v= psin0 (5.3.1) 


system (5.2.13) becomes 


2n+1 
d b+ x Q2n42-&(0)p* ert) 
Pao =p = 
dó 2n41 “on n l T€ 
1+ 5 Pan+2-k(0)p (2n+1) 


k=1 


Substituting (5.3.1) and (5.1.5) into (5.2.12), we have 
pom p T (5.3.3) 


Obviously, equation (5.3.2) can also be obtained from equation (5.2.4) by using 
transformation (5.3.3). 

Let p = p(@, po) be the solution of (5.3.2) satisfying the initial condition p|ọ=0 = 
po. By using the particular properties of (5.2.13) mentioned in the above section, 


we obtain 
Proposition 5.3.1. (0, po)pg | is a power series of pa ^ |, i.e., p(0, po) has the 
following form: 


oo 


B(8. po) = Y o goa lO Orr (5.3.4) 
m=1 
Proof. Let r = 7(0,h) = > Vm(0)h™ be the solution of (5.2.4) satisfying the initial 
m=1 


condition r|g=o = h. From (5.3.3), we obtain 


p?" (6, po) = f(0, pp * 1). (5.3.5) 
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Let ho = pe^. (5.3.5) follows that 


as " —— oo eer 
P(O, po) (5 m) 2n m-—1 
" " Y sso (53.6) 
Since the right hand of (5.3.6) can be expanded as a power series of ho, it follows 
the conclusion of this proposition. o 
Clearly, 


v (21) — 1 = e7?’ — 1 = —2rô + o(6), 
ETT —2mnó 


ci(2m)—12e9»1—1- TES + o(à). (5.3.7) 
Theorem 5.3.1. Jf 6 — 0, for any positive integer k, we have 
O2k(2n4+1)4+1(27) ~ = i267), 
C (2k—1)(2n--1)41(27) 2 0, (5.3.8) 


and when m is not an integer multiple of 2n 4- 1, Om+41(27) = 0, where voy ,1(25) is 
the k-th focal value at infinity of system (5.2.2) and ax(25.41)41(27) is the k(2n+1)- 
th focal value at the origin of system (5.2.13). 

Proof. First, when 6 = 0, we see from (5.3.7) that v4(2x) = e1(2x) = 1. Thus, from 
(5.3.4), we have 


pn ( 2n4-1 


2T, po) — po 
Ms Í P (2m, po)[A(27, po) — po] 


= (on + 1)p5"G(p0)[A(27, po) — po] 


oo 


= (2n + 1)G(p0) 5 o(m—1eansryti(2m) pg Or, (5.3.9) 


m=2 


where G(po) is an unit formal power series in po (see Definition 1.2.3). 
On the other hand, (5.3.5) follows that 


pm, po) — py =F(27, pp) — pg 
= p vy (21)pp Q0. (5.3.10) 
m=2 
By (5.3.9) and (5.3.10), we have 
2n+1 
33 o(m—1y(anti)41(27) py C? 
m=2 
1 < m(2n+1) 

= ——— m (2 : 5.3.11 


m=2 
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Comparing the coefficients of the same power of po on the two sides of (5.3.11), it 
gives rise to the conclusion of this theorem. m 


By the transformation 


z—rcLiy w-—zc-—iy, T=it, (5.3.12) 
system (5.2.2) becomes 
dz zt n 
a (1— + 3 Zy(z, w) 
dw : n+l n 
fog) al ie 3 Wi(z,w), (5.3.13) 
k=0 


where 


-n (H ae) (22 tx) (5.3.14) 


We say that system (5.2.2) is the associated system of (5.3.13) and vice versa. 
Let 


£ —u-iv, n-—u-iv, T7 —ir. (5.3.15) 
Then, from (5.3.12), (5.3.15) and (5.2.12), we have 
n dT n(2n+1) 
ee, pa, MES e 5.3.16 
Eyer "qup ar o6? p 


By transformation (5.3.16), system (5.3.13) can be reduced to 


dé 2n4-1 
"dm (iz + ees 3 9 (254.1) (£; n), 
dn ið 2n+1 
— = | TH = V, .9.1 
a ( “SE vl eese). (6317) 
where 
Preni) (6,1) = -> a NZən+1—k(é, 1) 


n+ (k-1)(n+1) 
+ PAE Hos (£u) En | 
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ken) (E57) = € Won4i-K(E, m) 


2n -1 a 
n+1 
2n +1 


+ NZən+1-r(£ n) (£m) DoD (5.3.18) 


are homogeneous polynomials of degree k(2n + 1) in £,m. 

Obviously, system (5.3.17) can also be obtained from system (5.2.13) by using 
transformation (5.3.15), thus, system (5.2.13) is the associated system of (5.3.17) 
and vice versa. 

We next consider the case of ô = 0. When ô = 0, system (5.2.2), (5.2.13), (5.3.13) 
and (5.3.17) take the following forms, respectively, 


dx 
Hm ule’ +9") XE X (m, y), 
dy 
m^ a(x? + y?) re don (x, y) (x,y); (5.3.19) 
dú 2n+1 
r~ —v + 3 Ponktk+i(u,v) = P(u, v), 
du 2n+1 
dc TYH DO Omen) = Qui) (5.3.20) 
dz 2n 
m z Tln 4 Daa Z(z,w) 
ho 2n 
C n-Fl,n us : 
apu ee 2 , Wiz w) = —-W(z,w); (5.3.21) 
dé 2n4-1 
dT cité 5 ®z(2n41) (€,7) = P(E, n), 
k=1 
dn 2n+1 
do 5 Eken) (60) = (6,7). (5.3.22) 
k=1 


The right hand of system (5.3.22) have the following particular properties: 

(1) The subscripts (the degree of homogeneous polynomials) of Pk(2n+1); Yk(2n+1) 
form an arithmetic sequence with common difference 2n + 1, k = 1,2,--- ,2n +1. 

(2) ®g(an41) and V;(5,,1) have the common factor (En) FDO), 

(3) System (5.3.22) has a pair of straight line solutions £ = 0 and 7 = 0. 

From these properties of the right hand of system (5.3.22), we have 
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Theorem 5.3.2. For system (5.3.22), one can derive uniquely and successively 
the terms of the following formal series 


FED = (£m. [14 $7 fone (Es) a (5.3.23) 
m=1 

such that 

dF 3 +1)(2n+1) 

TT m 2 i ; .9.24 

dT (5.3.22) p (en) Pu 
where 

Tatans3305, 9) = »» Cop£? n? (5.3.25) 


a+B=m(2n+1) 


are homogeneous polynomials of degree m(2n+1) in €,n (m = 1,2,---) and we take 
Coo= 1, Ck(2n+1),k(2n+1) 7 0, k=1,2,---. (5.3.26) 


Definition 5.3.1. For any positive integer m, [im given by (5.3.24) is called the 
m-th singular point value at infinity of system (5.3.21). 


If there exists a positive integer k, such that uy = u2 = ++: = uà = 0, uk z 0, 
then infinity of system (5.3.21) is called a weak critical singular point of order k. 

If for all positive integer k, uk = 0, then infinity of system (5.3.21) is called a 
complex center. 


Theorem 5.3.3. In the (5.3.25), for all pairs (a, 8), when a B, and a+ß > 
Cag is given by 


n= fee Dake Hens Dibam} 
X Co-Enk4-(n4-1)j— (n4-1) (2n4-1),8-Enj4- (n--1) k- (n4-1)(2n4-1) (5.3.27) 


For any positive integer m, Um is given by 


2n+1 
Hm= M. [(n—k=m)agg—1 (n= j- m)b;i] 
k+j=1 
XCnk+(n +1)j+(m—n—1)(2n+1),nj+(n+1)k+(m—n—1)(2n+1)> (5.3.28) 


where for all pairs (a, 8), when a <0 or B < 0, we take dag = bag = cag = 0. 
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Proof. From (5.3.23), we have 


dF u 2n--1 = O fm(2n+1) = Ofm(2n+1) 
dT (5.3.22) =e 2. ( o£ : an E 


m=1 


co 2n-41 
o I Gace 2n4-1 
+ we LA air (2n zn 1) fon-iyoni) 9 ,(254.1) 


oo 2n41 8 fim-s)(2n+1) 
E » er es + (2n + 1) fim sy(2n41) | Va(2n) f - 


(5.3.29) 
By (5.3.25) and (5.3.29), we obtain 
dF TL > Q 
T = (En) 95 J (a- B)esg£?n? 
dT 
(5.3.22) m=1 a+@= 
m(2n+1) 
co 2n+1 
(Eg)?! 5 v 5 [(a +2n+ 1)®5(2n41) 
m=1 s=1 at+B= 
(m—s)(2n+1) 
— (B+ 2n + IW. n41)] Capen’. (5.3.30) 


From (5.3.18) and (5.3.30), we get 


oo 


=); M, (a-B)cegt?n? 


(5.3.22) m=1 a+ß= 
m(2n+1) 


EE PR 


m=1 s=1 at+B= 
(m—s)(2n+1) 


(nB — na — a — 2n 1)EWon+41-s| Cag? 6 DO ED mE Go Eel) (5.3.31) 


(én) ent) E 


(5.3.14) becomes 
Z2n41-—s(£, n) = 5 ak j-i£ m) |, 
k--j—2n4-2—s 


Wosu-s(tu-e 2o aat ur. (5.3.32) 
k+j=2n+2-—s 
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Thus, (5.3.31) and (5.3.32) follow that 


— (2n dF > a 
apes dT - 5 5 (a — B)cag£?n? 
(5.3.22) aci wig 

m(2n4-1) 
co 2n+1 


20353 E ae) na — np — B — 2n — 1)ag j-1 


m=1 s=1 


(m— Seid) FM 
(nB —na—a-—2n 1)bj x-1] Capt tl GHEE Ripe a Dor (5.3.33) 


Write that 


(5.3.34) 


Hence, when k + j = 2n +2 — s, a+ 8 = (m — s)(2n + 1), we have 


ay + Bi = m(2n + 1), 

a =a 4 nk (n-1)j - (n1 

B — 8-4 nj- (n4 1)k — (n1 

na — np — 8 — 2n — 1 = nai — (n + 1)f1 + (n — k)(2n +1), 
(n+ 1)oi + (n — 3)(2n + 1). (5.3.35) 


nf — na — a — 2n — 1 —nf 


Substituting (5.3.34), (5.3.35) into (5.3.33), and using the symbols o, instead of 
01, 31, we obtain 


dF " 
dT (emt » > Kæ- B)cag + Hag] E*n, (5.3.36) 
dT 
(5332) — mc er d 
m(2n+1) 
where 
1 2n+1 
b= 9n 1 5 {[na — (n +1)8 4+ (n — k) (2n + 1)]ax,j-1 
k+j=1 
[n8 — (n+ 1)a + (n — j) (2n + 1)]b; x-1Y 
X Catnk+(n+1)j—(n+1)(2n+1),B+nj+(n+1)k—(n+1)(2n+1): (5.3.37) 
From (5.3.24) and (5.3.36), it gives rise to the conclusion of this theorem. o 


For any positive integer m, let ui, be the m-th singular point values at the origin 
of system (5.3.22), we have 
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Theorem 5.3.4. For any positive integer k, we have 


Hk 


Hk(Qn41) ~ 25 L1 (5.3.38) 
and when m is not an integer multiple of 2n+ 1, we have wn = 0. 
Proof. For the function F(E, n) given by (5.3.23), let 
1 
oo 2n+1 
ps i 
P(E.) = FA (En) = En j+ 57 Fama (5.3.39) 
m=1 
From (5.3.24) and (5.3.39), we have 
dÊ Hm (E) et 
ER = — SS See (5.3.40) 
5.3.22 
(333 — (n4-1)|1- » —-— 
m-—1 
(5.3.40) follows the conclusion of the theorem. D 
From Theorem 5.3.1, Theorem 5.3.4 and Theorem 1.4.4, we have 
Theorem 5.3.5. For any positive integer k, 
im 
~ 2 ^ 
C3k(2n41)41( T) Fn On 1 * 
Vok4i(2*) ~ impr, (5.3.41) 


where Czk(2n+1)+1 (27) is the k(2n-- 1)-th focal value at the origin of system (5.3.20), 
Vək+1(27) is the k-th focal value at infinity of system (5.3.19) and upg is the k-th 
singular point value at infinity of system (5.3.21) 


From Theorem 2.3.4 and the particular properties of the right hand of system 
(5.3.22), we have 


Theorem 5.3.6. For system (5.3.22), one can derive successively the terms of 
the following formal series 


oo 


M(£, 7) = 1+ 5 Im(2n+1) (E, n), (5.3.42) 


m=1 
such that 


O(M®) O(MV) GQ 2mn+m+1 m(2n+1) 
a m 2-1 Am (En) (5.3.43) 
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where, for any positive integer m, 


8m(2n41)(£, 0) = 5 ds g£^ n? (5.3.44) 


a+B=m(2n+1) 


is a homogeneous polynomial of degree m(2n + 1) in €,n, and 
Am ~ (2n+D)Uncontiy ~ Hm (5.3.45) 
Similar to Theorem 5.3.3, we have 


Theorem 5.3.7. In the right hand of (5.3.42), letting doo = 1 and taking 
dk(2n+1),k(2n+1)(k = 1, 2, +++) as arbitrary numbers, then for all (a, B), when a F B, 
and a + B Z 1, dag is given by 


2n4-1 


1 
i7 nF e 


k+j=1 


fima — (n + 1)8 — 1ļak,;j—1 


[n8 — (n + 1)a Dbaa]] 
X dapnk+(n+1)j-(n+1)(2n+1),B+nj+(n+1)k-(n+1)(2n+1) (5.3.46) 
and for any positive integer m, Am is determined by 


2n+1 


Am= >> (bk-i— 0kj-1) 
k+j=l 
X dain maena Und Dm D Cam de ys (5.3.47) 


where for all (a, B), when a <0 or B <0, we take dag = bag = dag = 0. 


Theorem 5.3.3 and Theorem 5.3.7 give the recursive formulas to compute singular 
point values at infinity of system (5.3.21). 


Theorem 5.3.8. For system (5.3.21), one can derive successively the terms of 
the following formal series 


fmen) (2, w) z ,w) 
F(z,w) 1+ E "ümwymm n | > (5.3.48) 
such that 
dF — fim 
€ = (zw) Y ——— (5.3.49) 
dT |(5 351 z (zw)™t1 


where um is the m-th singular point value at infinity of system (5.3.21), m = 1,2,---. 
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Proof. The inverse transformation of (5.3.16) is 


=(n =(n+ dT 
€ = z(zw) Ar n = w(zw) T — = (zw)”. (5.3.50) 


By (5.3.23) and (5.3.48), we have 
F(z,w) =F (zw) E ,w(zw) 3) : (5.3.51) 


From (5.3.50), (5.3.51) and (5.3.24), it gives rise to the conclusion of this theorem. 
Oo 


Theorem 5.3.9. For system (5.3.21), one can derive successively the terms of 
the following formal series 


= —n—-1l- dud T Im(2n+1) (z, W) 
M(z, w) = (zw) 2n41 |1 + 2. L—— , (5.3.52) 
such that 
O(MZ) | O(MW) NUN (2mn+m+1)Am 
gs NE n 5.3.53 
Oz Ow ae en “= (2n + 1)(zw) l ) 
where Am ~ Hm, M = 1,2,- . 
Proof. First, by (5.3.42), we have 
M(z,w) = (zw) "= M [eeuw FT wlew) 2 | . (5.3.54) 
We consider the system 
dz MZ 
2 Z 
dw MW 
By the transformation 
€ = z(zw) EM o0 w(zw) RD ; (5.3.56) 
system (5.3.55) becomes 
dg dn _ 
The Jacobin determinant of transformation (5.3.56) is given by 
—1 
Je mm. e Gu) doe; (5.3.58) 


~ Oz ðw Ow Oz 2n+1 
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Then, from (5.3.54), (5.3.55) and (5.3.58), we have 
z E 
—_ MZ=JZ, L— —MW = JW. (5.3.59) 
n+1 


Thus, 


(5.3.60) 


-1 [O0(MZ) O(MW)| AJZ) O(JW) 
xl dz | ðw |- az Ow ` 


By applying Proposition (1.1.3) to systems (5.3.55) and (5.3.57), from (5.3.57) we 
get 


o(JZ) O(JW) ,|90(M 
Oz ðw " 
2 1, [00M9) amv) 
ar, el ze BE m (5.3.61) 
From (5.3.60) and (5.3.61), it follows that 
O(MZ) a( MW) ı [O0(M9?) a(MY) 
oe EE eS Intl ES : .9.62 
Oz ii os a las.) On (d) 
(5.3.62), (5.3.43) and (5.3.56) give rise to the conclusion of this theorem. o 
We now consider the following formal series 
m(2n+1)( w) 
(zw) =1+ 3 o o Cm om ae ; (5.3.63) 
where 
Am (2041) (£n) = Ne €agz? wP (5.3.64) 


a+B=m(2n+1) 
are homogeneous polynomials of degree m(2n + 1) in z,w ( m = 1,2,---), and 
ho = ego = 1. 
Reference [Liu Y.R., 2001] gave the following two theorems. 


Theorem 5.3.10. For all s Z 0, y # 0, one can derive successively the terms 
of the formal series 


F(z,w) = (zw)* H5 (z, w), (5.3.65) 
such that 7 
dF m 1 nt+s 4-1 > An 
T = Cu) H p PUN (5.3.66) 
(5.3.21) m=1 


and for any positive integer m, 


A ~ —SYHm. (5.3.67) 
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Theorem 5.3.11. Let s,y be two constants, if for any positive integer m, y(s + 
n+1—m) #40, then one can derive successively the terms of the formal series 


M(z,w) = (zw)* H5 (z, w), (5.3.68) 
such that . 7 " 
d = oom) = En HF 2 s (5.3.69) 
and for any positive integer m, 
Am ~ —Y(stn+1-—mM)pm. (5.3.70) 


By Theorem 5.3.10 and Theorem 5.3.11, the authors of [Chen H.B. etc, 2005b] 
gave the recursive formulas to compute singular point values of infinity of system 
(5.3.21) as follows. 


Theorem 5.3.12. For the formal series F given by Theorem 5.3.10, 
Ck(2n+1),k(2n+1) can be taken arbitrarily, k = 1,2,---. Ifa 4 B and a - 8 Z 1, 
€ag is given by 


Inb — (n+ 1)a + (ys - n - 1— j)(2n4 Disi) 


X €a+nk+(n+1)j—(n+1)(2n+1),3 Enj--(n--1)k—(n--1) (2n4-1)- (5.3.71) 


1 


For any positive integer m, Am is given by 


2n+1 
AL em 5 (ys +n + 1 — k — m)ak,j—1 
k+j=1 
(ys +n +1- j — m)b;a i] 


X Enk+(n+1)j+(m—-n—1)(2n+1),nj+(n+1)k+(m—-n—1)(2n+1)- (5.3.72) 


In above two recursive formulas, for all (a, 8), if a <0 or B « 0, we take aag = 
bag = Cap = 0. 


Theorem 5.3.13. For the formal series M given by Theorem 5.3.11, 
Ek(2n+1),k(2n+1) Can be taken arbitrarily, k =1,2,---. Ifa B, anda+ B 2 1, eag 
is given by 
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1 
°° nto 


x Y fina — (n+ 1)8 + (ys +n - 1— k)(2n  1)]ax ji 


eon ee eee jn e yas] 


XÉo-Enk--(n4-1)j— (n4-1) (2n--1),8--nj-4- (n4-1) k— (n4-1) (2n4-1) (5.3.73) 


else eag = 0. 
For any positive integer m, XJ, is given by 


2n4-1 


AT es 5 (ys +yk+n - 1— k — m)akj-1 
k+j=1 


(ys t yj - n -1— j — m)bjk-1] 


X Énk--(n4-1)j--(m—n—1) (2n4-1),nj4-(n--1)k--(m—n—1) (2n4-1) (5.3.74) 


In above two recursive formulas, for V(a, 3), when a < 0 or B < 0, we take aag = 
bag = eap = 0. 


From Theorem 5.3.10 and Theorem 5.3.11, we have 


Theorem 5.3.14. Infinity of system (5.3.21) is a complex center if and only if 
there exists a first integral F(z,w) with the form (5.3.65). 


Theorem 5.3.15. Infinity of system (5.3.21) is a complex center if and only if 
there exists an integral factor M(z,w) with the form (5.3.68). 


5.4 The Algebraic Construction of Singular Point Values of 
Infinity 


By means of the transformation 
z=pe'?z, w=pe ^o, T= pr (5.4.1) 


system (5.3.21) becomes 


di T 

T (£y) + âĉap (ê) (00), 

dT oy i 

di — (yin 4 7 ip) (28 

3 (®t (2) M; bag(à)"(8)5, (5.4.2) 
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where 2, ù, T are new variables and po, $ are complex constants, p ~ 0 and for all 


(a, B), 


dog = dager P-n- 


7, a-4-8—2n—1 


bag = bagp g ua Be (5.4.3) 


If 
z=x+iy,2 =ĉ+iĵ, 
w = gz — iy, Ù = ĉ-— iĝ, 
T — it, T = if, (5.4.4) 
then transformation (5.4.1) becomes 
x = p(£cosó— jsinó), y= p(£sinó--$cosQ) t=p ^. (5.4.5) 


Compared with transformation (2.4.1), transformation (5.4.1) has a new time 
scale T = p-?"T. We say that transformation (5.4.1) is a generalized rotation and 
similar transformation with time exponent n. 


Definition 5.4.1. For systems (5.4.1), assume that f = f(aag, bag) is a poly- 
nomial in dag, bag. Denote that f = f (Gop, baa), f* = f(bag, aag). If there exist 
à, c, such that f = p^e?? f, then X and c are respectively called the similar expo- 
nent and the rotation exponent with time exponent n of f under the transformation 


(5.4.1), which are represented by IC? (f) =X, IP) =p. 
We see from (5.4.3) and Definition 5.4.1 that 


IM (aao) =a+ 8-2-1, I (agg) =a- 8-1, 
If") =a+B-2n-1, I(b)- -(a- 8-1. (546) 
Obviously, for the generalized rotation and similar transformation in Definition 


Section 2.4, the similar exponent, the rotation exponent and the generalized rotation 
invariant all have time exponent 0. From (2.4.4) and (5.4.3), we have 


Gop =p aap, bap = p bap. (5.4.7) 
In addition, (2.4.5) and (5.4.6) imply that 


I (aag) = Is(aagp) — 2n, I (aap) = I (aap), 
I™ (bag) = Is(bag)— 2n, IS (bag) = I (bag). (5.4.8) 


S 
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Proposition 5.4.1. Suppose that fi = fılaag, bap) and fa = fo(dag, bag) are 
polynomials in dag, bap. If there exist 1,A2,01,02, such that fj = pre fi, 


h = p^? ett fo, then 


If? (fife) = I) +I Oo), 


IO (fifo) = I (fi) - 199 (fa). (5.4.9) 


We see from Proposition 5.4.1 and formula (5.4.6) that 


Proposition 5.4.2. For mı + m» order monomial 


my 


v=] tone, [Toate (5.4.10) 
j=l k=1 


given by the coefficients of system (5.3.21), we have 


my 


ma 


I(? (g) = X "(aj + By — 2n — 1) + 3 (m + &k — 2n — 1), 


j=1 k=1 
LG) = X (aj B= 1) = > Gem te= 1). (5.4.11) 
j=l k=1 


Remark 5.4.1. For the coefficients dag, bag of system (5.3.21), we have 0 < 
a+) x 2n, thus, from (ATI for mı + ma order monomial g of the coefficients 
of system (5.3.21), we have IP (g) « 0. 


From Proposition 5.4.2 and Theorem (t2.4.2), we obtain 
Proposition 5.4.3. 
Ig) = Is(g) - 2n(mi + ma), 1f? (g) = 1. (9). (5.4.12) 


Definition 5.4.2. (1) Suppose that f = f (aag, bag) is a polynomial in dag, bag. 
IT = p?*f, then f is called a k-order generalized rotation invariant with time 
exponent n under the transformation (5.4.1). 

(2) A generalized rotation invariant f is called a monomial generalized rotation 
invariant, if f is a monomial of aag, bag. 

(3) A monomial generalized rotation invariant f is called an elementary gener- 
alized rotation invariant if it cam not be expressed as a product of two monomial 
generalized rotation invariant. 

(4) A generalized rotation invariant f is called self-symmetry, if f* = f. It is 
called antisymmetry, if f* = —f. 


From Proposition 5.4.1 and Definition 5.4.2, we have 
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Proposition 5.4.4. Suppose that fı and f? are monomial generalized rotation 
invariants (or elementary generalized rotation invariants), then so are ff and fifa, 
moreover, 


TS FE) = (ft), TL (fifa) = 19 (5) + 1 (fa). (5.4.13) 
We see from Proposition 5.4.2 and Definition 5.4.2 that 


Proposition 5.4.5. The m14-m»a order monomial given by (5.4.10) is a N-order 
generalized rotation invariant if and only if 


Hg) = $ (a; + By — 2n — 1) + 9 (m + de 7 2n - 1) = 2N, 
j=l k=1 

10g) = Y (o; - DM E MESE (5.4.14) 
j=l k=1 


Lemma 5.4.1. For any positive integer m, the m-th singular point value um at 
infinity of system (5.3.21) is a =m” order generalized rotation invariant with time 
exponent n under the transformation (5.4.1), i.e., 


fim = p?” ua. (5.4.15) 


Proof. For the function F(z, w) given by Theorem 5.3.8, let Ê = p? (pett 2, pe 9i), 
then, from (5.3.48), we have 


x 1 = fm(2n+1) (Ze*?, we-*?) 
F= —| —————— 5.4.16 
And from (5.3.49), we have 
dF = jin 
dT |i 4 9) mci Pri) 
(5.4.17) leads (5.4.15), thus, Lemma 5.4.1 holds. D» 


Lemma 5.4.2. For any positive integer m, the m-th singular point value um at 
infinity of system (5.3.21) is antisymmetry, i.e., 


fip, = — Hm. (5.4.18) 
Proof. By the antisymmetry transformation 


z—w' w-z', T=-T", (5.4.19) 
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system (5.3.21) becomes 


d * 

"E = (at) ti(w*y + M Wzy(w*,z*) = W(w*,z^), 

dw* y" * * 

Tem —(w*) 2 Zy(w, z) = —Z(w*,z*). (5.4.20) 


For the function F(z,w) given by Theorem 5.3.8, let F* = F(w*,z*), then from 
(5.3.48), we have 


dus JE fugere) (5.4.21) 


ge *)m(n+1) 


m=1 


From (5.3.49), we obtain 


dpt S 
: y (5.4.22) 
dT (5420) - eae ae 
(5.4.22) follows (5.4.18). Thus, the conclusion of this lemma holds. o 


We see from Lemma 5.4.1 and 5.4.2 that 


Theorem 5.4.1 (The construction theorem of singular point values at 
infinity). For any positive integer m, the m-th singular point value um at infinity of 
system (5.3.21) can be represented as a linear combination of “=m” order monomial 
generalized rotation invariants with time exponent n and their antisymmetry forms, 
i.e., 


jim — 9 Wlk — gkh k=l, 2, >>; (5.4.23) 
where N is a positive integer and yj; are rational numbers, gy; and gj; are —m order 
monomial generalized rotation invariants with time exponent n of system (5.3.21). 


This theorem follows that 


Theorem 5.4.2 (The extended symmetric principle at infinity). If all 
elementary generalized rotation invariants g of (5.3.21) satisfy symmetric condition 
g — g*, then all singular point values at infinity of system (5.3.21) are zero. 


Under the translational transformation 


z —z-—zg, W -—Ww- up, (5.4.24) 
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system (5.3.21) becomes 


dz’ - in a 
m~ Pw XO ang(z)* wP, 
a+8=0 
dù! 2n 
c M yw S du (2). (5.4.25) 
a+6=0 


For any positive integer m, the m-th singular point value at infinity of system (5.4.25) 
is written by w/,,. In [Liu Y.R. etc, 2006c], the authors proved that 


Theorem 5.4.3. In the sense of the algebraic equivalence, singular point value 
at infinity of system (5.3.21) have the property of translational invariance. Namely, 


Um) ~ im (5.4.26) 


5.5 Singular Point Values at Infinity and Integrable 
Conditions for a Class of Cubic System 


Consider a class of real planar cubic system 


7 = Xi(z, y) + Xa(z, y) + (0 — y)(a? + y’), 


^t = Yi (x,y) + Yo(x, y) + (x + óy)(a? +y’). (5.5.1) 


where X;,Y; are homogeneous polynomials of degree k in x,y, k = 1,2. 
When 6 = 0, by means of transformation 


z—zr-Liy w-r-—iy, T-—it, (5.5.2) 


system (5.5.1) can be reduced to 


m 2 24,2 

dp ^ "1 + Go1W + a202" + a11 ZW + ao2w^ + z^w, 

dw 2 2 2 

dT biow a01? bogw by, wz bo2w € z. (5.5.3) 


If 


aio = A10 t Bio, bio = Aio — i Bio, 
aoi = Aoi c iBoi, boi = Aoi — ¿Boi 
a20 = A20 d iB30, b20 = Azo — iBao, 
ayı = An +iBu, bi = An ~ iB, 
ao2 = Ao2 + iBo2, boz = Ap» — iBoi, (5.5.4) 
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system (5.5.1)s=0 can be reduced to 


T= (Bio + Bo1)@ — (A10 — Ao1)y — (Bao + Bir + Boz)a? 
—2(A»o — Aox)ay + (Boo — Bii + Bo2)y’ — (a? + y^), 
Y — (Ae + Ao1)z — (Bio — Bo1)y + (A20 + A11 + Ao2)x? 
—2(Bao — Boz)ty — (Azo — A11 + Azo)? + z(a? + y’). (5.5.5) 


By using the following generalized rotation and similar transformation with time 
exponent 1: 


z — pel?, w — pe ^w, T=p?T (5.5.6) 


and (5.4.6), we obtain the similar exponent and rotation exponent of all dag, bag as 


follows: 
I) (ayo) = I (b10) = —3, IC? (aig) =0, IM (bio) ^ 0, 
I (ao) = 1 (bor) = —3, IP (bo) =2, I® (ao) = —2, 
I) (ago) = I (b20) = —1, I® (agg) =1, If"(by)- -1, 
IP (an) =I (b1) =-1, IU (b)-21, I® (au)--1, 
T (ag) = IP (boy) = —1, IP (bo2) = 3, I® (aon) = —3. (5.5.7) 
From (5.5.7), we know all elementary generalized rotation invariant of system 


(5.5.3). For example, since 
1 (681.462) = 31( (bo) + 21 (ao) = 8; 


I) (bb a2) = 31) (bo1) + 21 (aga) = 0, 


bg, az. is *—8/2 = —4" order generalized rotation invariant. It can not be expressed 
as a product of two monomial generalized rotation invariants. Namely, the general- 
ized rotation invariant is “elementary”. Similarly, (b3,a22)* = a3, b2> is also a *—4" 


order elementary generalized rotation invariant. 


Theorem 5.5.1. System (5.5.3) has exactly 32 elementary generalized rotation 
invariants with time exponent 1 at infinity, which are listed as follows. 


By means of transformation 


£ n dT 3 3 
gp Uc apos , 


p = 


(5.5.8) 
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Degree elementary generalized rotation invariant number 
a20b20, 11611, ao2bo2 (self-symmetry) 
—1 aio, bio 7 
420011, b20b11 
aoibo1 (self-symmetry ) 
bo1b39, bo1b20a11, bo1a2,, 591820802, bo1b11402 
—2 ao1a29, @01420b11, a0102,, @01b20b02, ao1a11b02 9 
a$9a02. a29b11a02, a2002,a02, b3} a02 
b35bo2, b25a11bo2, b20a2,b02, aĵ} bo2 


—3 bo, 620402, a$1a20b02, b5;a11a02, aĝıb11b02 
=.) OF MÓÁÁÉMAE— 
-4 6014021 91502 2 


system (5.5.3) becomes a 7-th differential system with the elementary singular point 


as follows: 
d£ 1 3 2 2 
dT =E+ 3 [2bo2é° + (a20 + 2011)£?n + (a11 + 2b20)EN?] € 
ik 
t3 [2bo1€? + (a10 + 2bio)En + aoin’] € m^ = (€, m), 
d 1 
E =-n — 3 [2ao2n" + (b20  2a11)n € + (b11 + 2a20)n€"] n 


1 
E- [2aoi^ + (bio + 2a10)n£ + boi&?] NPE? = —W(£, n). (5.5.9) 
From Theorem 5.3.6, we have 


Theorem 5.5.2. For system (5.5.9), one can derive successively the terms of 
the following formal series 


MEn) — 1- 3 M; dagt?nP, (5.5.10) 
m=l1a+B=3m 
such that 
ó(Meé) (MV) Qo 3m«1 "n 
var sex a 3m (En). (5.5.11) 


In addition, for any positive integer number m, 
Am ~ Bs ^ Hm; (5.5.12) 


where u^, is the 3m-th singular point value at the origin of system (5.5.9), and tm 
is the m-th singular point value at infinity of system (5.5.3). 


From Theorem 5.3.7, we know that 
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Theorem 5.5.3. For (5.5.10), letting doo = 1 and taking dakk = 0, k = 


1, 2, --- , then for all (a, B) anda F B, dag is given by the recursive formula 
1 3 
dag = =z — 20 — 1)ak j- 
its E e tms 
J= 
— (B — 2a — 1)bjk—1] da+k+2j-6,6+j+2k—6- (5.5.13) 


For any positive integer m, Am is given by the recursive formula 


3 
Am = (bj k—1 — ak j—1)dk+2j+3m—6,j+2k+3m-—6- (5.5.14) 
k+j=1 


where for all (a, B), when a < 0 or B <0, we take aag = bag = dag = 0. 


Theorem 5.5.1 and Theorem 5.5.2 give the recursive formulas to compute directly 
the singular point values at the origin of system (5.5.3). By using computer algebra 
system Mathematica, we obtain the terms of the first eight singular point values at 
infinity of system (5.5.3) as follows: 


Lk Hı H2 H3 HA H5 H6 HT Ls H9 
terms 4 30 166 600 1764 4516 10378 21984 E 


We see from this table that the expressions of the singular point values are very 
long. We need to simplify them. 
When A10 = A, Ao1 = Bor = Bio = 0, system (5.5.5) can be reduced to 


dx 
— — —Ay — (B2 + B11 + Boa)z? — 2(A20 — Aoz)zy 


+(Bao — Bii + Boz)y? — y(x? +°), 
E =a + (Azo + A11 + Ao2)2? — 2( B20 — Boz) xy 
— (A20 — A11 + Ago)y” + z(z? + y?). (5.5.15) 
In [Blows etc, 1993], the author discussed the center-focus problem and the bifur- 
cation of limit cycles at origin and infinity of system (5.5.15) where the parameters 


of (5.5.15) are real. We next assume that the parameters of (5.5.15) are complex. 
The associated system of (5.5.15) is given by 


dz 

dT = Az4 a202? + a11ZW 4 aow? + z?^w, 

d 

= = —w — byw? — by wz — bow? — wz. (5.5.16) 


From Theorem 5.5.1, we have 
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Lemma 5.5.1. System (5.5.16) has exactly 14 elementary generalized rotation 
invariants which are listed as follows 


A, @20b20, @11b11,  a02b02,  à20a11, b20b11, 
3 2 2 3 
459002, 459011802, a20b7,402, b71402, 
3 2 2 3 
b30b02, b59a11002, 0291102, 414092. (5.5.17) 


By Theorem 5.5.1 and Theorem 5.5.2, we use computer algebra system-Mathem- 
atica to calculate the first 6 singular point values at infinity of system (5.5.16) 
for which there exist the numbers of terms 2, 14, 64, 180, 416, 846, respectively. 
Simplifying them, we obtain the following theorem. 


Theorem 5.5.4. The first 6 singular point values at infinity of system (5.5.16) 
are given by 


Hı = 420011 — b20b11, 


1 
Ha ~ zo m 


A97, — I2)(38A — Tho2) — (Odo = I5) (15529 + 4ho2 — 16A) 
96 l 


~N 


1 
~ — (2l — I. 
m 1680^ 2 — Is) fa, 


(215 — I3)(2085hg — 1258ho; + 4776A) 


13991704889894387712000 fs, 
1 


hô2(212 — Is) fo, (5.5.18) 


H5 ^ 


M6 ~ 1688725139658200521113600000 


where 


fa=210h20h11 — 541 hooho2 + 18h11ho2 + 42h25 — 168ho3A, 
fs = 253032857528472000.J3 + 2114537039332505919721h3oh11 
+6921878766377155200h29h02 — 5109991674897004938007, 
—34871062234758497441h41ho» + 1639708991825843200h2, 
+6384378367684800000h20A + 162132858540896763524h411A 
—4181742245609548800ho2\ — 9251325634682880000.7, 
fe = —43354482540693424129161616296852h29h14 
+4882195524329926183734042496576h20h02 
+10838886466163652594580429391013h7, 
—1220573965726107568918619767504h11ho» 
4-1276436235569312563200002,. (5.5.19) 
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In (5.5.18) and (5.5.19), pa and 
Io = 4392 — b39bo2, I; = a39b11402 — 639411602, 
Ij = a20b?1a02 — b9a2,092, T3 = 3, a92 — a3,bo2 (5.5.20) 
are anti-symmetric generalized rotation invariants, while A and 
Js = bia02 + a} 1b02, hag = a20b20, hii = aiibii, hoz = ao2bo2 — (5.5.21) 
are self-symmetric generalized rotation invariants. 


Theorem 5.5.5. For system (5.5.16), the first 6 singular point values are zero 
if and only if one of the following siz conditions holds: 


Cı: Ip — h =h = I3 =0, a211 — 020011 = 0; 

C5: 2a39 — b11 = 0, 20559 — a11 = 0; 

C3: A — 0, bii = —2a20, a11 = b20 = bo; = 0,  a29a02 Æ 0; 

C3: A=0, aj1 = —2b20, b11 = a20 = G02 = 0, b20b02 F 0; 

C4: A= bog = a20 = 0, 092 — 0, b11a02 Æ O; 

Cj: A= a2 = 039 = 0, ao2 — 0, aiibo2 Æ 0. (5.5.22) 


Proposition 5.5.1. If one of condition C4 and C2 in Theorem 5.5.5 holds, then 
the infinity of system (5.5.16) is an complex center. 


Proof. If C4 holds, from Lemma 5.5.1, we know that the coefficients of system 
(5.5.16) satisfy the condition of the extend symmetry principle. If C5 holds, system 
(5.5.16) is a Hamiltonian system. Thus, this proposition holds. Li 


Proposition 5.5.2. If one of condition C3 and C3 in Theorem 5.5.5 is satisfied, 
then then infinity of system (5.5.16) is an complex center. 


Proof. If C3 holds, system (5.5.16) can be reduced to 


dz dw 
qT a202? + ag3w? + z?w, aT 2asozw — zw’. (5.5.23) 
This system has the following integral: 
—2 3 2 2 
(w = 2250)" (327  2ao2w) — constant. (5.5.24) 


w 
Thus, infinity of system (5.5.16) is an complex center. 


Similarly, when C3 holds, the conclusion of Proposition 5.5.2 is true. O 


Proposition 5.5.3. If one of condition C4 and Că in Theorem 5.5.5 holds, then 
infinity of system (5.5.16) is an complex center. 
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Proof. When C4 holds, system (5.5.16) becomes 

d d 

— = w(ay1z + aggw + z?), = = —zw(bii + w). (5.5.25) 


By means of transformation (5.5.8), system (5.5.25) can be changed into 


d 1 

= = 358 + 2b1:&^r + air + agg), 

dn 1 2 2 3 

m” 3" + b11£^n + 2aii£m + 2aogr"). (5.5.26) 


By Theorem 1.6.7, system (5.5.26) is linearizable in a neighborhood of the origin. 
'Thus, when C4 holds, the conclusion of Proposition 5.5.3 holds. 
Similarly, when C7 is satisfied, the conclusion of Proposition 5.5.3 is true. O 


Propositions 5.5.1, 5.5.2, 5.5.3 and Theorem 5.5.5 follow that 


Theorem 5.5.6. Infinity of system (5.5.16) is an complex center, if and only if 
the first 6 singular point values are zero, i.e., one of the six conditions in Theorem 


5.5.5 is satisfied. 


We next discuss the conditions of infinity of system (5.5.16) to be a 6-order weak 
singular point. From Theorem 5.5.4, we have 


Theorem 5.5.7. For system (5.5.16), infinity is a 6-order weak singular point 
if and only if one the following conditions holds: 


1 
Cs i fan dr 2059 = bi + 2a20 = 0, A= 960 99 FV 2761)h20, ho» zi 0, 


1 12638443 + 2384972761 
hii = eo (81 3E V2761)ho2, J3 = 77 - 378000 ^ 


1 
Cs : 02002 x 0. A= 7.202502, ai, = 0, 633, + Aagaboy = 0; 


ie 
ho»; 


1 
CE : 492002 F 0, A= 7002002 bi = 0, 63a?, + 4bo2a2» zu. (5.5.27) 


Theorem 5.5.8. If x,y,t are real variables and all the coefficients of system 
(5.5.15) are real, then it is impossible that infinity of system (5.5.15) is a 6-th weak 
focus. 


Proof. From the conditions given in Theorem 5.5.8, we have 
b20 = G20, 011 = 411, 002 = Goo. (5.5.28) 


By Theorem 5.5.7, we only need to prove that when one of conditions of C5, Cg and 
C$ holds, it is impossible that (5.5.28) is satisfied. 
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In fact, if condition C5 holds, then 


JZ —Ahjhos 157420332562049 + 2995809288171/2761 sü 
hiz 71442000000 l 


(5.5.29) 


On the other hand, from (5.5.20) and (5.5.21), we know that when (5.5.28) is 
satisfied, Iz is a pure imaginary. Then, I$ = J? — 4h},ho2 < 0. It implies that if 
condition Cs is satisfied, then (5.5.28) does not hold. 

In addition, it is easy to see that when one of condition Cg and Cë holds, we 
have a11b11 = 0, but not all a1; and by; are zero. Thus, if one of condition Cg and 
C$ is satisfied, then (5.5.28) does not hold. o 


5.6 Bifurcation of Limit Cycles at Infinity 
Consider the following perturbed system of (5.5.1) with two small parament €, 6 


2n+1 2n+1 


dx dy 
dt ni 2 Xm, y, 6,0), dt — 5 Ya Ub Y, £, 0). (5.6.1) 


k=0 


where X,(x,y,€,0), Ye(,y,€,6) are homogeneous polynomials of degree k in x,y, 
and the coefficients are power series in £, ô having nonzero convergent radius. Assume 
that there is an integer d, such that 


zYon 1 (2, y.0,0) — yXon41(2, y, 0,0) > d(x? + ?)"*1 (5.6.2) 
and 


f cos 6X on+41(cos 0, sin 0, 0, 0) + sin 0Y2n+1 (cos 0, sin 8, 0, 0) d0=0. (5.6.3) 
0 


cos 0Y5,, ,.1 (cos 0, sin 0,0, 0) — sin 0X2n+1 (cos 0, sin 8, 0,0) 


By means of transformation (5.1.5), system (5.6.1) can be changed into 


2n+1 


(2n4-2 (0, E, ô) us 5 P2n+2-k(0, E, ó)r^ 


dr k—1 

dd 2n+1 

Wan+2 (0, £, ô) E NC Yon+2-K(9, E, ó)r^ 
k=1 


r+o(r), (5.6.4) 


= —Pan+2 (0, E, ô) 
U2n42 (8, £, ô) 


where 


pk(0,£, 8) = cos 0 Xy 1(cos 0, sin 0, £, 0) + sin 0Y, 1(cos0, sin 8, €, 0), 
wr (6,€,0) = cos 0OYp—ı (cos 0, sin 8, €, 8) — sin 0Xp—ı (cos 0, sin 0, £, ô). (5.6.5) 
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For a sufficiently small h, we write the solution of (5.6.4) with the initial condition 
r|o=0 = h and the Poincaré succession function respectively as follows: 


r=7(0,h,e,0) = a 
A(h, 2,0) = r(27, P à) — h. (5.6.6) 
Clearly, vı (0) can be expressed as 


0 
—2n42(0, €, 6) dv 

06,6) =< | ae ed UM 5.6.7 

va ) n 0 V2n--2 (0, £, 6) ( ) 


From (5.6.3) and (5.6.7), we have 


vı(27r,0,0)= 1. (5.6.8) 


Particularly, if Xən+1, Y2n+1ı are given by (5.2.1), then 14(0,6,0) = e-99. 


Obviously, equation (5.6.4) is a particular case of equation (4.1.7). 

If 6 = ô(£) in the right hand of system (5.6.1) is a power series of € having 
nonzero convergent radius, and 6(0) = 0, we can obtain a quasi succession function 
L(h,&) by computing the focal values at infinity. The method mentioned in Chapter 
3 can be used to study the bifurcation of limit cycles in a neighborhood of infinity 
of system (5.6.1). For an example, we discuss a class of real planar cubic system 


dt = (ox y)(x y^) X»(z, y); 
S L (a + by)(a? + 92) + Yos 9) (5.6.9) 


where X»(z, y), Yo(x, y) are homogeneous polynomials of degree 2 in z, y. By means 
of transformation (5.1.5), system (5.6.9) can be changed into 
dr ô + [cos 0 X5(cos 0, sin 0) + sin 0Y5 (cos 0, sin 0)]r 


— c 5.6.10 
dé "IF [cos 0Y2(cos 0, sin 0) — sin 0X2(cos 0, sin 0)]r ( ) 


It is interesting that under the polar coordinates x = rcos0, y = rsin, real 
planar quadratic system (4.4.1) can reduce to 


dr ô + [cos 0X2(cos 0, sin 0) + sin 0Y5 (cos 0, sin 0)]r 


= = rnmm. 6.11 
dð 1+ [cos 0Y2(cos 0, sin 0) — sin 0X2(cos 0, sin 0)]r (od 


The vector fields defined by (5.5.10) and (5.6.11) are opposite oriented. Therefore, 
we can use known conclusions of the center-focus problem and bifurcations of limit 
cycles for the quadratic system. 
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By means of transformation z = x + iy, w = x — iy, T = it, i = y—l1, system 
(5.6.9) reduce to 


d 

= = (1— ió)z^w + ago2z” + a11zw + aow’, 

dw oy 2 2 2 

aw: —(1 + id)w*z — bogw* — b31wz — booz^. (5.6.12) 


where the relations between aag, bag and the coefficients of X»(r, y), Yo(v, y) are 
given by (3.4.3) and (3.4.4). 

Obviously, system (5.6.12)s— is the case of A = 0 of system (5.5.16), namely it is 
the particular case of the system (5.5.3) with a19 = ao1 = b10 = bo1. From Theorem 
5.5.1, we have 


Lemma 5.6.1. When 6 =0, system (5.6.12) has exactly 13 elementary general- 
ized rotation invariants with time exponent 1 at infinity, which are listed as follows: 


degree generalized rotation invariant 
E a20b20, @11b11, ao2bo2 (self-symmetry) 
a20a11, b20b11 
E 439002, à29511a02, a20b1,a02, b},a02 


b25b92, b25a11bo2, b29a2,bo2, a3; boz 


Remark 5.6.1. From Corollary 2.5.1 and Lemma 5.6.1, system (5.6.12)5-9 and 
the quadric system 2.5.4 have the same elementary generalized rotation invariants. 
But, the order of the same generalized rotation invariant in the two systems are 
difference as the time exponents are difference. 


By computing the singular point values at infinity of system (5.6.12) and simpli- 


fying them, we have 


Theorem 5.6.1. When 6 = 0, the first 4 singular point values at infinity of 
system (5.6.12) are listed as follows: 


Hı = 420011 — b20b11, 
1 
H2 ^- zlo d iy), 
1 
H3 ~ ag 2002002 = 3a20b20)(— 141 + 515 F I3), 


1 
JA ~ 189p %22 (3641; + 2201» — 1915), (5.6.13) 


where Ip are given by (5.5.20). 


From Theorem 5.6.1, we obtain 
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Theorem 5.6.2. When 6 = 0, the first 4 singular point values at infinity of 
system (5.6.12) are zero if and only if one of the following two conditions holds: 


429011 — 039011 = Ip = I4 = I5 = I3 = 0, (5.6.14) 


bi = 2a20, 011 = 2b. (5.6.15) 


From Lemma 5.6.1, we have 


Theorem 5.6.3. When 6 = 0, if (5.6.14) holds, the coefficients of system 
(5.6.12) give rise to the condition of the extend symmetric principle. While if 
(5.6.15) holds, system (5.6.12) is a Hamiltonian system. 


Theorem 5.6.1, 5.6.2 and 5.6.3 follow that 


Theorem 5.6.4. When 6 = 0, infinity of system (5.6.12) is a complex center if 
and only if pı = u2 = u3 = H4 = 0, namely, one of the two conditions in Theorem 
5.6.3 holds. 


We next discuss the bifurcation of limit cycles created from infinity of system 
(5.6.9). Assume that dag = Aag + iBag, bag = Aag — iDog and 


1 
ó = —el0+N 
2 


= BET. 
Azo = —1— Fe í Bog = 4 € 
Ay — 2, By, — 0, 
V 18150 — 15972e — 625£2N —5 N 
Aoa = ——— lo ^" Do» = 225 E (5.6.16) 


From Theorem 5.6.1, we have 


Lemma 5.6.2. When (5.6.16) holds, for infinity of system (5.6.9), we have 


v (2r, e, 6(€)) — 1 = =ne HN + fe), 
v3(2m,€,6(€)) ~ neft, v5 (2m, €, 5(e)) = —ne?* N, 
vz(2,6,6(e)) e ne! * N,  vo(2n,6,0(e)) = —ne. (5.6.17) 


By Lemma 5.6.2, if (5.6.16) is satisfied, then when € = 0, if N = 0, infinity of 
system (5.6.9) is a 4-order weak focus. If N > 0, infinity of system (5.6.9) is a center, 
for which the vector field is symmetric with respect to x—axis. To obtain the quasi 
succession function at infinity, we need to prove the following conclusions. 


Lemma 5.6.3. If (5.6.16) holds, for any positive integer k > 4, the k-th focal 
value at infinity of system (5.6.9) satisfies the following formula 


Vak41 (27,6, 6(e)) = O(e"). (5.6.18) 
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Proof. When (5.6.16) holds, it is easy to prove that 
d20011 — b20b11 = O(e") 
l0. dyeO(e, 


h =0(e), I =0(e™). (5.6.19) 


? 


Thus, Lemma 5.6.1 and the construction theorem of singular point values at infinity 
(Theorem 5.4.1) lead to the conclusion of this Lemma. Li 
From Lemma 5.6.2 and 5.6.3, we have 
Lemma 5.6.4. When (5.6.16) holds, the quasi succession function at infinity of 
system (5.6.9) is given by 
L(h,&) = =r (e — efh? + &h* — eh? + n9). (5.6.20) 
From Theorem 3.3.4 and Lemma 5.6.4, we obtain 


Theorem 5.6.5. If (5.6.16) holds, then when O < € « 1, there exist at least 4 
limit cycles in a sufficiently small neighborhood of infinity of system (5.6.9), which 
are close to the circles (x? + y?)-! = &*, k — 1, 2, 3, 4. 


5.7  Isochronous Centers at Infinity of a Polynomial Systems 


In this section, we extended the definition of the isochronous center to the case of 
infinity for a class of polynomial systems. 
We consider the following real system: 


2n 


da: 1 
rure ame ei Cr E 
dt — (a2 + y2)n > 
2n 
dy 1 
a Gym 2h, (5.7.1) 
y k=0 


where n is a positive integer, and X; (x, y), Y (x, y) are homogeneous polynomials of 
degree k. 
By a time rescaling t — (z?--y?)"t, system (5.7.1) becomes the system (5.2.2)5-9. 
Definition 5.7.1. For system (5.7.1), infinity is called an isochronous center, if 


it is a center and the period of all periodic solutions in a neighborhood of infinity is 
the same constant. 


By using the transformation 


u v 
T= (u2 4 2r y= (u2 F v2)nat? 


system (5.7.1) can be reduced to the system (5.2.13)s5—9. We immediately have the 


(5.7.2) 


following conclusion. 
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Theorem 5.7.1. Infinity of system (5.7.1) is a center (isochronous center) if 
and only if the origin of system (5.2.13)5-o (or system (5.3.17)s=0) is a center 
(isochronous center). 


Definition 5.7.2. Infinity of system (5.7.1) is called a complex isochronous 
center, if the origin of system (5.2.13)52o (or system (5.3.17)s=0) is a complex 
isochronous center. 

Infinity of system (5.5.1)s=0 is called a complex quasi isochronous center, if in- 
finity of system (5.7.1) is a complex isochronous center. 


By Theorem 5.7.1 and the above knowledge, to determine center conditions and 
isochronous center conditions at infinity of system (5.7.1), we only need to consider 
the the computation problem of singular point values and period constants at the 
origin for system (5.3.17) 5=0. 

To explain the mentioned idea, we consider the following real rational system 

dx X3(z, d Y3 (zx, 
E O. gt (5.7.3) 
dt (a? + y?)? dt (a? + y?)? 
where X3(z,y), Ya(r,y) are homogeneous polynomials of degree 3 in x,y. The 
associated system of system (5.7.3) has the form 


d 1 

= =z+ uz (as02" + a212? w + a12zw? + aggu?), 

dw | pow 1 3 2 2 3 

— = —w —— (baow + bo1w z+ b12)wz + boaz ). (5.7.4) 
dT zw 


By means of transformations 


£ n 
system (5.7.4) becomes 
E 8 1 74,1 6,5 
i + base mt 5 (2430 + 3b12)£ n + gan + 3051)8 
1 
+5 (2ar2 + 3039)£" nÊ + = aos! n’, 
9 Ln — Saggn8e2 — 1 (2bao + 3a) — =(2bo1 + 3az)rf£ 
dT 5 03 5 30 12 5 21 21 
2 
-$ (2bz + 3a39)n°€° — z oos". (5.7.6) 


5.7.1 Conditions of Complex Center for System (5.7.6) 


First, we discuss the center conditions. By using Theorem 2.3.6 to compute the 
singular point values at origin of system (5.7.6) and simplify them, we obtain 
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Theorem 5.7.2. The first 35 singular point values at the origin of system (5.7.6) 
are given by 


1 
H5 = g (722 + b21), 


Hio ^v =(a12430 — 512030); 


2 2 2 2 
H15 ^ — (—9a034a30 aĵob03 I ao3bio t 9bo3b30), 


u20 ~ — (a21 + b231)(3ao3a35 — @03430012 + a12b03b30 — 3b03b30), 


20 
1 
H25 ~ 129 (16230030 — 3a03b03)(3a03439 — 403430012 + a12b03b30 — 3b03b30), 
u30 ~ 0, 
88 
H35 ~ — gg 23050 (3403430 E 493030012 + 41293630 x 3bo302,). (5.7.7) 


We know from Theorem 5.7.2 that 


Theorem 5.7.3. For system (5.7.6), the first 35 singular point values are zero 
if and only if one of the following four conditions holds: 


Ci: a1 = by, 12 = 3030, b12 = 3a30, 

Cys { ee = bz, [Baso — by2| + |3b3o — a12| 4 0, 012430 = biabso, 
439493 = 639603, 430012403 = b30@12b03, b15a03 = 4703, 

C3: az = b21 = a30 = b12 = a03 = 0, a12 = —3b30, 

C3 : 21 b21 b30 12 bo3 0, bi» 3430. (5.7.8) 


We next discuss the conditions that the origin is a complex center. 
(1) When condition C, holds, there exist a constant s, such that azı — b21 = s. 
Thus system (5.7.6) becomes 


d 3 11 9 2 
E =€+ z bose nN 3 5 aso + st9r? + = b306 n° + geom", 
dn 3 s,3 1l 7Te4 e,5 9 5,5. 2 AeT 
dp ^ "- gae e£ -— -5 30 é^ — sme? — 54301 go — g boat £'. (5.7.9) 
System (5.7.9) has an analytic first integral 
15,15 
F $m (5.7.10) 


~ A 3bos£" rf + 12a39£8 1] + 6s£9 n + 12039£ 476 + 3ags£9r 


Thus, the origin of system (5.7.9) is a complex center. 
(2) When condition C2 holds, we denote that 3a39 — bi2 = 8, 3039 — aig = o, 
then there exist complex p,q, s, such that 


azo = PB, so — po, aog — qo^, bog — qB^, azn = bz = s. (5.7.11) 
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Thus, system (5.7.6) becomes 


E =E+ -— "E el z (1p - 3)8£'y 
1 2 
Hsin? 4 5 (9p 2)a£?n$ — ELS 2629 
d 3 1 
A acp — gp - 3)on'& 
snot? z (0p 2) An? e® — sari. (5.7.12) 


For system (5.7.12), the conditions of the extended symmetric principle are satisfied. 
Thus the origin of system (5.7.12) is a complex center. 
(3) When one of conditions C3 and C3 holds, we have 


Proposition 5.7.1. If one of conditions C3 and C3 holds, then the origin of 
system (5.7.6) is a complex isochronous center. 


Proof. When conditions C3 holds, system (5.7.6) becomes 


d£ 3 3 

DA t Zb Bd. Tb 5-6 

iT E+ 5 036 5 306°) 5 

d 7 a 

FE = nt gbon — Ebon é". (5.7.13) 


System (5.7.13) is linearizable by using the transformation 


ale 


(1 — 3b3o£1r8) 70 Ge goose" il 
— E ————————— 


3 PO T she 
30 
( 1) 


Thus the origin of system (5.7.14) is a complex isochronous center. 
Similarly, if Condition C3 holds, the origin of system (5.7.6) is also a complex 
isochronous center Li 


(5.7.14) 


'To sum up, we have 


Theorem 5.7.4. All singular point values of the origin of (5.7.6) are zero if 
and only if the first 35 singular point values of the origin are zero, i.e., one of the 
four conditions in Theorem 5.7.3 holds. 


Theorem 5.7.5. For system (5.7.1), infinity is a complex center if and only if 
one of the four conditions in Theorem 5.7.3 holds. 
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5.7.2 Conditions of Complex Isochronous Center for System (5.7.6) 


We next discuss the isochronous center conditions. 
(1) When condition C; in Theorem 5.7.3 holds, we have 


Proposition 5.7.2. The first 20 period constants of the origin of system (5.7.9) 
are given by 


1 
Ts — 28, Tio v =z (aosbos + 164309630), 


Ti5 ^ 0, T2 ~ —80a29b2,. (5.7.15) 
From Proposition 5.7.2, we have 


Proposition 5.7.3. The first 20 period constants of the origin of system (5.7.9) 
are all zeros, if and only if one of the following conditions holds: 


Cii: 8 =0, aao =0, aos = 0; 


Ch: S 0, b30 0, bo3 0; 
C51: 8 =0, aao =0, bo3 = 0; 


, 


C5 D SS 0, b30 = 0, Q03 = 0. (5.7.16) 


Proposition 5.7.4. If one of condition Ci; and CT, holds, then the origin of 
(5.7.9) is a complex isochronous center. 


Proof. When condition Ci; holds, system (5.7.9) becomes 


dé 3 9 

I. ee =p 8,3 Lb 5,46 

dT & t ghost m + c baot ; 

d 2 11 

z =-n- = bose" = = bs06"n". (5.7.17) 


System (5.7.17) is linearizable by using the transformation 


EV 1 + 3b30647® 
(1 + 3bso£ ^ + fbosé™N3) 8 ` 
1 + 3b30€4® + Sbos£ n9) is 
ja sog n" + Zbosg m) (5.7.18) 
V 1+ 3b30€4n® 
Thus, the origin of (5.7.17) is a complex isochronous center. 
If Condition CT, is satisfied, then by using the same method as the above, we 
know that the origin of system (5.7.9) is also a complex isochronous center. L1 


Proposition 5.7.5. If one of condition Cig and CT5 holds, then the origin of 
(5.7.9) is a complex isochronous center. 
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Proof. When condition C12 holds, system (5.7.9) becomes 


dg 9 46,6, 2 47 
gr 57 goos n + ga036 UE 
dn 11 "E 3,8 
L--mg-—-b — : 5.7.19 
dT n- 306-7] z 2036 n ( ) 
By using the transformation 
u = €478, v= 637, (5.7.20) 
system (5.7.20) becomes 
du dv 
T” —2u(1 + 3b3ou + ao3v), dp —v(4 + 1003ou + 3agav). (5.7.21) 


The origin of system (5.7.21) is an integer-ratio node, similar to the proof of Theorem 

1.6.1, we can prove that the origin of (5.7.19) is a complex isochronous center. 
Similarly, when condition CT, holds, the origin of (5.7.9) is also a complex 

isochronous center. o 


(2) When condition C2 in Theorem 5.7.3 holds, we have 


Proposition 5.7.6. The first 25 period constants of the origin of system (5.7.12) 
are given by 


1 
Ts = 28, Tig v 39 Ap + 16p? + aq”), 
1 1 
Tis ~ 2o? ?q(6p — 1), Tæ ~ — — o? 3 ¢’. (5.7.22) 
4 48 
From Proposition 5.7.6, we have 


Proposition 5.7.7. The first 20 period constants of the origin of system (5.7.12) 
are all zeros, if and only if one of the following conditions holds: 


C931: s=0, q=0, p=0; 

C22 : s=0, 9=0, 2-5 

C93: 5s =0, a=0; 

C5,: s=0, B=0. (5.7.23) 


Proposition 5.7.8. If condition C51 holds, then the origin of (5.7.12) is a 
complex isochronous center. 


Proof. When condition C5; holds, system (5.7.12) becomes 
dE — 3 apt 4 2 25,6 
FS =g = EC! - Eag nf, 


dn 3 7.4, 2, 5.6 
ad ERN = io . . 7.24 
dT n+ p% g 5 Pn € (5 ) 
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System (5.7.16) is linearizable by using the transformation 


1 — attr 3 1 — 8£95* i 
f= SC UE UN n= a A (5.7.25) 
(1 = Beoy*)m (1 — a£) 
Thus, the origin of system (5.7.24) is an complex isochronous center. Li 


Proposition 5.7.9. If condition C22 holds, then the origin of (5.7.12) is a 
complex isochronous center. 


Proof. When condition C22 holds, system (5.7.12) becomes 


d — l aTa 1 1 28.8 

ap 57 3995 n ay hes n 

dn l hu d ahud 

e NN — ] hid 

gp = "tagen € — 3g8m'6 (5.7.26) 

: : i0 —i0 ; dð — 

By using the polar coordinates € = pe ,ņ = pe and T' — it, we have rx 1. 
System (5.7.26) has an isochronous center at the origin. o 


Proposition 5.7.10. If one of condition C23 and C54 holds, then the origin of 
(5.7.12) is a complex isochronous center. 


Proof. When condition C23 holds, system (5.7.12) becomes 


dg 3 22 48,3, 1 74 

= =f45 =B(11p —3 

gp ET ph am *gÜp-38 m, 

dn 2,2 27,4 1 6,5 

L -É — 2 B(9p — 2) en. 7.2 

qr BA En — gB(9p — 2)En (5.7.27) 
Letting 

u=E%, v-t^v, (5.7.28) 

system (5.7.27) becomes 
du 2.9 du 2 2 
T~ 4u + 38*qu* + 8(10p — 3)uv, a 2v + 20*quv + 20(3p — 1)v^. (5.7.29) 


The origin of system (5.7.29) is an integer-ratio node, similar to the proof of Theorem 

1.6.1, we can prove that the origin of (5.7.29) is a complex isochronous center. 
Similarly when condition C3; holds, the origin of (5.7.12) is also a complex 

isochronous center. Oo 


(3) Finally, when one of conditions C3 and C$ in Theorem 5.7.3 holds, according 
to Proposition 5.7.1, the origin of system (5.7.6) is a complex isochronous center. 

The problem of a complex isochronous center for the infinity of system (5.7.3) 
and (5.7.4) are already solved completely in this section. 
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The problem of a complex quasi isochronous center for the infinity of system 


dx d 
MO ay Xs) Sale? ey! Ys) (6.7.30) 
are also already solved completely. 
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2003b; Chen H.B. etc, 2002; Liu Y.R. etc, 2002a; Chen H.B. etc, 2003; Huang W.T. 
etc, 2004b; Zhang L. etc, 2006; Zhang Q. etc, 2006a; Liu Y.R. etc, 2006a; Liu Y.R. 
etc, 2006c; Zhang Q. etc, 2006b; Wang Q. L. etc, 2007; Huang W.T. etc, 2007] et 
al.) 

The materials of this chapter are taken from [Liu Y.R., 2001] and [Liu Y.R. etc, 
2004]. 


Chapter 6 


Theory of Center-Focus and Bifurcations 
of Limit Cycles for a Class of Multiple 
Singular Points 


For a multiple singular point, the criteria of center-focus is very difficult. There is no 
general theory for center-focus problem. Only on some particular cases, a multiple 
singular points can be changed to an elementary singular points by means of suitable 
transformations, we can treat the criteria problem. 

In this chapter, we introduce the theory of center-focus for a class of multiple 
singular points. 


6.1 Succession Function and Focal Values for a Class of 
Multiple Singular Points 


Consider the following real planar system: 


dx o dy z 
m p» Xx(c, y), di 5 Yong) (6.1.1) 
k=2n+1 k=2n+1 


where n is a positive integer, and X(x, y), Y,(x,y) are homogeneous polynomials 
of degree k in x,y. Suppose that xYo,41(z,y) — yXen41(x,y) is a positive (or 
negative) definite function. Without loss of generality, we assume that £Y2n+1 (£, y)— 
yXon+1(x, y) is positive definite, then there exists a positive number d, such that 


zYonai(2 y) — y Xondi (2, y) > d(z? + y^)". (6.1.2) 
The origin of system (6.1.1) is a multiple singular point. From (6.1.2), we know 
that the origin of system (6.1.1) has no Frómmer characteristic directions. It implies 


that the origin is a center or a focus. By the polar coordinate transformation 


z-—rcosÜü, y-rsin6, (6.1.3) 
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system (6.1.1) becomes 


dr 2n+1 k 

di =r 2 Pən+2+k(0)r , 

dé 2n > k 

pn =r 2 WPan+24+k(0)r . (6.1.4) 


'Thus, we have 


P2n+2(0) + 5 P2n+2+k(0)r" 
= (6.1.5) 
V2n42(0) + 5 U2n4244.(8)r^ 

k=1 


where yz (0), vx (0) are given by (2.1.5). Especially, 


P2n+2(0) = cos 0X», 441(cos 0, sin 0) + sin 0Y5, 41(cos 0, sin 0), 
Won+2(8) = cos 0OY2n+1 (cos 0, sin 0) — sin 0Xən+1 (cos 0,sin 8). — (6.1.6) 


From (6.1.2) and (6.1.6), we obtain 
Won42(0) > d 2 0. (6.1.7) 


Since for all k, (0), Yk(0) are homogeneous polynomials of degree k in cos 0, sin 6, 
we see that 


ex(0 +T) = (71) pn (0), vx (04-0) = (-1)* de (9). (6.1.8) 


Obviously, we know from (6.1.8) that system (6.1.5) is a particular case of system 
(2.1.7). 
For sufficiently small h, let 


r=F(0,h) = 2 vy (0)h*. (6.1.9) 
k=1 


be the solution of system (6.1.5) satisfying the initial condition r|ọ=o = h. From 
(6.1.5) and (6.1.9), we obtain the expression of vı (0) as follows: 


i P2n+2 (w) du 


Marce (6.1.10) 


v1 (8) = exp 


Corollary 2.1.1 follows that if vi(2z) = 1, then the first integer k satisfying k > 1 
and v; (22) Z 0 is an odd number. 
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Definition 6.1.1. For any positive integer k, voy 41(25) is called k-th focal value 
at the origin of system (6.1.1). 


Definition 6.1.2. For system (6.1.1): 
(1) If v4 (22) Æ 1, then the origin is called a rough focus; 
(2) If vi (2x) = 1 and there exist a positive integer k, such that vo(21) = v3(27) = 
: = voy 1(2x) = 0 and vək41(2T) Æ 0, then the origin is called a weak focus of 
order k; 
(3) If vi(2x) = 1 and for all positive integers k, voy 41(25) = 0, then the origin 
is called a center. 


By Corollary 2.1.1 and the geometric properties of Poincaré succession function 
A(h) = r(21, h) — h, we have the following conclusion. 


Theorem 6.1.1. For system (6.1.1): 

(1) If the origin is a rough focus , then when (27) < 1 (> 1), the origin is 
stable (unstable); 

(2) If the origin is a weak focus of order k, then when voy 4(21) < 0 (> 0), the 
origin is stable (unstable); 


(3) If the origin is a center, in a neighborhood of the origin, there exists a family 
of closed orbits of system (6.1.1). 


6.2 Conversion of the Questions 


In this section, we assume that in the right hand of system (6.1.1), the first homo- 
geneous polynomial of degree 2n + 1 is as follows: 


Xon (2, y) = (6a — y)(z? + y^)", 
Yoni (2,9) = (7-9)? +2)”. (6.2.1) 


Hence, system (6.1.1) becomes 


dx = 

qoo 0-9) €. 5 Xy) 
k=2n+2 

d oo 

= (e toye +y?)" + 3 Ye(a,y)- (6.2.2) 
k=2n+2 


Now, (6.1.6) reduces to 


P2n+2(0) = ô, P2n+2(0) =1. (6.2.3) 


6.2 Conversion of the Questions 


Under the polar coordinates, system (6.2.2) becomes 


b+ b» £2n4244(8)r^ 
me! 


1+ 5 Von424x(8)r^ 
k=1 


It is easy to prove that the following propositions. 
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(6.2.4) 


Proposition 6.2.1. For system (6.2.2), we have v4(0) = e?* and when ô < 0 (> 


0), the origin is a stable (an unstable) focus. 


From Lemma 2.1.2, we obtain 


Proposition 6.2.2. For system (6.2.2), if 6 = 0, then all v; (0) are polynomials 
in 0, sin@ and cos0 and the coefficients of vk(0) are polynomials in Aag, Bag. 


Especially, for all k, v (x), vy(2n) are polynomials in Aag, Bag. 
Similar to Theorem 5.2.2, we have the following theorem. 
Theorem 6.2.1. By the transformation 


z-—u(u Ly y=o(u? +07)", 
dt 
= = (u? m Qr mete) 


system (6.2.2) can be reduced to the following analytic system: 


du óu zx 
— = — v+ 1 Ponk+3k+1; 


dr 2n+3 = 
dv dv =. 
a T E ut 2 Gomes 


for which the origin is am elementary focus, where 


1 
Ponk43k+41 = | | -—— 
2nk+3k+1 (zz 
2n 4-2 
2n 4-3 


1 
Qonk+3k+1 = IG Tum E: s) Yon+1+K(€, m) 


2n+2 
2n+3 


24 e) Xon41+k(u, v) 


wanerse(t0) (u? 3 jj OECD 


are homogeneous polynomials of degree 2nk -- 3k -- 1 in u, v. 


uv Yon 414 «(u, zl (ua pa Di. 


(6.2.5) 


(6.2.6) 


(6.2.7) 
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This theorem tell us that our problems at a multiple singular point can be 
changed to the corresponding problems at the elementary singular point O(0,0) 
of system (6.2.6). Since (6.2.6) is a particular system of (2.1.1), therefore, all con- 
clusions in the theory of center-focus about system (2.1.1) can be used to system 
(6.2.6). 

Notice that as a special system of system (2.1.1), the right hand of system (6.2.6) 
have the following particular properties: 

(1) The subscripts of Pznk+3k+1, Q2nk+3k+1 form an arithmetic sequence with 
the common difference 2n + 3 (k = 1,2,:-- ,2n 4- 1). 


(2) Ponk+3e+1 and Qonk+3k41 have common factor (u? + v?) (7 D(0, 


(3) System (6.2.6) has a pair of conjugated complex straight line solutions utiv = 


On the basis of the above properties, we can obtain some new results for the 
theory of center-focus of the origin of system (6.2.6). 


6.3 Formal Series, Integral Factors and Singular Point Values 
for a Class of Multiple Singular Points 


Under the polar coordinates 
u = pcos0, v= psin6, (6.3.1) 


system (6.2.6) has the form 


2 6-- M eos caa (0) p 079 
i E (6.3.2) 
dó 2n+3 ms k(2n13) 
1+ M vonso+K(8)p 
k=1 
Substituting (6.1.3) and (6.2.5) in (6.3.1), we have 
reo", (6.3.3) 


Of course, (6.3.2) can also be obtained from (6.2.4) by using transformation (6.3.3). 
Write the solution of (6.3.2) satisfying the initial condition p|go = po as p = 
p(9, po). The properties of the right hand of (6.2.6) follows that 


Proposition 6.3.1. (0, po)og* is a power series in po ^^, that is, p(0, po) has 
the form 


oo 


B(8. po) = Y o¢m—1)(an43)41 (0) pg” PORTO. (6.3.4) 


m=i 
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Proof. Let the solution of (6.2.4) satisfying the initial condition r|ọ=o = h be r = 
T(0,h) = Um(O)h™. From (6.3.3), we have 


mæl 
pr? (0, po) = f(8, p” t*). (6.3.5) 


Taking ho = pe^, then from (6.3.5), we obtain 


PO, po) _ (oye = » «ewe ui (6.3.6) 


po 


m=1 
Since the right function of (6.3.6) can be expanded as a power series in ho. Thus, 
the conclusion of Proposition 6.3.1 holds. Li 


It is easy to see that 


(Qn) — 1 = e?7? — 1 = 26 + o(6), 


a 2n6 
o1(2n) - 1 exis —1 = + of8). (6.3.7) 


Theorem 6.3.1. Jf 6 = 0, then for any positive integer k, we have 


T2k(2n+3)+1 (2T) ~ Vvək+1 (27), 


1 
2n 4-3 
C (2k—1)(2n-3)41(27) ~ 0, (6.3.8) 
where vey,i(2-*) is the k-th focal value of the origin of system (6.2.2), while 


02k(2n--3)41(27) is the k(2n+3)-th focal value of the origin of system (6.2.6). More- 
over, when m is not an integer multiple of 2n +3, we take Om41(27) = 0. 


Proof. If ô= 0, from (6.3.7), we have vi(2x) = c1(22) = 1. From (6.3.4), we obtain 


p 2n+3 


2T, po) — po 
2n+2 


= => port?) BH (2m, po) [A(2m, po) — pol 


= Qn + 3)p ot G(p0)[A(27, po) — po] 


= (2n + 3)G(p0) Y 5 et nenas (27) p0 eo", (6.3.9) 


m=2 


where G(po) is a unit formal power series in po (see Definition 1.2.3). 
On the other hand, from (6.3.5), we have 


pu ) es putes 2n+3 
? 


f(2m, p Po 


p 
=)" walang. (6.3.10) 


m=2 
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(6.3.9) and (6.3.10) imply that 


oo 


m(2n+3 
T (m—1)(2n-3)41 (27) Pg eer 


m=2 
oo 


1 m(2n 
= (2n + 3)G(po) 5 Vm (2T) Po (2 TA (6.3.11) 


m=2 


Comparing the coefficients of pf on the two sides of (6.3.11), it leads to the conclusion 
of Theorem 6.3.1. o 


By making transformation 
z=at+iy, w-—mc-—iy, T=it, (6.3.12) 


system (6.2.2) becomes 


dz = 
= . n+l, „n 
a (1 — iĝ)” T w” + 5 Zy(z, w), 
k=2n+2 
d 
Z= —(1 + idu z^ — Y Wiz, w) (6.3.13) 
k=2n+2 
where 
a, 8 zZ+w z-—w zZ+w z= w 
AS De i »( g 55 ) -ix.( RET. Ji 
a8 zZ+w z—-Ww Z WU z—-Ww 
Walevu)= Y, baut =Y, ( La ) iX, ( mE 
(6.3.14) 
We say that (6.2.2) and (6.3.13) are associated. 
Let 
€=utiv, n=u-iv, T —ir. (6.3.15) 
From (6.3.12), (6.3.15) and (6.2.5), we obtain 
n+1 n+1 dT —n(2n+3) 
z= En, w-mn&m". se= (En) (6.3.16) 
By transformation (6.3.16), system (6.3.13) can be changed to 


d 
a= (.- x3) oet (6.7), 


dn id 
dT —— ( + Lm T] — DS V (25.13) (£, 1), (6.3.17) 
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where 


a n Zonsi+k(&, n) 
n+1 
2n +3 
n+2 

2n +3 
n+1 
2n 4-3 


kent) (n) = | 


+ 


E Wassias (E, | (E ny *- 0092, 


RIS gS NR 


n Zanvivn(és1) (E n) PDD (6.3.18) 


are homogeneous polynomials of degree k(2n + 3) in £,m. 

Clearly, system (6.3.17) can also be obtained from system (6.2.6) by using trans- 
formation (6.3.15). Thus, system (6.2.6) and system (6.3.17) are associated. 

We now discuss the case of ô = 0. When ô = 0, system (6.2.2), (6.2.6), (6.3.13) 
and (6.3.17) can be reduced to the following forms, respectively: 


oo 


qi —y(z? -- y?)* + 5 Xx(z,y) = X(z, y), 
k=2n+2 
d oo 
= = z(z? + JD $ 5 Y,.(2,y) = Y (x,y); (6.3.19) 
k=2n+2 
du eR 
= » Ponk+3k+1(u, v) = P(u,v), 
dv 2 
eo - Qo caia (us v) = Q(u, v); (6.3.20) 
dz T 
aT k=2n+2 
d oo 
k=2n+2 
d oo 
E — E € Prensa) (Em) = 9(6,m), 
k=1 
d 
Ww 2-9 Visio (€n) = -Y (£, n). (6.3.22) 
k=1 


The right hand of system (6.3.22) have the following particular properties: 
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(1) The subscripts of Pk(2n+3) and V (2,3) form a arithmetic sequence with the 
common difference 2n +3 (k = 1,2,---). 

(2) $,(2,,3) and V;(5,43) have the common factor (En) *- 29, 

(3) System (6.3.22) have a pair of straight line solutions £ = 0 and 7 = 0. 

On the basis of the above properties, we have 


Theorem 6.3.2. For system (6.3.22), one can derive uniquely and successively 
the terms of the following formal series 


Flen) = (£m"*? |1-- M fanis (6.7) | 5 (6.3.23) 
m=1 

such that 

dF = — 

3T => gegen. (6.3.24) 

(6.3.22) m=i 

where 

fm(2n+3) (£, n) = 5 Cope? (6.3.25) 

a+B=m(2n+3) 

are homogenous polynomials of degree m(2n + 3) in £n, m=1,2,--- and we take 


Coo = 1, Ck(2n--3),k(2n--3) = 0, k= 1, 2, RES (6.3.26) 


Definition 6.3.1. For any positive integer m, Hm in (6.3.24) is called the m-th 
singular point value at the origin of system (6.3.21). 


Theorem 6.3.3. In (6.3.25), for all o, B, when a 4 B and o -- B 2 1, cag is 
determined by the recursive formula 


1 
“8 (In 4 3)(8 — o) 


«Yt F2)a — (n - 1) + (n+ 2 — k 2n + 3)]ax,j 1 


[(n + 2)8 — (n+ 1)a + (n - 2 — j)(2n. 4 Besa} 
X Co—(n+2)k—(n+1)j+(n+1)(2n+3),G—(n+2)j—(n+1)k+(n+1)(2n+3) - (6.3.27) 


For any positive integer m, Um is given by the recursive formula 


2m+2n+2 
ins 5 [(m 4- n 4-2 — k)ak, j- — (m+n+2— j)bjk-1] 
k--j—2n4-3 


X C(m4-n4-1) (2n4-3) — (n4-2) k— (n-1)j,(m4-n--1) (2n--3) — (n4-2)j — (n4-1) k» (6.3.28) 


where for all (o, B), when a <0 or B <0 take dag = bag = cog = 0. 
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Proof. We see from (6.3.23) that 


(én) ents) E 


= Ofm(2n+3) Ofm(2n+3) 
dT E (ae im n) 


(6.3.02) mal 0€ On 


a o f m—s)(2n+3 
s 5 5 LL 3m (2n T 3) fim — s) (2n4-3) 9 ,(25,.4.3) 


> > Of m—s n 
= 5 >, p + (2n + e V .(25n4.3)- (6.3.29) 


m=1s=1 


From (6.3.25) and (6.3.29), we have 


+E X [ex2-c3)94525 
m=1 s=1 a+ 
—(m-s)(2n4-3) 
— (8 + 2n + 3)Vs(2n+3)] cag£?nf^. (6.3.30) 
By using (6.3.18) and (6.3.30), we have 
E dF = E 
(m 99 7| =D M a-ben 
(6.3.22) gai 48 
=m(2n+3) 

1 oo oo 


—(m-s)(2n4-3) 


(nB — na 4- 28 — a 4- 2n SeWontipslenge DOPO Pa DRE 


(6.3.31) 
We see from (6.3.14) that 
Zon+i4s(&, n) = 5 angie yy, 
k+j=2n+2+s 
Wontits(€,7) = bj pee Mp. (6.3.32) 


k+j=2n+2+s 
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From (6.3.31) and (6.3.32), we obtain 


dF 
—(2n+3) "^. 
(£m) dT 


I 
T 
l 
> 
O 
ES 
InN 
R 
3 
w 


(6.3.22) m=1 "m 
( 


+ 
Me 
s 
M 
p 
= 
Q 
= 
D 
D 
a 
EB 
1 


m=1 s=1 ar k+j= 
—(m- s)(2n-4-3) 2n+2+s 


(nB — na -- 28 — a -- 2n 3)bj 1] cag£** 6 Der Dee a epa DHI). 


(6.3.33) 
Let 
ay — a c (s — 1)(n 4-1) 4- k, 
bı 8+ o DOT) 4. 3. (6.3.34) 
Then if k+ j = 2n--24- s, a 4- = (m — s)(2n + 3), we have 

ay + f = m(2n + 3), 
a — 01 — (n -2)k — (n 4- 1)j + (n+ 1)(2n + 3), 
B — f — (n+ 2)j — (n+ D)k + (n + 1)(2n + 3) (6.3.35) 


and 


— (n + 2)o4 — (n + 1)81 + (n +2 — k) (2n +3), 
n — na+28—-a+2n+3 
— (n + 2)81 — (n + 1)o + (n+ 2 — j)(2n + 3). (6.3.36) 
Substituting (6.3.34), (6.3.35) and (6.3.36) into (6.3.33) and using a, instead 
of o4, 01, we obtain 


dF ux 
m = (EMS V7 [(a-B)cag + Hag]t?m?, ^ (6.3.37) 
dT | (6.3.22) 
3. m=1 a+@= 
m(2n+3) 
where 
1 
E 2n+3 
x V (ln + 2)a — (n + 1)8 + (n +2 — k)(2n + 3)]ak,j—1 
kj 


(n + 2)8 — (n+ 1)a + (n +2 — j) (2n + 3)]b;,x-1]} 


XCo— (n4-2)k— (n4-1)j4-(n4-1) (2n4-3),8— (n4-2)j — (n--1) k-- (n-1) (2n-3) - (6.3.38) 


6.3 Formal Series, Integral Factors and Singular Point Values: - - 191 


Thus, (6.3.24) and (6.3.37) follow the conclusion of this theorem. O 


Remark 6.3.1. We see from (6.3.25) that a+ B is an integer multiple of 2n +3. 
Since for all (a, 8), when a <0 or B < 0, we have taken cag = 0. Thus, in the right 
sides of (6.3.27) and (6.3.38), we have 


+2n42. (6.3.39) 


For any positive integer m, we write the m-th singular point value at the origin 
of system (6.3.22) as pi. 


Theorem 6.3.4. For any positive integer k, the k(2n+3)-th singular point value 
Hk(2n+1) at the origin of system (6.3.22) and the k-th singular point value up at the 


origin (multiple singular point) of system (6.3.21) have the following relation: 


Lk 


/ 
and when m is not an integer multiple of 2n + 3, we have w, = 0. 
Proof. For function F(£,1)) defined by (6.3.23), we denote that 
pug 
oo 2n43 
A zu. 
F(é,n) = F= (En) = En 1- >> Fm (6.3.41) 
m=1 
We see from (6.3.24) and (6.3.41) that 
. »» His Leg) re 
dF m=1 
a SSS oe (6.3.42) 
6.3.22 
| (2n + 3) 1-4 5 Fanta) (6, J 
m=1 
Thus, (6.3.42) follows the conclusion of Theorem 6.3.4. o 
From Theorem 6.3.1, Theorem 6.3.4 and Theorem 2.3.2, we have 
Theorem 6.3.5. For any positive integer k, we have 
im 
O2k(2n-+3)+1(27) x 2n 4. 3^ 
Vo~41(2T) ~ iTHk, (6.3.43) 


where Czk(2n+3)+1 (27) is the k(2n+3)-th focal value at the origin of system (6.3.22), 
while V2~41(27) is the k-th focal value at the origin of system (6.3.19). 
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Theorem 2.3.5, Theorem (2.3.7) and the properties of the right side functions of 
system (6.3.22) imply that 


Theorem 6.3.6. For system (6.3.22), one can determine successively the terms 
of the following formal series 


M(E,n) = 1+ M gmen+3)(£ 7), (6.3.44) 


m=1 
such that 


O(M®) (MY) _ 3 2mn+3m+1 


i 2n+3 


m(2n+3) 
0€ an Xm (EN) , (6.3.45) 


where for any positive integer m, 


Imen) EM = >, dept? (6.3.46) 


a+8=m(2n+3) 
are homogenous polynomials of degree m(2n + 3) in €, n and 
Àm ~ (2n +3)hm(n43) ^ Hm (6.3.47) 
Similar to the proof of Theorem 6.3.3, we have 


Theorem 6.3.7. In the right hand of (6.3.44), let doo = 1 and dk(2n+3),k(2n+3) 
(k=1, 2, ---) is arbitrarily chosen. Then for all (a, B), when a zz B anda+f 2 1, 
dag is given by the recursive formula 


dag = SES » (n t 1)8 t Lax j—1 


[(n I 2)8 (n t De } 1]b; x i]) 


X do.— (n--2)k— (n4-1)j--(n-4-1) 2n4-3),8— (n--2)j— (n--2)k--(n--1) n3). (6.3.48) 


For any positive integer m, Am is given by the recursive formula 


2(m+n+1) 
Am= >> (akj bjk) 
k+j=2n+3 


Xd(14m4+n)(342n)—k(2+n)—j(14n), (L+-mtn)(3+2n)—j(2+n)—k(1+n)> (6.3.49) 
where for all (a, B), when a <0 or B <0, we take aag = bag = dag = 0. 


Theorem 6.3.3 and Theorem 6.3.7 give the recursive formulas to compute directly 
the singular point values at the origin by applying the coefficients of system (6.3.21). 
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Theorem 6.3.8. For system (6.3.21), one can derive successively the terms of 
the following formal series 


f(z,w) = zw 1+) enr (6.3.50) 
such that 
dF n on 25 
dT = (zw) 5 Im (zw) "e (6.3.51) 
(6.3.21) ai 


where um is the m-th singular point value at the origin (infinity) of system (6.3.21), 
m 21,2, 
Proof. The inverse transform of transformation (6.3.16) is 


2 ECES dT 
€ = z(zw) Am n = w(zw) Am — = (zw)”. (6.3.52) 


From (6.3.23) and (6.3.50), we have 


F(z,w) =F (2(2w) cus , w(zw) ud 4 (6.3.53) 


Hence, from (6.3.52), (6.3.53) and (6.3.24) we have the conclusion of the theorem. O 


Theorem 6.3.9. For system (6.3.21), one can derive successively the terms of 
the following formal series 


= n—lcts3 
M(z,w) ES (zw). inde x zw)mi-1) 


i4 > L| (6.3.54) 


such that 


(MZ) O(MW) | m 3 2mn + 3m 4-1 


Am(w)", (6.3.55) 


Oz ðw rm 2n 4-3 
where \m ~ Um, m = 1,2,:-- 
Proof. First, from (6.3.44), we have 
M(z,w)—- M (sew) CES) w(2w) E) (6.3.56) 
Consider the system 
& = e 2(z,w), 
CL a, (6.3.57) 
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By the transformation 


£— z(zw) S, n= w(zw) PF, (6.3.58) 
system (6.3.57) becomes 
d dn 
K = MEMEEn), SL = -ME MYE n). (6.3.59) 


The Jacobian determinant of transformation (6.3.58) is given by 


| O€ On Ə On 1 Zipi 
From (6.3.56), (6.3.57) and (6.3.60), we have 
pg 2 = JZ, = MW = JW. (6.3.61) 


Thus, 


1 [noun oUa] _ AG aW) (6.3.62) 


2n +3 Oz Ow dz sw 
Using Proposition (1.1.3) to system (6.3.57) and (6.3.59), from (6.3.60), we obtain 
0(J2) OW). Ero E a 


Oz Ow ot On 
1 a.u. [0(M$) a(MW) 
= ITs = . (6.3.63 
Serge m | OE ün ong) 
From (6.3.62) and (6.3.63), we get 
O(MZ) (MW) -14-1 [0(M$) (MY) 
—— - = mys ————— |. 6.3.64 
de gj c MP PE ge ðn REN 
Thus, (6.3.64), (6.3.45) and (6.3.58) imply the conclusion of Theorem 6.3.9. Li 
Consider the following formal series 
Ioan) Z , w) 
(zw) 214 Y go c (6.3.65) 
m=1 
where 
Ancona) (E57) = M, o eag? (6.3.66) 


a+B=m(2n+3) 
are homogenous polynomials of degree m(2n + 3) in z,w ( m = 1,2,---), and 
ho = €00 = 1. 
The following two theorems are given by [Liu Y.R., 2001]. 
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Theorem 6.3.10. For all s Z 0 and y 4 0, one can derive successively the 
terms of the following formal series 


F(z,w) = (zw) H5 (z,w), (6.3.67) 
such that 
dF 1 -: 
— = (zw) tH V? X, (zw)? (6.3.68) 
(6.3.21) m=1 


and for any positive integer m, M, is given by 
An, 59 Sg. (6.3.69) 


Theorem 6.3.11. Let s,y be two constants. If for any positive integer m, y(s + 
n 4- 1-- m) z 0, then one can derive successively the terms of the following formal 
series 


M(z,w) — (zw)? H5 (z, w), (6.3.70) 
such that 
O(MZ) O(MW) 1 "MEETS 
———— =- nTSHY À D 6.3.71 
ALT LO Tz) Y Xe) (6.3.71) 
and for any positive integer m, AJ, is given by 
An ~ y(s- no l-m)ug. (6.3.72) 


Similar to Theorem 6.3.3, we can prove the following theorem. 


Theorem 6.3.12. For the formal series F given by Theorem 6.3.10, 


Ek(2n+3),k(2n+3) Can be arbitrarily chosen, k=1,2,---. Whena# B and a -- 8 2 1, 
eag is given by the following recursive formula 
1 


87 Qn 3)(8 - a) 


«Y [to r2)a — (n - 1)8 *- (n - 1— k+ ys) (2n + 3)]a ji 


[(n 4 2)8 — (n - 1)a -- (n - 1— jd vsyn 3]. ) 


X Ea—(n+2)k-(n+1)j+(n+1)(2n+3),8-(n+2)j-(n+1)k+(n+1)(2n+3) — (06.3.73) 
and for any positive integer m, X,, is given by the recursive formula 


2m+2n+2 
AL em 5 (m+n - 1— k+ ys)ak j- 
k+j=2n+3 


(m+n+1-— j+ ys)bjk-1] 


XE(m+n+1)(2n+3)-(n+2)k-(n+1)j,(m+n+1)(2n+3)-(n+2)j-(n+1)k> — (6.3.74) 


196 Chapter 6 Theory of Center-Focus and Bifurcations of Limit Cycles for. - - 


where for all (a, B), when a <0 or B <0 we take dag = bag = eap = 0. 


Theorem 6.3.13. For the formal series M in Theorem 6.3.11, ek(2n+3),k(2n+3) 
can be arbitrarily chosen, k =1,2,---. When a z B and a+ B È 1, eag is given by 
the recursive formula 


1 
6587 Gap 3Y8 —a) 24 [(n + 2)o — (n 4- 1)8 


kj 
| 
T 


ys)(2n + 3)] ük j—-1 — [n +2)6 


X E€q—(n+2)k—(n+1)j+(n+1)(2n+3),6—(n+2)j—(n+1)k+(n+1)(2n+3) (6.3.75) 
and for any positive integer m, XJ, is given by the recursive formula 


2m+2n+2 
M= M. [(mtn+1—k+yk+ ys)ar j- 
k+j=2n4+3 


(m n--1— j 3j  ys)bj-i] 


XE(m+n+1)(2n+3)-(n+2)k-(n+1)j,(m+n+1)(2n+3)-(n+2)j—(n+1)k> — (5.3.76) 
where for all (o, 8), when a < 0 or B < 0, we take dag = bag = eap = 0. 
From Theorem 6.3.10 and Theorem 6.3.11, we have 


Theorem 6.3.14. The origin of system (6.3.21) is a center if and only if there 
exists a first integral F(z,w) with the form (6.3.67). 


Theorem 6.3.15. The origin of system (6.3.21) is a center if and only if there 
exists a integral factor M(z,w) with the form (6.3.70). 


6.4 The Algebraic Structure of Singular Point Values of a 
Class of Multiple Singular Points 


In Section 5.4, we defined the generalized rotation and similar transformation having 
time exponent n and discussed its generalized rotation invariant. By transformation 
(5.4.1), system (6.3.21) becomes 


dé 22 

— = (At (wp)? + dap (2) (0), 

dT MoN ° 

daper- Y^ baalt) (e) 

a (w)"*7 (2) p» bog (2)^ (2)" , (6.4.1) 
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where 2,40, T' are new variables, p, are complex constants, p Æ 0 and for all (a, 8) 

dag = aagp™t®7 2n—1 eila- B— De 

bag = ggg tP- ee, (6.4.2) 

Lemma 6.4.1. For any positive integer m, the m-th singular point values Hm 

at the origin of system (6.3.21) is m-order generalized rotation invariants of trans- 
formation (5.4.1) with time exponent n, namely, 


fim = p" ua. (6.4.3) 


Proof. For function F(z, w) given by Theorem 6.3.8, let F = p~2F (pett 2, peii). 
Then (5.4.1), (6.3.50) and (6.3.51) follow that 


zr p nent HR ,Üe ms 
m=i 
and 
dF S4nYn S m Ze NITE 
IF = (£d) X p uu (opes. (6.4.5) 
(6.4.1) m=1 
(6.4.5) leads to (6.4.3). Hence, Lemma 6.4.1 holds. o 


Lemma 6.4.2. For any positive integer m, the m-th singular point values um 
at the origin of system (6.3.21) is self-antisymmetry, i.e., 


T AE (6.4.6) 
Proof. By the following transformation of antisymmetry: 
z=w, w-z' T=-T, (6.4.7) 
system (6.3.21) can be transformed into the following complex system: 


dz* 


T~” (zt dom (w*,z*) = W(w*,z*), 
dw* yn 2n . 
qm c0 "2 Z w, z) = —Z(w*,2*). (6.4.8) 


For function F(z,w) given by Theorem 6.3.8, letting F* = F(w*,z*), then from 
(6.4.7), (6.3.50) and (6.3.51) we have 


* fm(2n+3)( w* ,z*) 
p 1+ > o (6.4.9) 
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and 
dF* > (=n) 
dT (6.4.1) 2 (z*w*)mtt 
It follows (6.4.6). So that, the conclusion of this lemma holds. Li 


From Lemma 6.4.1 and Lemma 6.4.2, we obtain 


Theorem 6.4.1 (The construction theorem of singular point values of 
the Multiple Singular Point). For system (6.3.21), the m-th singular point value 
Lm at the origin can be represented as a linear combination of m-order monomial 
generalized invariants and their antisymmetry forms, i.e., 


N 
Hm = S wok; 7 gj): k=1, 2, ++, (6.4.11) 


j=l 
where N is a positive integer and yj is a rational number, gy; and gj, are m-order 
monomial generalized rotation invariants with time exponent n. 


From Theorem 6.4.1 we have 


Theorem 6.4.2 (The extended symmetric principle of the multiple sin- 
gular point). For system (6.3.21), if all elementary generalized rotation invariants 
g satisfy symmetric condition g = g*, then all singular point values at the origin are 
zero. 


6.5 Bifurcation of Limit Cycles From a Class of Multiple 
Singular Points 


Consider the following perturbed system of (6.1.1) depending on two small param- 
eters £,Ó as follows: 


dx E 
dt ~ 2. Xx (x,y, 6,0) = X(z,y,€, 4), 
k=2n4+1 
dy _ > Y;,(2,4,€,6) — Y (2, y, e, ) (6.5.1) 
dt k=2n+4+1 EUR Mid E 


where X (x, y,£, ô), Y (x, y, €, 6) are power series in x, y, £, ó having non-zero conver- 
gent radius and real coefficients. We assume that there is an integer d, such that 


£Yos (2, y.0, 0) = YXən+1(7, Y, 0, 0) 2 d(x? + j^ (6.5.2) 


and 


ra cos 0 X5, ,1(cos 0, sin 0,0, 0) + sin 0Y2n+1 (cos 0, sin 0,0,0) 
0 


—— if — 0. 6.5.3 
cos 0Y»5,, ,.1 (cos 0, sin 0, 0, 0) — sin 0X2n+1 (cos 0, sin 0,0,0) ( ) 
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Under the polar coordinate (6.1.3), system (6.5.1) takes the form 


Q2n42(8, 6,6) + 9 ona 244 (0, 6,6)r^ 


dr. 
do! ES i 
Wan+2 (8, E, à) c > Won+2+k (0, E, ô)r 
n+2(8,€,6 
= EM E z 2, +o(r), (6.5.4) 


where p(0,£,ô), Yk(0,£, 8) are given by (5.6.6). 
For sufficiently small h, let the solution of equation (6.5.4) satisfying the initial 
condition r|ọ=0 = h and the Poincaré succession function be 


r=f(0,h,£,ô) = D 


A(h,€, 0) = f(2m, - ô)— h, (6.5.5) 
where 
0 
Q2n42(0, €, 9) dù 
0,€,6) =e n ———————. 6.5.6 
va od o — V2n42(0, 6,0) 


From (6.5.3) and (6.5.6) we have 
14 (21,0,0) — 1. (6.5.7) 


Specially, if Xon41, Yan41 are given by (6.2.1), then 14(0,6,0) = e?? 

Obviously, equation (6.5.4) is the special case of equation (3.1.7). 

If 6 = ó(£) given by (6.5.1) is the power series in £ having non-zero convergent 
radius and real coefficients, and 6(0) = 0, then by computing the focal value at 
the origin of system (6.5.1) we can obtain a quasi succession function L(h,£), and 
use the method mentioned in Chapter 3 to study bifurcation of limit cycles in a 
neighborhood of the origin of system (6.5.1). 

In next section, we consider a quartic system as an example. 


6.6 Bifurcation of Limit Cycles Created from a Multiple 
Singular Point for a Class of Quartic System 


As an application of the method described above, we now study the following real 
planar quartic system: 


y?) + Xa(z, y), 


= = (x + dy) (x? + y?) + Ya(z, y), (6.6.1) 
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where 
Xa(z,y) =—( + q — piga)x* — 2(p1 — po + 2p1p2)2? y — 6p1q22? y? 


42(—pi + p2 + 2pypz)zy? — (^q — q2 — a2), 
Ya(z, y) 5 (1 + p1)(1 + p3)z* — 2(q — q2 — 2p132)2? y — 2(—1 + 3pip)z? y? 


-2(q — q2 + 2piqa)ay® + (—1 + pi) (71 + pa)y*. (6.6.2) 
Making the transformation z = x +iy, w = x —iy, T = it, system (6.6.1)5<o0 becomes 
dz f ] . 
dT z^w + pi(pa — iqa)z? + (py + ig) zw + w?z? + (pa + iqo)w?z, 
dw 


ID u?z—pi(pa-4-iqa)w* — (py —iqi)u? z—w?z?—(p3—iqo)wz?. ^ (6.6.3) 
Letting 
z=6n, wane, dT = (tnr, (6.6.4) 


system (6.6.3) is transformed into the following polynomial system of degree 6: 


d 1 l 1 ; 
s =+ 5 (2 + 3p1)(p2 — iq2)&?n + 5 (2 + 3pi + 3iqı)$*n? 


iL . 1 : 
+23 + 2p; — 2iqi)&r? + HS + 2p1)(p2 + iq2)£nf, 


d 1 1 
a =—1 — (2+ 3p1)(p2 + ia) — = (2 + 3pı — 3i? 
1 1 
E + 2p, + 2iqr)nPe3 — AG + 2p1)(p2 — iqo)m ét. (6.6.5) 


for which the origin is an elementary singular point. 

From Theorem 6.3.1 and Theorem 2.3.1, for any positive integer k, the k-th focal 
value 12441(27) at the origin of system (6.6.1)s=0 and the 5k-th singular point value 
Li, at the origin of system (6.6.5) have the following relation 

Vok41 (2) ~ 5impsi. (6.6.6) 
By calculating singular point values at the origin of system (6.6.5) and from (6.6.6), 


we have 


Theorem 6.6.1. The first 4 focal value at the origin of system (6.6.1)5-9 are 
as follows: 


vs(21) = 2141, 


ws (2n) ~ (i — Di T) (i + 2)o. 


1 
vr(2m) ~ 77(p1 — 1)(p1 + 1)(p3 d — 5)a2, 


vg(2T) ~ Sap — 1) (pı + 1)q2. (6.6.7) 
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It follows the following result. 


Theorem 6.6.2. The first four focal values at the origin of system (6.6.1)5=0 
are zero if and only if one of the following three conditions holds 


Ci: qq —0, q2—0, 


C2 > y= 0, Dt-— —1, 
C3 +< yy = 0, P= 1. (6.6.8) 


Thus, we have 


Theorem 6.6.3. If condition Cı holds, the vector fields defined by system 
(6.6.1)s=0 is symmetry with respect to x-axis. 

If condition Cz holds, then system (6.6.1)5-o has a first integral dr in a 
neighborhood of the origin, where 


fi = x’ st y^, 
n8 o9 3 2244 2, 3 
fo = 3(a* + y^) (po + 3)a” — 6qoz^y + 6(p2 — l)zy^ --2qoy". — (6.6.9) 


If condition C3 holds, then the right hand of system (6.6.1)s=0 has a common 
factor 


£? + y? + 2(po + 1)2? + 69577 y — 2(3p2 — 1)zy? — 2923? (6.6.10) 
and there exists a first integral fı in a neighborhood of the origin. 
Form Theorem 6.6.2 and 6.6.3, we obtain 


Theorem 6.6.4. For system (6.6.1)s=0, the origin is a center if and only if the 
first four focal values of the origin are zero, i.e., one of three conditions in Theorem 


6.6.2 holds. 


We now construct an example, such that 4 limit cycles can be created from a 4th 
weak focus of system (6.6.1). If the coefficients of system (6.6.1) satisfy 


21525 
b= 7560", q =-=, =l, 
28665 525 
pı =—2+ et, p =2-—e’, (6.6.11) 
8 2 
then by Theorem 6.6.1 we have 
v (21) — 1 = 15120re8 + o(&5), 
28665 
va(27) = —21525re -- o(e$), vs(27) = 7 ret + o(e*), 


1575 105 
v(2r) = — z "€ + ole’), vo(2r) = -77 + o(1). (6.6.12) 
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Therefore, the quasi succession function of (6.6.1) is given by 


105 


L(h,e)= corel a — 30h%e? + 273h*c* — 820h?c8 + 57628) 
105 
= rh — 162°) (h? — 9c?) (h? — 4e?) (h? — 2°). (6.6.13) 


Thus, (6.6.13) and Theorem 3.3.3 imply that 


Theorem 6.6.5. If the coefficients of system (6.6.1) are given by (6.6.11), then 
when £ = 0, the origin is a 4-th weak focus, when 0 < |e| « 1, there exist 4 limit 
cycles in a sufficient small neighborhood of the origin, which are close to the circles 
ety? = ke", k12,3,4 


6.7 Quasi Isochronous Center of Multiple Singular Point for 
a Class of Analytic System 


Making the transformation dt’ = (x? + y?)dt and dT’ = (zw)"dT, system (6.2.2)s=0 
and (6.3.13)52o can be respectively become 


dx 1 ns 
-m= + PIN X C , , 
d IT (az +y2)™ E kr, y) 
dy 1 - 
Rar E — M Y, 6.7.1 
ae u (x? + y2)” P kr, y) ( ) 
and 
dz 1 ae 
paca ——— Zi 
ac” Guy 3, ZG) 
k=2n+2 
dw 1 aa 
— =w- —— Wz(z, w). (6.7.2) 
dT (zw)? P 


Definition 6.7.1. (1) We say that the origin of (6.7.1) (or (6.7.2)) is a com- 
plex isochronous center, if the origin of (6.2.6)s=0 (or (6.3.17)s=0) is a complex 
isochronous center. 

(2) We say that origin of system (6.2.2)5-o (or (6.3.13)s=0) is a complex quasi 
isochronous center, if the origin of (6.7.1) (or (6.7.2)) is a complex isochronous 
center. 


Clearly, the functions of the right hands of system (6.7.1) and system (6.7.2) are 
non-analytic at the origin. However, it is possible that the origin of these system 
are a complex isochronous center. We study the following system 


dz /— Xa(z,y) dy | Ya(z, y) 


Ww ye? dü a Hy?” 


(6.7.3) 
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where X4, Y4 are given by (6.6.2). 
We see from Theorem 6.6.4 that the origin of system (6.6.1)s=o is a center if and 
only one of three conditions in Theorem 6.6.2 holds. 


Proposition 6.7.1. If condition C4 in Theorem 6.6.2 hods, then the origin of 
system (6.7.1) is an isochronous centers if and only if pı = —1. 


Proof. When condition C, of Theorem 6.6.2 hods, then for the origin of system 
(6.6.5)5-0, we have 


2 
Ts = — (19-1) (3 + 2p2 + pips), 


3 
1 
Tio ~ c (1 + pi)(81 + 3pı — 40p2 3p? — 12pipa + 4p?ps + 9p2), 
1 
Pine i 
715 ~ = z800 l + Pv) 
x (99679615 + 53139921pı — 9621062p? — 4057890p? + 326167p + 49953p5). 


(6.7.4) 
We see from (6.7.4) that if 75 = Tio = T15 = 0, then pı = —1. In addition, if pı = —1 
and condition C, in Theorem 6.6.2 hods, then for system (6.6.5)s=0, under the polar 


dé 
coordinate £ = pe, 1 = pe~*®, T = it, we have a 1. It implies the conclusions 
of this proposition. o 


Proposition 6.7.2. If condition Cz in Theorem 6.6.2 hods, then the origin of 
system (6.7.1) is an isochronous centers. 
Proof. When condition C5 in Theorem 6.6.2 hods, then for the origin of system 


' dO 
(6.6.5)s—o, under the polar coordinate € = pe/?, n = pe-?9, T = it, we have 4^ 1. 
It implies the conclusions of this proposition. 


Proposition 6.7.3. If condition C3 in Theorem 6.6.2 hods, then the origin of 
system (6.7.1) can not be an isochronous centers. 


Proof. When condition C3 in Theorem 6.6.2 hods, then for the origin of system 
(6.6.5)s=0, we have 


Ts = —4(1+ p3 +42), Tio ~ —8(2p2 — 3), mis ~ 180. (6.7.5) 


It implies the conclusions of this proposition. 
To sum up, we have 


Theorem 6.7.1. The origin of system (6.6.1)5<0 is a quasi isochronous cen- 
ter(i.e., the origin of system (6.7.1) is an isochronous center), if and only if qq = 0 
and pı = —1. 


o 
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The materials of this chapter are taken from [Liu Y.R., 2001] and [Liu Y.R. etc, 
2004]. There exist very few papers to concern with the problems of center-focus and 
bifurcation of limit cycles for this kind of multiple singular points. 


Chapter 7 
On Quasi Analytic Systems 


For a nonanalytic real planar dynamical system, there is a few papers to concern 
with the study of the center problem and bifurcations of limit cycles. In this chapter, 
we investigate a class of quasi-analytic systems. 


7.1 Preliminary 


We consider the following class of systems: 


dx (k—1)(A—1) 

qa en ut e +y) 3 Xy) 
k=2 

d a EN 

Z c byt Y ey!) E Yi y), (7.1.1) 
k=2 

where for any positive integer k, 
Kay X. AV", Tane D> Bose (7.1.2) 
a+B=k a+6=k 


are homogeneous polynomials of degree k of x and y, A is a real constant and A Æ 0. 
Clearly, when A — 1, system (7.1.1) becomes 


dx z 

di = ór —y +S > Xi, y) = X(z,y), 
k=2 

d oo 

= =£ +y +` Yi, y) = Y (x,y). (7.1.3) 
k=2 


We assume that X (x,y) and Y (x,y) are power series of x and y with non-zero 
convergent radius. 

Generally, for A # (2s + 1) where s is an positive integer, the functions of the 
right hand of system (7.1.1) are non-analytic. We say that system (7.1.1) is a quasi- 
analytic system corresponding to system (7.1.3). 

For A > 0 (or < 0), the linear terms of (7.1.1) are lowest (or highest) order 
terms in the right hand of (7.1.1). Hence, when A > 0, the origin of (7.1.1) is a 
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center or a focus. When A < 0, (7.1.1) has no real singular point in the equator of 
Poincaré compactification. The point at infinity is a center or a focus. Therefore, it 
is necessary to determine whether the origin (or the infinity) is a center (or a weak 
focus) or not for all A 4 0. 

Making the transformation 


z —r*cos0, y-— r3 sind, (7.1.4) 
system (7.1.1) becomes 
Tai M (6)^ 
dt E Pk+2 T , 
k=1 
do > 
ait 2. Via (0)r^, (7.1.5) 


where 


(x (0) = cos 0X, 1(cos 0, sin 0) + sin OY, 1(cos 0, sin 0), 
Vx (0) = cos 0Yp—1 (cos 0, sin 0) — sin 0X, 1(cos0, sin 0). (7.1.6) 


From (7.1.5), we have 


! 5+ M vey2(O)r* 
a = \r—=! (7.1.7) 
1+ M vuaua(0)r* 
k=1 


Obviously, equation (2.1.6), i.e., the polar coordinate form of (7.1.3), differs from 
(7.1.7) only in a constant factor A. 
Suppose that a solution of (7.1.3) satisfying the initial condition r|ọ=0 = ro has 


the form 
r = P(8,ro,0) = M 2 w(6,6)r5, (7.1.8) 
k=1 
where 
w(0,8) "99, 1% (0,6)=0, k=2, 3,---. (7.1.9) 


We know from the theory of Chapter 2 that if 6 = 0, then, for the first non-zero 
vi (21,0), we have k = 2s + 1, where s is a positive integer. 
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Definition 7.1.1. For system (7.1.1), suppose that X>0 (or A < 0). 
(1) If 8 Z 0, the origin (or the infinity) is called a rough focus. 
(2) If ó = 0 and there exists a positive integer k, such that v2(27, 0) = v3(27,0) = 
++ = voy 1(27,0) = 0, and vək+1 (27,0) Æ 0, then the origin (or the infinity) is called 
a k—order weak focus. The v2x41(27,0) is called a k—order focal value. 
(3) If ó = 0 and for all k, we have vox,1(25,0) = 0, then the origin (or the 
infinity) is called a center. 


It is easy to see the following conclusions hold. 


Theorem 7.1.1. In the case of A » 0, for system (7.1.1): 

(1) If the origin is a rough focus, then when ó < 0 (> 0), it is stable (unstable); 

(2) If the origin is a k-order weak focus, then when v2~41(27,0) < 0 (> 0), the 
origin is stable (unstable); 

(3) If the origin is a center, then there exists a family of closed orbits enclosing 
the origin. 


Theorem 7.1.2. In the case of A < 0, for system (7.1.1): 

(1) If the infinity is a rough focus, then, when ô > 0 (< 0), it is stable (unstable); 

(2) If the infinity is a k-order weak focus, then when voy 41(251,0) < 0 ( 0), the 
infinity is stable (unstable); 

(3) If the infinity is a center, then there exists a family of closed orbits which lies 
in an inner neighborhood of the equator in Poincaré compactification. 


Remark 7.1.1. For A < 0, if the infinity in Poincaré compactification of system 
(7.1.1) is a stable (unstable) focus, then the equator To in Poincaré compactification 
of system (7.1.1) is a internal stable (unstable) limit cycle. If the infinity of system 
(7.1.1) is a center, then, there exists a family of closed orbits which lies in an inner 
neighborhood of the equator Ta. 


Definition 7.1.2. (1) For A > 0, if the origin of (7.1.1) is a center and the 
period of any closed orbit enclosing the center is 2m, then, the origin is called an 
isochronous center of (7.1.1). 

(2) For A < 0, if the infinity of (7.1.1) is a center and the period of any closed 
orbit in an inner neighborhood of the equator is 2m, then, the infinity is called an 
isochronous center of (7.1.1). 


Clearly, for A > 0 (< 0), when the origin (the infinity) of (7.1.1) is an center, 
the origin (the infinity) of (7.1.1) is an isochronous center if and only if 7 (ro) = 27, 
where 


T(ro) = QUEE IEEE (7.1.10) 


1+ 5 Wr+2(0)F" (8, ro, 0) 
k=1 
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It is difficult to study directly the problems of center-focus, isochronous center 
and bifurcations of limit cycles by using (7.1.7). In next section, we shall use a 
necessary transformation, such that system (7.1.1) becomes an equivalent analytic 
system. 


7.2 Reduction of the Problems 


Let 
E= r(x? + 2) Age n= ylz? 4 y? ix 1.24 
y 
Taking z — r* cos 0, y= r* sin 0, we have 
= r3 cos, n-rsin. 7.2.2 
7] 


Thus, for A > 0 (« 0), (7.2.1) makes the origin (the infinity) become the origin in 
(€,7)—plane and (7.1.1) reduce to 


d& dX I D 

dt B 3* er 3 »3 E m ! Pras (£, n), 

d ô LS . 

a =P gt hs »3 +n?) QkE, n), (7.2.3) 


where for any positive integer k, 


Peas (£, n) = (AE? + 37?) Xx43 (6,0) + (A — 3)En Yess (6,0), 
Qr lé, n) = (An? + 867) Yk41 (E, 0) + (A — 3)&n Xia (E, m) (7.2.4) 


are homogeneous polynomials of degree k + 3 of x and y. Thus, the study on the 
problems of center-focus and bifurcations of limit cycles for (7.1.1) is transformed 
to the discussion for (7.2.3). 

Notice that the functions on the right hand of (7.2.3) are a special class of (7.1.3). 
Therefore, it makes sense to do new study for this system. 


Remark 7.2.1. The functions on the right hand of system (7.2.3) have the 
following properties: 

(1) There exist two complex straight line solutions € + in = 0 and £ — in — 0 of 
(7.2.3). 

(2) Expanding the two functions of the right hand of (7.2.3) as two power series 
of € and 9, then, every monomial has the degree 3k — 2, k —1, 2, ---. 

(3) As a exponent parameter A of (7.1.1), it becomes a coefficient parameter of 
(7.2.3). Therefore, A appears in all formulas of the focal values and period constants. 
This is different from an analytic system. 
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By using the polar coordinate transformation 


€=pcosd, n=psind, (7.2.5) 
system (7.2.3) becomes 
dp _ À 3 3k 
di^ 3^ 5+) era) | ; 
do > , 
i SCOPE (7.2.6) 
k=1 
From (7.2.6), we have 
5+ > pral) 
Ta E 7.2.7 
oip —ÉREL —. (7.2.7) 
1+ S Wel)" 
k=1 


Obviously, (7.2.7) can become the from (7.1.7) by using the transformation r = 


3 
p. 
For each small po, writing the solution of (7.2.7) satisfying the initial value 


p|e-o = po as p = p(0, po, ô), by using (7.2.3), we have the following lemma. 


Lemma 7.2.1. The solution p = p(0, po, ô) of (7.2.7) has the form 


BCO, po, Ô) = po M o3n41(8, ô)", (7.2.8) 
k=0 
where 
oi(0, ô) =e",  03,,1(0,0) 20, k=1, 2,---. (7.2.9) 


To find the relationship between the k-order focal value 12441(27,0) of (7.1.1) 
and the 3k-order focal value o¢%41(27,0) of (7.2.3), we need the following results. 


Theorem 7.2.1. o6,%41(27,0) and Vək+ı(27,0) are algebraic equivalent, i.e., 


{Vor+1(27,0)} ~ {3o6%41(27, 0) }. (7.2.10) 


Proof. Equation (7.2.7) can be become to the from (7.1.5), by using the transfor- 
mation r = p°. So that, 


(0, o8, 0) = e (0, po, 0). (7.2.11) 
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From (7.2.11), when ro = pj we have 


T(2 0 
Yvan Or} = ee) 


TO 
T, Po, : 
= lle T -l= h + S onler ort) —1 
Po k=l 
—3M ^ osi i (27, 0)r$G(ro), (7.2.12) 
k=1 


where 


2 
1 oo 
G(ro) = =1 + (x o3K+1( (27, 0)r, ri) + 3 bs o3K+1( (27, O)r vi) (7.2.13) 


k=1 k=1 
is a unit formal power series of ro. Thus, (7.2.12 


) and Theorem 2.2.1 give rise to the 
conclusion of this theorem. 


O 


7.3 Focal Values, Periodic Constants and First Integrals of 
(7.2.3) 


By using the transformation 
z=€+in, w-—t-—ig T=it, i=v-l, (7.3.1) 
system (7.2.3)529 becomes 


E 
dz z 


ap à 250) Drala u) = Z(z,w), 


oo 
dw w 


—— — — ——— k-1 i =~ 
TT v- 2 (zw)" Uk+2(z, w) W(z,w), (7.3.2) 


where 


$,(z,w) = (A+ 3)wZy-1(z,w) — (A — 3)zWy-a(z, w), 
Plz, w) = (A+ 3)2We_1(z, w) — (A — 3)wZp_1 (z, w), 
+ 


! 24 


a, (= tx) (7.3.3) 


PAN RS (=. M) iX, (> tx). 


Wels ese (HS Z—W -z) 


We next denote that 


5 asgz^wP, Wy(z,w) => bapw z? (7.3.4) 
a+B=k a+B=k 


7.3 Focal Values, Periodic Constants and First Integrals of (7.2.3) 211 
Let up be the k-th singular point value of the origin of system (7.3.2), Te be the 
k-th period constant, k = 1,2,---. By the properties of system (7.3.2), we have 


Lemma 7.3.1. For system (1.3.2), we have 
{use-1} = (0, {wor-2} = {0}, ei) = 0), (r2) = (0). (7.3.5) 
From Theorem 7.2.2 and Theorem 2.3.1, we obtain 
Theorem 7.3.1. 
{vo~41(27,0)} ~ {306%41(27,0)} ~ {3impsx}. (7.3.6) 
Denote that 
T(ro) =r (: - 3) f (73:7) 
k=1 


where 7 (ro) is given by (7.1.10). Thus, (7.1.10), (7.2.11) and (7.3.7) follow that 


T(e8) = (: : >. ns -[ ——*—_.._ «88 
= © 14 M Yr+2(0)5™ (0, po, 0) 
k=1 
From (7.3.8) and Theorem 4.1.2, we have 
Theorem 7.3.2. 
{Tox-1} ~ {0}, {Tox} ~ imi (7.3.9) 


Definition 7.3.1. For A > 0 (< 0), Toy is called k-th period constant of the 
origin (the infinity) of system (1.1.1)5—o. 


From Theorem 7.3.2, we know that 


Theorem 7.3.3. For \ > 0 (< 0), the origin (the infinity) of system (7.1.1)s=0 is 
an isochronous center, if and only if the origin of system (7.2.3)s=0 is an isochronous 
center. 


'Theorem 2.3.5 implies that 


Theorem 7.3.4. For system (1.3.2), one can derive successively the terms of 
the following formal series 


M(z,w) = S Malen) (7.3.10) 
k=0 
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where 


Mak(z,w)— M. cagz*w? (7.3.11) 
a+p=3k 


is a 3k-degree homogeneous polynomial in z, w and 


coo = 1, C3k,3k = 0. k= 1, 2; EL" (7.3.12) 
such that 
(MZ) O0(MW) < f ái 
== = k + 1) ps, oA 
dz Bu »- + 1)usy (zw) (7.3.13) 
In addition, 
Uus) ~ {usk}. (7.3.14) 


Similar to Theorem 2.3.6, we have 
Theorem 7.3.5. When a #4 B, Cag in (7.3.11) are given successively by 


4 (a+6+6) 
2 { [2A+ (A+ 3)a + (à — 3)8 ] ak j—1 


k+j=3 


[ 2A t (A 3)a t (A t 3)8 | bj k i} Ca—2k—j+3, 8—24j—k--3 (7.3.15) 


and for any positive integer m, u^, in (7.3.13) are given successively by 


2m-4-2 
À 


£ 
H3m = 3 » (@k,j-1 — bj,k-1)C3m-2k—j43, 3m—2j—k+35 (7.3.16) 
k+j=3 


where for k <0 or j <0, we take Ckj = akj = bi = 0. 
From Theorem 4.2.1 and Theorem 4.2.3, we obtain 


Theorem 7.3.6. Suppose that the origin of system (7.3.2) is a complex center, 
then one can derive successively the terms of the following formal series 


f(z,w) = Pa 5 Copz^ wP, (7.3.17) 


k=0 a+6=3k 
where cogo = 1, cagay — 0, k — 1, 2, ---, such that 
df Z < / 3m 
dT f+ z Tam (ZW). (7.3.18) 


ve PI "C C _ 
In addition, T} = 73, and for all positive integer m, when T3 = 7$ mii me 


0, we have T4,, = Tam- 
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Theorem 7.3.7. In Theorem 7.3.6, for all pairs (a, B) with a 4 B, Cag is given 
successively by 


3 (a+8+6) 


y | Ala 8-3k — 3j 4 Ta De) 
k+j=3 


TE 
6(8 — o) 


Cog = 


+3(a — B — k +j + 1)(akj—1 + bj,k—-1)| Co-2x—j43, B-2j—-k3; (7-3-19) 


and for all positive integer m, 75,, is given successively by 
2m-4-2 
Tám = 3 XO [36m — 3k — 3j + 7) (ak j-1 — 651) 
k+j=3 
+3(1 — k + j)(ax,j-1 + 5j,h-1)] Cam—2k—-j+3, 3m—2j-k+3, — (7.3.20) 


in which for k <0 or j <0, we take cy; = akj = byj = 0. 


Clearly, Theorem 7.3.5 and Theorem 7.3.7 give two recursive formulas to deter- 
mine the focal values and period constants of (7.2.3)s=9. It can be realized easily 
by computer program. 

From the peculiarity of system (7.3.2), the origin of system (7.3.2) is a complex 
center, if and only if there exists a first integral F(z, w) of the form 


F(z,w) = zw >> Fay (2, w), (7.3.21) 
k=0 


where Fo(z,w) = 1, F3ķ(z, w) is a homogeneous polynomial of degree 3k in z and 


w, k = 0, 1, ---. In addition, 5 F3,(z,w) are analytic in a neighborhood of the 


k=0 
origin. 


Let F(z,w) = F?(z,w), we have 


Theorem 7.3.8. The origin of system (7.3.2) is a complex center, if and only 
if for any non-zero constant s, there exists a first integral F(z,w) of the form 


F(z,w) = (zw)? 5 xtd) (7.3.22) 
k=0 
where Fo(z,w) = 1, F3n(z,w) is a homogeneous polynomial of degree 3k in z and 
w, k = 0, 1, ---. In addition, S hee) are analytic in a neighborhood of the 
origin. = 


Theorem 7.3.8 implies the following result. 
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Theorem 7.3.9. For A > 0 (< 0), the origin (the infinity) of system (7.1.1)s=0 
is a center, if and only if there exists a first integral in a neighborhood of the the 
origin (the infinity) having the form 


ü- 


(x? +y?) zh Hsk(z,y), (7.3.23) 


H(z, y) = (2? + y?)* 


Me 


x 
ll 
o 


where s is a non-zero constant, Tay(z,y) = Far(a + iy, x — iy) is a homogeneous 
polynomial of degree 3k in x and y, k = 0, 1, ---, Ho(a,y) = 1. In addition, 
oo 


5 H3k(x,y) are analytic in a neighborhood of the origin. 
k=0 


7.4 Singular Point Values and Bifurcations of Limit Cycles of 
Quasi-Quadratic Systems 


In this section, we consider quasi-quadratic systems 


da at 

r = ôx +y + (a? +y) * Xo(2,y), 

gic A E 7.4.1 
a F y+ (x +y’) 2(£,y), (7.4.1) 


where 


Xo(a, y) = A07? + Aiixy + Ao2y^, 
Yo(z, y) = Boor? + Bizy + Bozy?. (7.4.2) 


By using (7.2.1), (7.4.1) becomes 


E c De- na FOE! + 3n?) XalE m +  — BENYEN) 
K cte nt IOP + 3YE m +A- Sexo). (T43) 


Transformation (7.3.1) makes (7.4.3) become 


a (1 5 >) z + ŽIA + 3)wZ2(2, w) — (à — )2Wa(zs 


dT 3 
w =— (1 4 >) w— ral + 3)zWa(z,w) — (A -—3)wZo(z,w)], (7.4.4) 


where 


2 2 
Zo(z, w) = a»oz^ + a112w + aga w^, 


Wa(z, w) = bagw? + biıizw + 59227. (7.4.5) 
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The coefficients of (7.4.4) and (7.4.1) have the following relations 
1 ; 
az = 4[(Bzo — Anı — Boz) — i(Azo + Bii — A02)], 
1 ; 
b20 = q|(B2o — A11 — Boz) + i(A20 + Bir — Aoz)], 
1 : 
a1 = 5 [(Bzo + Boz) — (Azo + Aoa)], 
1 . 
bu = z (B20 + Bo2) + i(A20 + Aoz)], 
1 : 
ao2 = 7 [(B20 + Aii — Boa) — i(Azo — Bii — Aoz)], 
1 : 
bo» = 1B» + Aui — Bog) + i(A20 — Bii — Ao2)]. (7.4.6) 


'The recursive formulas to compute the singular point values of origin of system 


(7.4.4)52o have been given by [Liu Y.R., 2002], in which we know that 


Theorem 7.4.1. The first 18 singular point values at the origin of system 


(7.4.4)5=0 are given by 


A(b20b11 = a20411) 


H3 = BERT GNE. 
_ Ag 
a n 
[60H + (A? — 10\ — 51)ao2b02)] A1 — (A — 1)(A + 3)ao2b02 A3 
H9 = À 11 D 
52 

L ZAA - 1) + 9)g OJatsboo Ai 
pa 2073600 i 

MA — 1)(5A2 + 6A + 81) [24216192000 Jo + 92 (4)a85085] ao2b02A1 
2m 608662978560000 ! 


=A - 1)(A  9)gs(A)ado bio A 


#18 = 172345713609765019484160000 ' 


where 


gi(A) - 91? — 326A — 3057, 
ga (4) — 3719329667? — 4236625226A — 85125314061, 
g3(A) —114059407179219568146253A + 499405812207464098577649, 


(7.4.7) 
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H = (a20 + b11)(b20 + a11), 

Jo = (a20 + b11)? a2 + (b20 + a11)%bo2, 

A; =[(A — 1)a2o — (A + 1)b11]?(2a20 — b11)ao2 

(A — 1)b29 — (A + Lari]? (2029 — a11)bo2, 

A3 —[(^ — 1)a2o — (^ + 1)b11][(4 — 3)a2o — (A + 3)b11](2a2o — b11)ao2 

(A — 1)ba9 — (A + 1)a1][(A — 3)b20 — (A + 3)a11](2b20 — a11)bo2, 
A3=[(A — 3)a20 — (A + 3)b11]? (2a20 — b11)a02 

(A — 3)b20 — (A + 3)a11]? (2029 — a1) bor. (7.4.8) 


Theorem 7.4.1 follows that 
Theorem 7.4.2. The origin of system (7.4.4)s=0 is a 18-th weak singular point 
if and only if the following conditions hold: 
(A = 3)a20 = (A + 3)bi1 = (A = 3)b20 d (A + 3)a11 = 0, 


—(A2 — 10A — 51) 
H = ——————— 
60 


550918368000 Jo + (206742143969A + 905896803117) agobeo =0, 
gi(A) =0, Araorbo2 7 0. (7.4.9) 


Proposition 7.4.1. If system (7.4.3)s=0 is a real autonomous differential sys- 
tem, then it is impossible that the origin is the 18-th weak focus point of the real 
system (1.4.3)5—o. 


ag2bo2, 


Proof. Let system (7.4.3)s=0 be a real autonomous differential system. We have 
from (7.4.6) that 


b20 = G20, b11 = G11, boo = doa. (7.4.10) 


Therefore, (7.4.10) follows that 


doabo2 > 0, H>O, <0, (7.4.11) 
where 
Io = (a20 + b11)?ao2 — (b20 + 11)? boa. (7.4.12) 
Equation gi(A) = 0 has two roots 
163 — 76189 163 + v 76189 
ee, lucem (7.4.13) 
91 91 
We have from (7.4.9) that 
—11738 
H| =), = ————————— ao2b02 < 0, 
^-^ = 35917. 146 /76189 (02 
2(29917 + 1464/76189 
H|x2x,-— pA E ao2bo2 > 0. (7.4.14) 


124215 
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From (7.4.11) and (7.4.14), we have A Z A1. When A = As, we have 
PE = Jo = AH ag2bo2 


. 8704882981322555563249793A2 + 3735555 1065521106746838369 


4 14 
bt, > 0. 
6904876346545072896000000 02002 > 


(7.4.15) 


This result is in contradiction with (7.4.11). Hence, it gives rise to the conclusion of 
this proposition. O 
From the Theorem 7.4.1, it is easily proved that 


Theorem 7.4.3. The origin of system (7.4.4)s=0 is a 15-th weak singular point 
if and only if the following conditions holds: 


(A — 3)a2o — (A + 3)bi4 = (A — 3)b20 — (A + 3)ai1 = 0, 


2(29917 + 1464/76189) 
124215 


(24216192000 Jo + g»(A)ag3 bio )ao2002 1 Æ 0. (7.4.16) 


A2», H= ao2bo2; 


The conditions of Theorem 7.4.3 can be realized in real domain. The following 
conclusion are given by [Liu Y.R., 2002] 


Theorem 7.4.4. For system (1.4.3), if 


163 + 2/776189 
azo = 039 =A+3, G11 — 011 = A — 3, oe , 
305710 à —3057V 10 à 
02 =, = ———————————, (7.4.17) 


V/107059 + 1162/76189 ` /107059 + 1162/76189. 


then, the origin of system (7.4.3)s=0 is a stable 15-th weak focus point. By small 
perturbation, there exist 5 limit cycles in a sufficiently small neighborhood of the 
origin. 


7.5 Integrability of Quasi-Quadratic Systems 


We know from Theorem 7.4.1 that 


Theorem 7.5.1. For system (7.4.4)s=0, the first 18 singular point values are 
zero if and only if one of the following 10 conditions are satisfied: 
Cı: 2a29 — b11 = 2039 — a11 = 0; 
4290011 = b20b11, |2a20 — b11| + |2b20 — a11| 4 0, 
C2: G39 Q02 = b3qbo2, 59611402 = b20411b02, 


2 2 3 du: 
a29b1,a92 = b29a1,b92, 0,402 = 441 bo2: 
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C3: A=1, ay = bir =0; 
C4: A=1, a2 + 2611 = b29 + 2a11 =0, 11011 = 02002; 
C5: A=3, ay = b11 = a20 = Ao2 = 0, b20b02 Æ 0; 
Ce: A=3, by 411 = b20 = 092 = 0, ag0a02 Æ 0; 
eu | (A — 3)azo — (A+ 3)b11 = 0, 
b20 = a11 = bog = 0, (A — 3)ao2 Æ 0; 
e | (A — 3)bo0 — (A+ 3)a11 = 0, 
a20 = b11 = ao? = 0, (A — 3)boa 7-0; 
"n | (A — 1)aao — (A+ 1)b11 = (A — 1)b2o — (A+ 1)a11 = 0, 
bo — 0, (A4- 3)(A — 1)ao2 0; 


Gs Q02 = 0, (A + 3)(A = 1)bo2 + 0. (7.5.1) 


Proposition 7.5.1. When Cı holds, there exists the integral factor of system 
(7.4.4)5=0 as follows: 


C? . l (A = 1)a20 = (A E 1)b = (A = 1)b20 = (A E 1)au = 0, 


Mı = (zw) ![6 + (3 — A) (bo? + 3a2oz?w + 3b39w?z + aogw®)|~*. (7.5.2) 


Proposition 7.5.2. When C2 holds, the coefficients of the right hand satisfy the 
conditions of the extended symmetric principle. 


Proposition 7.5.3. When C3 holds, there exists the integral factor of system 
(7.4.4)5—o as follows: 


M3 = z?u? 1 + 2zw(azoz t boow) I (as, I 059092) zu? 
2 


+3(a20b20 x 02092) z? w? a (b20 + azoao2)W z 


+(a20b20 — ao2b02)(bo22? + a2922w + bow? z + agyw?)z?u?] 1. (7.5.3) 


Proposition 7.5.4. When C4 holds, system there exists the integral factor of 
system (7.4.4)5=0 as follows: 


z2u? 


M3 ——————————————————————. (1.5.4) 
(1—2b1122w —2a11w? z — a110932*u? 4-2a1103112?w? — 01109522)? 
Proposition 7.5.5. When one of Cs and Cz holds, there exists the integral 
factor of system (7.4.4)s=0 as follows: 
1 —2(bo223 + ag2w®) 
Proposition 7.5.6. When one of Ce and C$ holds, there exists the integral 
factor of system (7.4.4)s=0 as follows: 


A+9 


-3 6 3 22 ER 
Ms; = (zw) 323 + bo2z? + an2w : (7.5.6) 
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Proposition 7.5.7. If one of Cz and C7 holds, then system (7.4.4)s=0 is lin- 
earizable in a neighborhood of the origin. 


Proof. When C7 holds, system (7.4.4)s=0 becomes 


dz 2 1 A+3 

dT = zZz + 3 (a20 + bii) hw + 3 (b20 + a1) 2?w* + a922W?, 

d A—3 2 1 

= =W f 6 a921w* = 3 (520 + a11)w?z = 3 (420 + bi1)w?z?. (7.5.7) 


We see from Theorem 1.6.7 that system (7.5.7) is linearizable in a neighborhood of 
the origin. Similarly, we can prove that if C7 is satisfied, then system (7.4.4)s=o is 
also linearizable in a neighborhood of the origin. Oo 


Theorem 1.8.28, Theorem 7.5.1 and Proposition 7.5.1 ~ Proposition 7.5.7 imply 
that 
Theorem 7.5.2. The origin of system (7.4.4)s=0 is a complex center, if and 


only if the first 18 singular point values are all zero, i.e., one of the 10 conditions 
in Theorem 7.5.1 is satisfied. 
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The first 18 singular point values of the origin of system (7.4.4)5-o are all zero if 
and only if one of the 10 conditions of Theorem 7.5.1 is satisfied. In this section, we 
shall solve completely the problem of complex isochronous centers of the origin for 
system (7.4.4)5=0. 


7.6.1 The Problem of Complex Isochronous Centers Under the Condi- 
tion of Cy 


When condition C; holds, system (7.4.4)5-0 becomes 
dz A-3, 4 A-9 3 


9 A+ 
dT —Z— —$ "oz = a207 wW + booz? w? + ag2w*z, 
d A—3 A-9 A+9 A+ 3 
E = Ws a92w* + bogow’ z = = a39w^ z? = x bogwz?. 
(7.6.1) 


Using Theorem 7.3.5, we have 


Lemma 7.6.1. The first 15 period constants of the origin of system (7.6.1) are 
given by 


—1 
T3 — -g (a02b02 + 94292039) (4 + 3), 


—1 
Tg ~ > (020002 + b3obo2 — 9a20b20) (A + 1)(A + 3)(A +9), 
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3 
To ~ 3; 020b20(a20002 + b3obo2) (A + 3)(A + 6) (A + 15) (2A + 3)(5A + 3), 


—21 
Ti2 ~ 155 0200294 +1)(A + 3)(A + 9)(3593? + 2010A + 3231), 

—64 
ris ~ a alb Q^ 3) (820A + 819). (7.6.2) 


This lemma follows that 


Lemma 7.6.2. The first 15 periodic constants of system (7.6.1) are all zero if 
and only if one of the following 7 conditions is satisfied: 

Cy: A—-3; 

Ci2: a20 = bo2 = 0; 

Cia: b20 = aoa = 0; 

Ci3: a20 = 492—0, A—-—1; 

CÌ: 099—592 = 0, A=-—1; 

Ci4: a20 = à92 = 0, =-9; 

Cia: be = bo2 =0, A——9. (7.6.3) 
Proposition 7.6.1. if Ci; holds, then the origin of system (7.6.1) is an isochronous 


center. 


Proof. When Ci; holds, system (7.6.1) becomes 


d 
T = 2(1 + 6922? + 2a592?w + boo zw? ), 
dw | u 3 2 2 
ar w(1-F agauw" + 2059w^z + asowz*). (7.6.4) 
It has the first integral 
3,3 
= (7.6.5) 


1+ bo222 + 3a29z2w + 3059w? z + ag2w? B 


Let z = re?, w= re- 9, T = it. (7.6.5) becomes 


r’ = cg(0) + ye + ?g?(0), (7.6.6) 
where 
1 F , ' : 
g(0) = 5 (boe? + Sugge'" + 3ba9e-” + aoze’). (7.6.7) 
Thus, system (7.6.4) follows that 
dt 1 cg(0) 
L-—L———-j-————. 1.6.8 
dð  1l-g(0)r? c+ c?g?(0) ) 


2m dt 
Hence, we obtain J — dd = 2m. Li 
o d0 
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Proposition 7.6.2. If one of Cig and Cy, holds, then the origin of system 
(7.6.1) is a complex isochronous center. 


Proof. When Cis holds, system (7.6.1) becomes 


dz A+9 A+3 

m~ + $ boo2?w? + agazw^, 

d A—3 A—9 

TT eyes agow? + bao? z. (7.6.9) 


According to Theorem 1.6.8, system (7.6.9) is linearizable in a neighborhood of the 
origin. So that, the origin of (7.6.9) is a complex isochronous center. Similarly, if 
CT» holds, the same conclusion as the above is true. m 


Proposition 7.6.3. If one of C43 and Cys; holds, then the origin of system 
(7.6.1) is a complex isochronous center. 


Proof. When Cia holds, system (7.6.1) can be reduced to 


dz 2 4 

dT = z + 30022" + g 202 w?, 

dw 5 1 

dr —w-— 3 20w^z — zto2wz”. (7.6.10) 


By the transformation 


—1 
9 E 
€ = 2 (1 + 2b59w? z) (1 + FILLE + haze?) ; 


1 


6 


- 2 
n= w (1 + 2b39zw?) : (: + 30022" + 3b?) ; (7.6.11) 


system (7.6.10) can be linearized. So that, the origin of (7.6.10) is a complex 
isochronous center. The same conclusion is true for the condition CT;. oO 


Proposition 7.6.4. If one of C44 and CT, holds, then the origin of system 
(7.6.1) is a complex isochronous center. 


Proof. When C44 holds, system (7.6.1) becomes 
D (1 + 25952?) a (1 + 3bo9w?z — bo22°) (7.6.12) 
dT =z 022 ), dT =W 200 Z 022 J. .9. 
By the transformation 


1 


a = z(1 + 209223) 3, 
n = w(1 + 2bo22)3 (1 + 6bopw?z + 209523) =, (7.6.13) 


system (7.6.12) can be linearized. So that, the origin of system (7.6.12) is a complex 
isochronous center. The same conclusion is true for the condition CT,. o 
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To sum up, Proposition 7.6.1 ~ Proposition 7.6.4 follow that 


Theorem 7.6.1. The origin of system (7.6.1) is a complex isochronous center if 
and only if the first 15 period constants are all zero, i.e., one of the seven conditions 
in Lemma 7.6.2 is satisfied. 


7.6.2 The Problem of Complex Isochronous Centers Under the 
Condition of C2 


Write that 2a99—011 = B, 2b29— a11 = A. When Cù is satisfied, there exist constants 
p and q, such that 


a20 = pf, bz — po, ao2= qo), boz = qf. (7.6.14) 


In this case, system (7.4.4)529 becomes 


d 1 1 
wate "um 3)g83 (24 z6 9p — r + pr)Bz?w 

1 1 

| z 3--9p — r 4- pr)az?u? + gl" + 3)ao zw? 

dw 1 3 4,1 3 
dT —w + gv - 3)go w + (3 — 9p — r- pr)ow z 

1 1 

a! 3+ 9p -r + pr) Bw2? — z8 trap we". (7.6.15) 


By calculating period constants, we have 


Lemma 7.6.3. The first 12 period constants of the origin of system (7.6.15) are 
all zero if and only if one of the following 8 conditions hold: 


C: p=5, q=0, aß #0; 

C22: q=0, —1+ 3p-— A+ pA = 0; 

Cn: p=5 a= 5G À= af £0} 

Coa: "-— p22, A—-1, a8 Z0; 
10 10a 
5 —1 

Cas : P—1iy Faye t aß # 0; 

Cog a E A=1, aß #0; 
20° 20a , l 

Coz: =Q; 

C3: a=0 (7.6.16) 


Proposition 7.6.5. If C»; holds, then the origin of system (7.6.15) is a complex 
isochronous center. 
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Proof. When C21 holds, system (7.6.15) becomes 


dz - 1 2 2 

3p g^ (9 + A82 w — Aozu^), 

dw 1 2 2 

ap^ -gv (0 + aw’ z — Affwz*). (7.6.17) 


3 


true. m 


dO : tiles ns 
Let z = re”, w = re ??, T = it. We have q^ 1. Thus, this proposition is 


Proposition 7.6.6. If C»» holds, then the origin of system (7.6.15) is a complex 
isochronous center. 


Proof. When C5» holds, system (7.6.15) becomes 


Z = 2+ Sp — 1f + ou) z?u, 
w =-w- 5 (3P — 1)(2aw + Bz)u?z. (7.6.18) 
Let 
E= zf fi, n=wh hy (7.6.19) 
where 
Rh-1-(3p-1)82w, fa—1-(3p- l)ozw?. (7.6.20) 


By using (7.6.19), system (7.6.18) can be linearized. It follows the conclusion of this 
proposition. Li 


Proposition 7.6.7. If C23 holds, then the origin of system (7.6.15) is a complex 
isochronous center. 


Proof. When C23 holds, system (7.6.15) becomes 


dz Bzw  o?zw? dw auw?z B?wz? 
NES Mato UE —— : 1.6.21 
ap 4 2B * gP- 7" 3 * $a ( ) 


3 


System (7.6.21) has the following function of the time-angle difference: 


_ (aw — Bz)%i 
erc 1208 


By Theorem 4.4.4, the conclusion of this proposition holds. O 


Proposition 7.6.8. If C24 holds, then the origin of system (7.6.15) is a complex 
isochronous center. 
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Proof. Suppose that the condition C54 is satisfied. Then system (7.6.15) becomes 


a = 3545 8008 — 68923 — bafi? z^w + 2007 zu? — 3a*w?), 
a 
dw =W 3.3 2 0 2 2 3,3 
aa 305,5 8008 — 6o" w" — 5ba w z + 2aß wz? — 38?z?). (7.6.23) 


System (7.6.23) has the following function of the time-angle difference: 


i B(5a — 8?z? — aßz?w) 

G2 = - log ———————————.. 7.6.24 
Img o a(58 — o?w? — aBw2z) ( ) 
Thus, Theorem 4.4.4 implies the conclusion of this proposition. O 


Proposition 7.6.9. If C25 holds, then the origin of system (7.6.15) is a complex 
isochronous center. 


Proof. Suppose that the condition C25 is satisfied. Then, (7.6.15) becomes 


d 
= = 55,5 (3608 — 8832? + 8a 9? z?w + Bo? zw? — baw’), 
dw w 3,,3 2,2 2.22 3,3 
rim “ga Pad 90 w? + 88a w z + ab wz" —60"z^). (7.6.25) 
There exists a transformation 
loin 2 lol 
E= fife. noufi fs. (7.6.26) 
where 
B22 Bzw azw? 
fg =1 pL e 
12a 6 12 
auw? aw?z 22 
MEDINA 
128 6 12 
2827 2 2 
fs=1+ pz” w ale ci ; (7.6.27) 
3 3 
such that (7.6.25) reduces to a linear system. This gives the conclusion of the 
Proposition 7.6.9. L1 


Proposition 7.6.10. If Cos holds, then the origin of system (7.6.15) is a complex 
isochronous center. 


Proof. Suppose that the condition Cg is satisfied. Then, (7.6.15) becomes 


d 

T = m ger + 362? + 80672z?w — 5Bo? zw? + 6a?w?), 
a 

dw w 


dT ^ 60aB (6008 + 3a?w? + 8Bo?w?z — 5aG?wz? + 68323). (7.6.28) 


7.6 Isochronous Center of Quasi-Quadratic Systems 225 


There exists a transformation 


ba E oo (7.6.29) 
where 
F Bz zw  azw? 
emite * 10 ^ 20 ^ 
ow? aw?z | Bwz? 
eit 4 , 
206 10 20 
8z?w azw? 
=1+ + 7.6.30 
fs 5 5 , ( ) 
such that (7.6.9) reduces to a linear system. This gives the conclusion of the Propo- 
sition 7.6.10. o 


Proposition 7.6.11. If one of C»; and C3, holds, then the origin of system 
(7.6.15) is a complex isochronous center. 


Proof. Suppose that the condition C»; is satisfied. Then, system (7.6.15) becomes 


dz 1 

iz e 3-- 9p — à + pA)oz?w? + S + A)ga® zu? 

dw ; $;1 3,4 

ap Yt g (3 9p — A+ pA)azw? + zl 3 + A)gow. (7.6.31) 


According to Theorem 1.6.8, system (7.6.31) is linearizable in a neighborhood of the 
origin. So that, the origin of (7.6.31) is a complex isochronous center. Similarly, we 
can prove that the origin of system (7.6.15) is also a complex isochronous center, if 
C37 holds. Li 


'Thus, Proposition 7.6.5 ^ Proposition 7.6.11 imply that 


Theorem 7.6.2. The origin is a complex isochronous center of system (1.6.15) 
if and only if the first 12 period constants of the origin are all zero, i.e., one of the 
8 conditions holds in Lemma 7.6.3. 


7.6.3 The Problem of Complex Isochronous Centers Under the Other 
Conditions 


If C3 holds, we can figure out that the third period constant of the origin of system 


—4 
(7.4.4)5=0 is Ta = -g 202b02. Thus, we have 


Lemma 7.6.4. If condition C3 holds and T3 = 0, then one of the following 
conditions holds: 
C31: A=1, aj = b1 = boz = 0; 
C31 e 1, 11 = bii = 002 = 0. (7.6.32) 
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Theorem 7.6.3. If one of C3, and C3, holds, then the origin of system (7.4.4) 5=0 
is a complex isochronous center. 


Proof. If C31 holds, then system (7.4.4)5-o9 becomes 


d 

= = ZG + 2a3927w + boo zw + 2ag2w?), 

d EN. 

a B xut + aggw? + 2bogw?z + agowz?). (7.6.33) 


According to Theorem 1.6.7, system (7.6.33) is linearizable in a neighborhood of the 
origin. So that, the origin of (7.6.33) is a complex isochronous center. Similarly, we 
can prove that the origin of system (7.6.1) is also a complex isochronous center, if 
C3, holds. o 


If C4 holds, we can figure out that the third period constant of the origin of 
system (7.4.4)5=0 is T3 = łao2bo2. Thus, we have 


Lemma 7.6.5. If condition C4 holds and T3 = 0, then one of the following 
conditions holds: 


C41: az = b11 = bo2 = 0, b29 + 2a11 = 0, A= 1; 
Cj: b20 = a11 = Go2 = 0, azo + 2611. = 0, A= 1; 
C423: b20 = a11 = bo2 = 0, azo + 2611 = 0, A= 1; 
Co: G20 = b11 = ao2 = 0, b20 + 2a11 = 0, A= 1. (7.6.34) 


Proposition 7.6.12. If one of C41 and Cj, holds, then the origin of system 
(7.4.4)5<0 is a complex isochronous center. 


Proof. If C41 holds, then system (7.4.4)5-o9 becomes 


dz Z 

dT — 38 + 2ag2w?), 

d = 

= = zu + aow? — 3ayizu?). (7.6.35) 


According to Theorem 1.6.8, system (7.6.35) is linearizable in a neighborhood of the 
origin. So that, the origin of (7.6.35) is a complex isochronous center. Similarly, we 
can prove that the origin of system (7.6.1) is also a complex isochronous center, if 
Cy, holds. L1 


Proposition 7.6.13. If one of C42 and Cj, holds, then the origin of system 
(7.4.4)5=0 is a complex isochronous center. 
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Proof. If C42 holds, then system (7.4.4)5-9 becomes 


dz 


2 1 
77,208 z — buzw4 zozu", a = w + aput. (7.6.36) 


dT 3 


There exists a transformation 


=a 
2 


2 ER 
E= zf? fio N= whi > (7.6.37) 


where 
1 
fo=1-—- 2b11z?^w — a0201122w*, fio=1+ ztou", (7.6.38) 


such that (7.6.36) reduce to a linear system. Hence, the origin of system (7.6.36) 
is a complex isochronous center. Similarly, we can prove that the origin of system 
(7.4.4)5=0 is also a complex isochronous center if C7, holds. O 


From Lemma 7.6.5, Proposition 7.6.12 and Proposition 7.6.13, we have 


Theorem 7.6.4. Suppose that the condition C4 is satisfied. Then, the origin 
of system (7.4.4)s=0 is a complex isochronous center, if and only if one of four 
conditions in Lemma 7.6.5 holds. 


Theorem 7.6.5. If one of Cs and CZ holds, then the origin of system (7.4.4)5=0 
is a complex isochronous center. 


Proof. Suppose that the condition C5 is satisfied. Then, (7.4.4)5-9 becomes 


dz dw 
cue. ape —w(1 + bozz? + boozw?). (7.6.39) 
There exists a transformation 


ud 


£—z, v—wfil, (7.6.40) 


where 


fu =(14+ Qoozw2)es boa 2? + 4baobozz?u? | ze $m dz, (7.6.41) 

0 
such that (7.6.39) reduce to a linear system. Hence, the origin of system (7.6.39) 
is a complex isochronous center. Similarly, we can prove that the origin of system 
(7.4.4)5=0 is also a complex isochronous center if CZ holds. D» 


Theorem 7.6.6. If one of Ce and Cë holds, then the origin of system (7.4.4)5=0 
is a complex isochronous center. 
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Proof. Suppose that the condition Cs is satisfied. Then, system (7.4.4)5-9 becomes 


O lp m b T MN LU E 
dT — 1-3 11 6 022U , 
dw A—3 
sp aozw*. (7.6.42) 
There exists a transformation 
lili EH 
E= zf hg, "u-—wfjà, (7.6.43) 


where 
fiz =6- (A = 3)ag2w®, 


A+9 24 w 18—2A 
bzw) i + SAGAL] P ausu? | wf” dw, 
er 
(7.6.44) 


24A 
fiz = (fio + Xm 


such that (7.6.42) reduce to a linear system. So that, the origin of system (7.6.42) 
is a complex isochronous center. Similarly, we can prove that the origin of system 
(7.4.4)5=0 is also a complex isochronous center if C holds. Li 


Finally, when one of C7 and C7 holds, Proposition 7.5.7 gives directly rise to the 
conclusion that the origin is a complex isochronous center. 

From tha above discission, we know that the isochronous center problem of the 
quasi-quadratic systems have been solved completely. 


7.7 Singular Point Values and Center Conditions for a Class 
of Quasi-Cubic Systems 


Consider the following quasi-cubic systems 


dz A =i 

3p (1 —id)z+ (zw)^ Za(z, w), 

dw ; PEL 

aa —(1 + dó)w — (zw)^-! Wa(z, w), (7.7.1) 


where 


2 2 
Z3(z,W) = aao? + a312?w + a12zu? + agaw?, 


W3(z, w) = b3ow? + boi wz + biowz? + bo3z?. (7.7.2) 
By the transformation z= x + iy, w = x — y, T = it, system (7.7.1) becomes 
dax 
dt 
dy 2 2)\-1 
wet ute ty) Yala, y), (7.7.3) 


= —y + ôx + (x? y?) X(x, y), 
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where X3(x, y), Ya(r, y) are homogeneous polynomials of degree 3 of x and y. By 
using the transformation (7.2.1), system (7.7.3) becomes 


d OX 
E De ntie +) PoE), 
s =€4 an Le 1° )Qs(£, m), (7.7.4) 


where 


P5(E,9) = (AC? 35?) Xa(£, n) + (A — 3)EnY3(E, m), 
Qs(£,n) = (An? + 3€7)¥3(E, n) + (A — 3)€nX3(E, n). (7.7.5) 


The associated system of system (7.7.4) is given by 


dz _ (1 = = z + 52? wbs(z,u), 


dT 3 
dw idr Iry 
r~ (1 + >) wg 2U5(z,w), (7.7.6) 


where 


W5(z,w) = (A+ 3)2Wa(z, w) — (A — 3)wZs(z, w). (7.7.7) 
Theorem 7.7.1. The first 27 singular point values at the origin of system 
(7.7.6)s=0 are given by 


1 


Ha = 3^ en — b31), 


1 
He ~ 3A(bs0b12—a30012), 


1 
H9 ~ —A(2A; — AA), 


24 
1 
Hi2 ~ 5g (a2 + bo1)At, 
1 
Hi5 ~ ggg ^ B(a3o + b12) (bo + a12) + (à? = À — 8)ao3bo3]A1, 
His ~ 0, 
l i j 2 ,2 
Hi ~ 3eggg^ A Z DOA — 8)(5A + 13)aĝsb0341, 
—7 
H24 ^v mp = 1)ao3b03JoA1, 
121 


Har ~ rsgoagoo^ Ò T NBA - 8)acsb0sA1, (7.7.8) 
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where 
A = (3aao — b12)(a30 + b12)a03 — (3030 — @12)(b30 + a12)bo3, 
A2 = (azo — 012) (3a3o — b12)ao3 — (3030 — a12) (bo — a12)bos; 
Jo = (aao + b12)^a03 + (bso + a12)? bos. (7.7.9) 


Theorem 7.7.2. The first 27 singular point values of system (1.1.6)5-9 are zero, 
if and only if one of the following 6 conditions is satisfied: 


Cı: az — 21 — 0, 3aao — b12 = 3039 — a12 = 0; 


" 421 = b21, 30012 = b30b12, 439403 = b30b03, 
2: 
a30b12403 = 039012003, ^ b15a93 = ai5bos; 
e = 1, a21 = b21 = 0, ao3bo3 = 4a12b12, 
25 a30 + ~ = b30 + 3012 = = 0; 
-$ a21 = 021 = 0, azo — Tb15 = b30 — Ta12 = 0, 
Cy: 
ae + ajgbo3 = 0, agsbos = 144a12b12, ao3bo3 # 0; 
Cs: b30 = a12 = bos = 0, 
A — 2) Jaao — (A + 2)b12 = 0; 
a b a 0, 
c? ee eae (7.7.10) 
a — e E (A T 2)a12 = 0. 


Proposition 7.7.1. If Cı holds, then system (7.7.6)s5=0 has the integral factor 
Mı = (zw) gr", (7.7.11) 


where 


—2 
1 ZW [bo3z" + 4a392?w + (azı + b51)22w? + Ab3ow? z + agow*] : (7.7.12) 


Proposition 7.7.2. If C5 holds, then the coefficients of the right hand of system 
(7.7.6)5^o satisfy the conditions of the extended symmetric principle. 


À 
g=l= 


Proposition 7.7.3. If Cs holds, then (7.7.1)s=o is an integrable cubic system. 
Proposition 7.7.4. If C4 holds, then system (7.7.6)5<o has the integral factor 
Mə = (zw) 3g, (7.7.13) 

where 


1 
42—1-— 3 fu (bosz" + 24b192?w + 24a19zw? + ag3w^) 
1 
—1igg^ " (—3b032" = 240bo3b122 W = 8640b72°w? 
+1296412b032°w? + 130a93b032*w* + 1296a93b12 2? W" 
—8640a2,2?wÓ — 240a3a122w" — 3a24w9). (7.7.14) 
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Proposition 7.7.5. If one of Cs and Cz holds, then system (7.7.6)s=0 has the 
integral factor 


M; = (zw) gs, (7.7.15) 


where 


[i-o 3er) FAA, 
93 = (7.7.16) 


—3 
exp | hus + ausa) , dfA-2. 


Theorem 1.8.26, Theorem 7.7.2 and Proposition 7.7.1 ~ Proposition 7.7.5 follow 
that 


Theorem 7.7.3. The origin of system (1.7.6)52o9 is a complex center, if and 
only if the first 27 singular point values are all zero, i.e., one of the 6 conditions in 
Theorem 7.7.2 is satisfied. 
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Chapter 8 


Local and Non-Local Bifurcations of 
Perturbed Z,-Equivariant Hamiltonian 
Vector Fields 


In order to obtain more limit cycles and various configuration patterns of their rela- 
tive dispositions, we indicated in [Li Jibin etc, 1987-1992] that an efficient method is 
to perturb the symmetric Hamiltonian systems having maximal number of centers, 
i.e., to study the weakened Hilbert’s 16th problem for the symmetric planar poly- 
nomial Hamiltonian systems, since bifurcation and symmetry are closely connected 
and symmetric systems play pivotal roles as a bifurcation point in all planar Hamil- 
tonian system class. To investigate perturbed Hamiltonian systems, we should first 
know the global behavior of unperturbed polynomial systems, namely, determine 
the global property for the families of real planar algebraic curves defined by the 
Hamiltonian functions. Then by using proper perturbation techniques, we shall ob- 
tain the global information of bifurcations for the perturbed non-integrable systems. 
In this sense, we say that our study method is to consider integrally two parts of 
Hilbert's 16th problem. 


8.1 Z,-Equivariant Planar Vector Fields and an Example 


Let G be a compact Lie group of transformations acting on R”. A mapping ® : R” — 
R” is called G-equivariant if for all g € Gand z € R”, ®(gx) = g®(a). A function 
H : R” — R, is called G-invariant function if for all z € R”, H(gx) = H(x). If ® 
is a G-equivariant mapping, the vector field dz /dt = ®(a) is called a G-equivariant 
vector field. 
Consider the (x,y) real planar polynomial system of the degree n 

dx dy 

— = Ed š — _ Y 5 En 

Ti (y) a = Yv), (En) 
where X (z, y), Y (x,y) are real polynomials of x and y with the degree n. Let q be a 
positive integer. A group Z4 is called a cyclic group if it is generated by a real planar 


8.1  Z,-Equivariant Planar Vector Fields and an Example 233 


2 
counterclockwise rotation through Z7. about the origin. Making the transforma- 
q 
tion 
z=a+iy, w-—mc-—idy, T=it 


the system (En) becomes its associated system 


— = -W(z,w), (Ez) 


TL 


where 


W(z,w) =Y(a,y) +iX(2,y) = 5 bogw? zP, (8.1.1) 


and V(a, 3), we have bag = Gag. 
[Li Jibin and Zhao Xiaohua, 1989] proved the following result. 


Theorem 8.1.1. A vector field defined by (E7) is Zg-equivariant, if and only if 
the functions Z(z,w) and W(z,w) have the following form: 
Z(z,w) = 5 gj(zw) wit ! + N h;(zw)zi**1, 
j=l j=0 


W(z,w) = ` gj(zw)z?t! + 5 hyj(zw)wit*? (8.1.2) 
j=l j=0 


where g;(¢) and h;(¢) are polynomials with complex coefficients in Ç. In addition, 
(Ei) is a Hamiltonian system having Z,-equivariance, if and only if (8.1.2) holds 
and 


ƏZ OW _ 
Do mec he (8.1.3) 


Theorem 8.1.2. A Z,-invariant function I(z,w) has the following form: 


I(z,w) = X gww + So hj(zw)2". (8.1.4) 
j=l ju 


Corollary 8.1.1. (1) For the planar polynomial systems of degree 5, all non- 
trivial Zg-equivariant vector fields have the following forms: 


(a) q-— 6, Z(z,w) = (aio + ag31zw a332^w?)z + aow”; 


(b gq=5, Z(z,w) = (aio + aazw 322° w")z + ag4w^; 


(c) q=4, Z(z,w) = (ayo + agi zw + a3322w?)z + (aga + a34zw)w? + agg z^; 
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(d) q=3, 

Z(z,w) = (aio + a21zw + a322?w?)z + (aga + aigzw)w? + aagz* + aggw?; 
(e) q=2, 

Z(z,w) = (aio + agi zw + a322?w?)z + (ag + a12zw + a2322u?)w 


3 3 5 5 
+ (ago + asızw)z? + (aos + a14zw)w” + a502? + aow”, 


where dag are complex. The above Z(z,w) define Z,-equivariant Hamiltonian vector 
fields if and only if 10 — bio = a21 — b21 = Q32 — b32 =0 and 


for q=4, a14 = 5bo5, 
for q=3, 4a13 = 4bao; 


for q=2, a12 3b3o, a23 = 2b41, a14 = 5b50. 


(2) For the planar polynomial systems of degree m—1(m 2 T), when q = m,m — 
1,m—2,m —3, Z,-equivariant Hamiltonian vector fields defined by (8.1.1) have the 
following forms: 

[2]-1 
(ajg — m, Z(z,w) lI DD ag+1,8(zw)? + aom—1w™ +; 
8-0 
[$]-1 
(b)q — m —1, Z(z,w) =z 5 ag+1,e(zw)? E mq s 
8—0 
[$]-1 
Bpod. is) cd m a341,3(2w)? + ao m 127 1 
B-—0 
- [80,3 = (m = 1)bi,m-22w] wns. 


[2]-1 
(djg=m-—3, Z(zw)-z 5 ag41,8(zw)? + aom—22 2 
8—0 
+[ao,m—4 — (m — 2)b1,m—-3zu]w™4, 
where ag+1,e are all real. 
Corollary 8.1.2. System (E>) is Zg-equivariant if and only if: V(a, B), when 
(o — B — 1)/q is not a integer, we have dag = bag = 0. 
Obviously, system (£7) define Hamiltonian vector fields if and only if V(a, 8), 
we have (a+ 1)da41,8 = (B + 1)bg.41,a. 
A group D, is called dihedral group of order 2q which is characterized as the 
symmetry group of the regular q-gon. It is generated by two elements, the (plane) 
rotation by an angle 27/q and a reflection in R?. 


Theorem 8.1.3. A vector field defined by (E*) is Dg-eqiuivariant, if and only 
if all coefficients of the functions g;(zw) and h;(zw) in (8.1.2) are real numbers. 
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'The orbits of Hamiltonian polynomial systems given by Corollary 8.1.1 define 
different families of sextic (m = 6) algebraic curves having Z,-equivariance. One 
of the main questions in real algebraic geometry is to describe what schemes of the 
mutual arrangement (schemes or configurations) of ovals can be realized by curves 
of given degree. By using some Z,-equivariant Hamiltonian systems, we can realize 
a lot of configurations of ovals for planar algebraic curves of degree m. 

As an example, we consider a Zo-Equivariant Planar Vector Fields 


d 
= = Ca + ag? - ay! y), 
d 
= = z(—1 + bx? — ba + 2°), (8.1.5) 
dt 
where b > a > 3. Equation (8.1.5) has the Hamiltonian function as follows: 
Hite i e aa o aii gs u 8.1.6 
(2.9) = 52? +9?) Eont + ay") + 5 (ba® + ay) - 59-99). — (8116) 


Clearly, the Hamiltonian H(r, y) is negative definite at infinity. 
Denote that 


; 20 Ü-2/(h—D2-4, z=: 
n=5y2(a-1)-2y@ -7 4, uso 59-1) 2v (a - D? - 4, 


It is easy to see that system (8.1.5) has 25 centers at (0,0), (1,0), (0, 1), (1, +1), 
(a1, y1), (21, ya), (£3, Ea), (£3, ya) and their Zo-equivariant symmetric points, 
24 saddle points at (21,0), (23,0), (0,91), (0,93), (x1, 1), (za, 1), (1, ui), 
(1, +y3) and their Zs-equivariant symmetric points. we denote that 


hg = H(0,0), ht = H(1,0), (0,1), h$ = H(1,1), 
hj = H(xi,yi) hg = H(23, ys), H(zs,y1) hg = H(21,y3), 
hj = H(zi,0), hi = H(0, y1), - Hü.y 1), hå = H(zi,1), 
hi = H(z2,1), hg = H(zs,0), =- H(1, y3), hg = H(0, y3), 
where 
HO0=0, Aae 22k Pons a Dr 
8 12 8 12 


Obviously, for b > a > 3, hj < h$, hg < hj, hg < hà, he < hg. To 
compare h(i = 1 ~ 8) in the first quadrant of the (a,b) parametric plane, we have 
the following four curves : 

(C1) b=a; 
(C2) b= 4.5, in which h3 = h3, he = hj; 
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1 i À ; 
(C3) b — 1 [is + 2(a — 3)(a? — 2a — 2 , in which h$ = he; 


1 : 
(Cs) b= = [18 2(a — 3)(a? — 2a OLIE in which h$ = hà. 


There are other bifurcation curves by comparing some hf. These curves partition 
the Tangle region of the first quadrant in (a,b)-parametric plane into different 
regions. For example, we give 9 different phase portraits of (8.1.5), which are shown 
in figures (1)~(9) of Fig.8.1.1, when h; (i = 1 ~ 8) have the following orders: 


(3) (a,b) € (C4) (4) 
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(1) —oo < hj < hå < hg < he < h$ < he < hå < hi; 
(2 -œ < hî < hg < hg < h$ < hå < h < hg < hg; 
(3) (a,b) € (C4), —00 < hî < hg < hg = h$ < hy < hz < hg < he; 
(4 —oo«hj < hg < hà < hj < hg < h$ < hg < hs; 
(5) (a,b) € (C3), -oo < hî < h$ = h3 < hå < h$ = hz < hg < hs; 
(6) —œ < hj < h3 < hå < hj < h4 < hg < hg < hs; 
(7) (a,b) € (C4), oo < hg < hî < h$ = h3 < hå < hg «hg «hs; 
(8) —co < h$ < hi = h3 < hg < hg = hg < hg < h$; 


(9) —co < hg < hi < hg < hy < hz = hg < hg < hs. 
As h is varied, the level curves H (x, y) = h of the Hamiltonian defined by (8.1.6) 
give rise to different eighth algebraic curves in the affine real plane. 
For an example, we consider figure (1) of Fig.8.1.1, i.e., G = (a,b) = (3.2, 3.48). 
We have 


£4 = 0.7118903630, € = 1.404710686, 7; = 0.8010882788, 1» = 1.248301875, 


hf = 0.085, h$ = 0.1083333333, h5 = 0.1933333333, 
í = 0.2083547972, hg = 0.2778383751, hę = 0.2714227698, 
7 = 0.2147704034, hī = 0.09719593344, h3 = 0.1111588638, 

h3 = 0.1961588638, hi = 0.2055292667, — hi = 0.2685972390, 

hé = 0.160263906, h = 0.2025744701, hg = 0.1175744701, 


—œ<0< hî <hi < h5 < h3 « hg « hj < hg « hà 
< h$ < hå < hå < h$ < he < hg < h5. 
As h increases from —oo to h$, the schemes of ovals of the eighth algebraic curves will 
be varied. This change process is shown in figures (1)~(24) of Fig.8.1.2. Similarly, 
we can discuss other phase portraits in Fig.8.1.1 


8.1 


Zq-Equivariant Planar Vector Fields and an Example 


“1.5 
(10) hg < h < hà (11) h — hg 


1.5 


(13) h$ « h « hà 


—]. 
(6) h$ « h « h5 


1.5 


(15) hà « h « h$ 


239 


240 Chapter 8 Local and Non-Local Bifurcations of Perturbed Z,-Equivariant: - - 


(23) hE < h < hg (24) hg « h « hg 


Fig.8.1.2 Different schemes of ovals defined by (8.1.6) 


We see from Fig.8.1.2 that as h increases from —oo to hg the schemes of ovals of 
the eighth algebraic curves defined by H (x,y) = h are varied as follows. 

(1) k € (—0o, 0), there is a global periodic orbit family {TẸ}, enclosing 49 singular 
points. 

(2) h € (0, h7), there exists a periodic orbit family (L7), enclosing the center 
(0,0). Together with (I?) there exist two families of periodic orbits. 
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(3) h € (hf, h$), there exist 2 families of periodic orbits {T};}, i = 1,2, enclosing 
the centers (1,0) and (—1, 0), respectively. Together whit (T?) and (I?) there exist 
4 families periodic orbits. 

(4) h = hi, there are two heteroclinic orbits {ret}, i = 1,2 and two homoclinic 
orbits q^ , i = 1,2, and a periodic orbit qos 

(5) hj < h < h$, there exist two families of periodic orbits: (Tay: enclosing 
5 finite singular points, and (I1. 

(6) h € (h$, h3), there exist 4 families of periodic orbits: (Ta) enclosing 5 
finite singular points, and (L5), i = 1,2, enclosing the singular point (0,1) and 
(0, —1), respectively, and a global periodic orbit {[%}, enclosing all 49 singular 
points. 


(7) h = h$, there are two heteroclinic orbits us. 


(rey i — 1,2 and a global periodic orbit (125), enclosing all 49 singular points. 


y and two homoclinic orbits 


(8) h € (h3, hà), there exist two families of periodic orbits That enclosing 


9 finite singular points, and a periodic orbit family {I}, enclosing all 49 singular 


points. 
(9) h = hg, there are 2 heteroclinic orbits E NE i — 1,2 and 2 heteroclinic 
orbits {T_e h= 1,2. 


(10) h € (hg, hg), there exist two families of periodic orbits Tho): i — 1,2, 
enclosing 19 singular points. 

(11) h = hà, there are 4 homoclinic orbits Mah i — 1,2,3,4. 

(12) h € (hg, h$), there exist 4 families of periodic orbits {Tay}; enclosing 9 
finite singular points. 

(13) h$ < h < h3, there are 4 families of periodic orbits {Thait and {r}; }, i = 
1,2,3,4. 

(14) h = h$, there exist 4 homoclinic orbits {res}, i = 1,2,3,4, enclosing one 
singular point (1,1) and its zo-symmetric points, respectively, and there exist 4 
homoclinic orbits (e ad. i — 1,2,3,4, enclosing 9 singular points, respectively. 

(15) h € (h3, h2), there exist 4 families of periodic orbits (T5 5h enclosing 7 
finite singular points,respectively. 

(16) h = h$, there are 8 homoclinic orbits {[/7_y),}, i= 1,2,3,4 and (Tt? 5), 
i=1,2,3,4. 

(17) h € (h$, hi), there exist 8 families of periodic orbits Thaid 4=1,2,3,4 
and (Tto yi i — 1,2,3,4, enclosing 3 finite singular points, respectively. 

(18) h = h$, there are 8 homoclinic orbits {TŻ}, i = 1,2,3,4, (F3, i= 1,2,3,4 
and 4 periodic orbits itu: 

(19) h € (h$, h$), there exist 12 families of periodic orbits: (T^,), i = 1,2,3,4, 
enclosing the singular point (z1,y3) and its Zj-equivariant symmetry points, and 
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(I) i = 1,2,3,4, enclosing the singular point (x1,y1) and its Z2-equivariant 
symmetry points, and (Tto sy i — 1,2,3,4, enclosing 3 finite singular points, 
respectively. 

(20) h € (h$, h$), there exist 8 families of periodic orbits:(I7;), i = 1,2,3,4, 
enclosing the singular point (x1, y3) and its Zo-equivariant symmetry points, and 
(Tt sib i — 1,2,3,4, enclosing 3 finite singular points, respectively. 

(21) h € (AS, h$), there exist 4 families of periodic orbits IT: 121,2,9,4, 
enclosing 3 finite singular points, respectively. 

(22) h = hà, there are 8 homoclinic orbits T25,1 = 1,2,3,4 and {5}, i = 
1,2,3,4. 

(23) h € (h$, hg), there exist 8 families of periodic orbits: (L9), i = 1,2,3,4 
and (TA), i= 1,2,3,4. 

(24) h € (hg, h$), there exist 4 families of periodic orbits {r %4}, i = 1,2,3,4. 

Notice that as h increases the periodic orbits TÈ, T7, rA. DL TŻ, TË expand 
outwards, all other periodic orbits contract inwards. 


8.2 The Method of Detection Functions: Rough 
Perturbations of Z¿-Equivariant Hamiltonian Vector Fields 


Consider the following perturbed planar Hamiltonian system 
dx OH 


di = By epe y) - X), 
d OH 
= Se tu pG. v) - ^]; (8.2.1) 


where H(x,y) is the Hamiltonian, p(0,0) = 0,0 < € «& 1,A € R. Because the 
perturbations in the right hand of (8.2.1) always have two linear terms Az and Ay, 
so that it is called rough perturbations. 

Suppose that the origin in the phase plane is a singular point of (8.2.1) and the 
following conditions hold: 

(A1) The unperturbed system (8.2.1)-=o is a Z,-equivariant Hamiltonian vector 
field. For h € (hı, h2) one branch family of the curves (I^) defined by the Hamil- 
tonian function H(x,y) = h lies in a period annulus enclosing at least one singular 
point. As h increases, T” expands outwards. When h — hı, I” approaches a singu- 
lar point or an inner boundary of the period annulus consisting of a heteroclinic (or 
homoclinic) loop. 

(A3) Surrounding the period annulus, there exists a heteroclinic (or om 
loop I^? at h = ha connecting some hyperbolic saddle points (o;, 3;),1 < 


= «Op yOp 
(As) The divergence 2e[A — F(z,y)| = 2e b 2)r 2dy p(z,y)| of the 


perturbed vector field is a Z,-invariant function. 
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We define the function 


F(a, y)dady 
A= AMA) S [fn re nh ar (8.2.2) 


which is called a detection function corresponding to the periodic family {IT}. The 
graph of A = \(h) in the plane (h, A) is called a detection curve, where D^ is the 
area inside I^. 

Clearly, if H(z,y) = h is a polynomial, then A(h) is a ratio between two Abelian 
integrals. In this case, A(h) is a differentiable function with respect to h. Of course, 
when the degree of H(x,y) is more than 4, classical mathematical analysis can- 
not provide the calculating method for \(h) in general. We must use a numerical 
technique to compute these Abelian integrals. Our following approach is computa- 
tional. It is satisfying that for finding much more limit cycles and their complicated 
patterns. 

On the basis of the Poincaré-Pontrjagin-Andronov theorem on the global center 
bifurcation and Melnikov method (see [Melnikov, 1963]), we have the following two 
conclusions (as in [Li Jibin etc, 1985, 1992]): 


Theorem 8.2.1 (Bifurcation of limit cycles). Suppose that the conditions 
(Ai) and (Ag) hold. For a given A = Ao, considering the set S of the intersection 
points of the straight line A = Ag and the curve A = A(h) in the (h, A)-plane, we have 

(1) If S consists of exactly one point (ho, ào) and A'(h) > O(< 0), then there 
exists a stable(unstable) limit cycle of (8.2.1) near To; 

(2) If S consists of two points (ho, Ao) and (ho, Ao) having ho > ho and X (ho) > 
0, A (hg) < 0, then there exist two limit cycles near T° and T™ respectively, the 
former is stable and the latter is unstable; 

(3) If S contains a point (ho, ào) and X (ho) = A" (ho) = «+: = AC-P (ho) = 0, 
but AU) (hg) Z 0, then (8.2.1) has at most k limit cycles near T^o; 

(4) If S is empty, then (8.2.1) has no limit cycle. 


Theorem 8.2.2 (Bifurcation parameter created by a heteroclinic or 
homoclinic loop). Suppose that the conditions (A1), (A2) and (As) hold. Then 
for 0 < & « 1, when A = A(ha3) + Ole), system (8.2.1) has a heteroclinic (or 
homoclinic) loop having Z,-equivariance. 


'The following two propositions describe the properties of the detection function 
at the boundary values of h. 


Proposition 8.2.1 (The parameter value of Hopf bifurcation). Suppose 
that as h — hy, the periodic orbit I^ of (8.2.1) approaches a singular point (£,1), 
then at this point the Hopf bifurcation parameter value is given by 


244 Chapter 8 Local and Non-Local Bifurcations of Perturbed Z,-Equivariant: - - 


bg = A(hi) + O(c) = im A(h) + O(&) = F(E,7) + Oe). (8.2.3) 


Proposition 8.2.2 (Bifurcation direction of heteroclinic or homoclinic 
loop). Suppose that as h — ha, the periodic orbit U^ of (8.2.1) approaches a het- 
eroclinic (or homoclinic) loop connecting a hyperbolic saddle point (a, B), where the 
saddle point value satisfies 


SQ(a, B) = 2eo (a, 8) = 2e[A(h2) — F(a, 8)| > 0 (< 0), 
then we have 
A(h3) = a A' (h) = —oo (+00). (8.2.4) 


Remark 8.2.1. (1) If T^ contracts inwards as h increases, then the stability of 
limit cycles mentioned in Theorem 8.2.1 and the sign of M (h2) in (8.2.4) have the 
opposite conclusion. 

(2) If the curve T^ defined by H(x,y) = h (h € (hi,ha)) consists of m com- 
ponents of oval families having Zy-equivariance, then Theorem 8.2.1 gives rise to 
simultaneous global bifurcations of limit cycles from all these m oval families. 

(3) If (8.2.1)22o has several different period annuluses filled by periodic orbit 
families (T^Y, then by calculating detection functions for every oval families, the 
global information of bifurcations of system (8.2.1) can be obtained. 


We notice that the hypothesis (A3) is very important symmetry condition to 
guarantee simultaneous global bifurcations of limit cycles from all symmetric ovals 
of unperturbed systems. There were some errors which appeared in some literatures 
(the authors used asymmetric perturbations to give symmetric bifurcations of limit 
cycles). Work in this area requires a great deal of care. 


8.3 Bifurcations of Limit Cycles of a Z2-Equivariant 
Perturbed Hamiltonian Vector Fields 


In this section, we use the method of detection functions to study the following 
Zo-equivariant perturbed polynomial Hamiltonian vector field of degree 7: 


dx 
Pee aes ay? — ayt + y?) 


ex(ax® + py? + qzy? + ma? y^ + nat + lyt + ex?y? + ga? + ky? — A), 
d 
2y — z(—1 + bz? — br’ + 2°) 
dt 

eyla? + py? + qaty? + ma?y* + nat + lyf + ex? y? + ga? + ky? — X) 


(8.3.1) 
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Our main result of this section is the following theorem. 


Theorem 8.3.1. For all small € > 0, there is a parameter group G = (a,b) = 
(3.2, 3.48), PG = (p, q, m, n, l, e, g, k) and X= AE (Aga(h¥), max(As6(h)) = 
(3.931785676, 3.931785952), where 

p = —0.680337, q— 0.728, m = —0.01983226, n = —5.5693079, 
l = 2.971005, e= —2.3624684728, g = 10.3882075, k = —3.067249, 


such that system (8.3.1) has at least 50 limit cycles with the configuration as Fig.8.3.1. 
It implies that H(7) > 50. 


1.5 1 0.5 0 0.5 1 1.5 
Fig.8.3.1 The configuration of 50 limit cycles of (8.3.1) 


Corresponding to (8.3.1), the function F(x,y) defined in Section 8.2, (A3) for the 
divergence of the perturbed vector field has the form 


F(x,y) = 4x? + Apy8 + 4qarty? + 4max?y* + 3nz* + 3ly^ + 3ez^y? + 2g2? + 2ky?. 
(8.3.2) 


We consider the case G = (a,b) = (3.2, 3.48). 
We compute 16 detection functions defined by (8.2.2) which correspond to the 
above 16 types of period annuluses laid by (T^, i = 0 ~ 8 and Th-phb LI = 


1~8. 
F(x, y)dxd 
If, (x, y)dady E" 


I dxdy $i 
Di 


ri(h) = 


2] 
Qi 
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=4J;1(h) + 4p Ji2(h) + 4qJi3(h) + 4m Jia(h) + 3nJis (h) 
+3lJie(h) + 3eJiz (h) + 2gJig(h) + 2kJig(h), (8.3.3) 


where i = 0,--- ,15, Jij ^ —, j =1~ 9 and D? is the area inside I? i=0~8 


oi(h) T 
and [To ab i,j—1^8. 


140) — ff dedu, 120) — ff yavdy, 50) = [f iaa, 
D^ D^ Dh 

Tia(h) = I z?y*dady, Iis(h) = JJ addy, Tie(h) = // ytdzdy, 
Dh D^ 

Tiz(h) = JJ x’y dedy, Tig(h) = n z?dzdy,  Lg(h)-— // y^ dzdy. 
D^ Dh D^ 


For the given parameter group G, the functions J;;(h) can be numerically calculated 
to a given degree of accuracy (in this section, up to 8 digits accuracy after the decimal 
point). 

By using the theory given in Section 8.2, we immediately obtain the following 
values of bifurcation parameters and bifurcation direction detection. 


8.3.1 Hopf Bifurcation Parameter Values 


(1) Bifurcation from the origin (0,0): 
bf = F(0,0) + O(e) = Ao(hS) + Ole) = 0 + O(e); 


(2) Simultaneous bifurcations from the center (1,0) and its Z2-equivariant sym- 
metry point: 


bf = F(1,0) + O(e) = Ar (h$) + O(c) = 4 + 3n + 29 + Ole); 


(3) Simultaneous bifurcations from the center (0,1) and its Zo-equivariant sym- 
metry point: 


bff = F(0,1) + O(e) = A2(h$) + Ole) = 4p + 3l + 2k + O(e); 


(4) Simultaneous bifurcations from the center (1,1) and its Z2-equivariant sym- 
metry points: 


bf —F(1,1) + O(&) = As(h3) + O(&) 
=4 + 4p + 4q + 4m + 3n + 3I + 3e + 2g + 2k + O(e); 
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(5) Simultaneous bifurcations from the center (x1, y1)and its Zo-equivariant sym- 
metry points: 


by =F (E2, n2) + O(c) = Ax(hG) + O(s) 

=0.5206413704 + 1.057163732p + 0.659285010q + 0.8348486100m 
+ 0.7705018932n + 1.2355000411 + 0.9756818745e 
+ 1.013575778g + 1.283484861k + O(&); 


(6) Simultaneous bifurcations from the center (a3, y3)and its Zo-equivariant sym- 
metry points: 


bg =F (x3, ys) + O(e) = As(h§) + Ole) 

=30.73132664 + 15.13483632p + 24.26871502q + 19.16515143m 
+ 11.68069811n + 7.2844999741 + 9.224318133e 
+ 3.946424222g + 3.116515142k + O(e); 


(T) Simultaneous bifurcations from the center (a3, y1) and its Z-equivariant 
symmetry points: 
bg =F (23,41) + Ole) = ro(hg) + O(e) 
=30.73132664 + 1.057163732p + 9.994666124q + 3.250538192m 
+ 11.68069811n + 1.2355000411 + 3.798881808e + 3.946424222g 
+ 1.283484861k + O(c); 


(8) Simultaneous bifurcations from the center(z1, y3) and its Zo-equivariant sym- 
metry points: 


bf —F(zi, ys) + O(e) = As (h$) + Ole) 

=0.5206413704 + 15.13483632p + 1.600853878q + 4.922261820m 
+ 0.7705018932n + 7.2844999741 + 2.369118194e 
+ 1.013575778g + 3.116515142k + O(e). 


8.3.2 Bifurcations from Heteroclinic or Homoclinic Loops 


(1) The heteroclinic bifurcation value from rhi, 
Ao (hå) —4 [Jos (1) + pJoa(hi) + aJos (3) + mah) 


+3 [nJos(1) + HJos(h1) + eJor(hi)| +2 [o Jos (hå) + kJog(hi) 
=0.01847349678 + 0.008628383552p + 0.001096236119q 

+ 0.0009416294268m + 0.05147676987n + 0.317777674811 

+ 2.849669323e + 0.1708886847g + 0.1357139172k; 
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(2) The homoclinic bifurcation value from DT: 


X3) 74 [Ja (h) + pio (01) + ais (4) mua (1)] 


+3 [nis (n) t Ue(h1) + edir(hi)| +2 leis (h1) + kJig(hi) 
=3.611784974 + 0.000004518102844p + 0.0222157829q 

+ 0.0002817271755m + 2.701412176n + 0.00021658866041 

+ 0.01691288606e + 1.860157372g + 0.01170095915k; 


(3) The homoclinic loop bifurcation value from pa : 


Ais(h1) =4| Fiza, (1) + piza (hi) + dias (1) + mua, 1). 


3 [nizas (h$) + Laus C) + eoa (hi) +2 [ois (1) aos (hi) 
=0.619127664 + 0.007186827272p + 0.004626557344q 

+ 0.0008313208604m + 0.4944371853n + 0.026502034031 

+ 0.00914146392e + 0.4532650618g + 0.1149840416k; 


h2 


(4) The homoclinic loop bifurcation value from T (1-29) 


Aia(h) —4 Jun (h3) + Jum (h3) + ains (h3) mJ, 2). 


+ 3] nJias (h3) + Liab, (3) + ease (82) | + 2 [ois (h3) + Juan, (2) 
=1.634387781 + 0.0397726 711p + 0.02472219963q 

+ 0.002861286998m + 1.239285198n + 0.090184249981 

+ 0.03143078892e + 1.035484067g + 0.2586575882k; 


(5) The homoclinic bifurcation value from r$. 
da(h3) =4| Ja (A3) + p(J22hå) + aos (3) + mJoa(hi)| 


+3 [nas (hå) +lJ26(h3) + eJor(hi)] +2 |eJos (hd) + kJag(h5) 
=0.00000005221480448 + 3.743975326p + 0.0000146116802q 

+ 0.005160125348m + 0.00001111664026n + 2.8134687861 

+ 0.003907110966e + 0.00266141767 g + 1.916502045k; 


(6) The homoclinic loop bifurcation value from P os 
Jos (h3) —4 | Jasa, (A3) + posa (A3) + qJzsas (12) + masa, (2). 


+3 [nasas (13) + lJogas (h5) + Jogo, (hd) +2 [9 Fosas (hå) + kJogag(h3) 
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=1.528568166 + 0.2796039501p + 0.02312248899q 
+ 0.003010126949m + 1.159047502n + 0.26650527621 
+ 0.02964874849e + 0.9686132178g + 0.3659959262k, 


(7) The homoclinic loop bifurcation value from P ag 
Ass (hg) =4 [J2s0, (hg) + pJosp, (hg) + qJ28v3 (hg) + mJosb, (n8)| 
+3 [rzs (hg) + logo, (hg) + 203] +2 [9 Jost. (hg) + kJ28bo (hà) 
=1.372838402 + 0.7130790244p + 0.02496369812q 
+ 0.005925672356m + 0.9688062621n + 0.54691765591 
+ 0.03004169472e + 0.6924383026g + 0.5056410860k; 


(8) The homoclinic bifurcation value from T: 


As (ng) —4 Jax (hg) + pJs2(h) + aJea(h§) + mJ (4| 
+3 [nss (hà) + Ll Jg6(hg) + 73] +2 le Js (hà) + kJsg(h$) 
=8.450862632 + 5.105966132p + 3.636837927q 


+ 3.134050664m + 3.641439873n + 3.336393348l 
+ 1.823126874e + 1.657717122g + 1.384773977k; 


(9) The heteroclinic loop bifurcation value from Dos 


Ase (hg) =4 [Facer (hg) + pJsoa; (hg) + qJacas (hg) + miIe6as(h8)| 
+3 [Jaca (13) + lJaeas (hg) + 273] T2 [9 Faas (hi) + kJ g6a (hg) 
=9.754388324 + 5.914983032p + 4.30201944q 


+ 3.710142403m + 4.133645955n + 3.85011 76741 
+ 2.153350750e + 1.835487881g + 1.546679654k; 


(10) The homoclinic bifurcation value from res: 


Ae (hi) —4 [Je (i$) + pea (hi) + aJes Ig) + mea hi). 
+3 [nJss (4) + Lgs hs) + 273] +9 [9 Jes(hi) + kJeo(hë) 
=7.155564872 + 6.199982264p + 3.530078178q 


+ 3.339413539m + 3.343305972n + 3.0667941991 
+ 1.962417754e + 1.646792689g + 1.590722154k; 
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h3 . 
(6—3)i 


Aea(h3) —4 [Jos (13) + pJ362(h3) + qJaga (h3) + mJsea(hå)| 


(11) The homoclinic loop bifurcation value from T 


+ 3 [nas (3) + lao (h3) + edaor(h3)| + 2 [osos (13) + kelsoo(h3) 
—11.76423828 + 4.48408094p + 5.12115052q 

+ 3.79492621m + 5.254572348n + 2.5728074831 

+ 2.640530609e + 2.37684288g + 1.566411436k; 


(12) The homoclinic bifurcation value from rhs: 
A3(h3) =4 [Js (3) + pJ32(h3) + qJ33(h3) + mJs(h3)] 


+3 [nds (h$) + LJ36(h3) + eJsr(hi)| +2 [gJss(h) + kJag(h3) 
=3.962380738 + 3.746263574p + 3.787478389q 

+ 3.718889686m + 2.9641166n + 2.8150103961 

+ 2.849669323e + 1.982244017g + 1.917167834k; 


h3 . 
(3—7)i 


A37(h3) =4 ES + pJ372(h3) + qJaza(h3) + mJ. (h3)] 


(13) The homoclinic loop bifurcation value from T 


+ 3] nJars(h§) + LJor6(h§) + eJsr7(h3)| + 2] 9Jars(h§) + kJaro(h) 
=12.11002223 + 4.516781536p + 5.180259832q 

+ 3.798296204m + 5.356087002n + 2.5620728751 

+ 2.63126143e + 2.394331786g + 1.550865659k: 


(14) The homoclinic bifurcation value from ry à 
Ar(h3) =4| Jra (AF) + pJra(h) + ara (1) + mJra (7). 


+3 [nrs (h$)  Hse(hz) + eJ (hi) +2 leJrs (hi) + kJ79(h7) 
=13.11694704 + 7.1741212p + 8.364053504q 

+ 6.711148228m + 5.590494093n + 3.812008314l 

+ 3.908296332e + 2.405761824g + 2.02425938k; 


(15) The homoclinic loop bifurcation value from i ai 
Na (h$) =4| Jra (h$) + pra) + aras (hi) + mJraa(h)] 


+3 [n Fras (hi) + lJz4e(h7) + IU +2 [eris (7) + kJz49(h7) 
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=0.7858417652 + 8.108441212p + 1.50483635q 
+ 3.278742351m + 0.9616798872n + 4.4176311811 
+ 1.916102631e + 1.102333304g + 2.313089952k; 


(16) The homoclinic loop bifurcation value from I d 


Ars (5) =4] Jou (2) + nns (1) + ass (5) + mrs ()] 
+3 [n Jess (ht) + LJ756 (hs) + eJess (ht) +2 |oJrss (4) + kJzs9(h5) 
=18.40792832 + 6.773226916p + 11.30717893q 


+ 8.183911196m + 7.576607154n + 3.5521500811 
+ 4.763098827e + 2.965031712g + 1.900329115k; 


(17) The homoclinic loop bifurcation value from P y : 


a7 (hg) = 4| Lan (hå) + pJara (hà) + qJa73 (hà) + mJara(hå)| 
+3 [nars (hå) + Haze (hÀ) + eJarr(hi)| +2 [oJans(hi) ar kJar9(hi)| 
=0.7043393632 + 12.87612256p + 1.754596815q 


+ 4.609943068m + 0.8994385899n + 6.4486463431 
+ 2.337070265e + 1.068560984g + 2.910511176k; 


(18) The homoclinic bifurcation value from n n 


Ma (h3) —4 Jaa (hå) + pasa (P3) + Jus (3) + mJaaa 3). 
+3 [nas (hi) + Uaae(h1) + eJus(h4) +2 [Jass (I3) + kJaag(h1) 
=0.56571565 + 1.42863293p + 0.7373783236q 


+ 1.004593847m + 0.8028564387n + 1.4685208331 
+ 1.062299310e + 1.027178501g + 1.379538797k; 


(19) The heteroclinic bifurcation value from ph, 


Aa (hå) =4] Jar (hå) + pJa2(hå) + qJas(hå) + mJua(h§)| 
+3 [nas (hå) + lJas(hå) + eJar(hi)| +2 [oas (hå) + kJag(h3) 
=0.6570780724 + 8.97330446p + 1.407794252q 


+ 3.38076334m + 0.866510622n + 4.7507610781 
+ 1.902459768e + 1.054452362g + 2.388553358k; 
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hg 


(20) The heteroclinic bifurcation value from lio sy: 


Ass(h5) =4 [Js (5) + pJ552(hs) + qJ553(hs) + mJssa(hå)| 


+ 3 [r Jss5(A) + Lose (h3) + eJss7(h$)| + 2] 9Jssa(h8) + kJsso(h) 
=30.32576921 + 12.81935486p + 22.3809865q 

+ 16.80312911m + 11.55980965n + 6.4274360251 

+ 8.545855461e + 3.922899756g + 2.90521144k: 


(21) The heteroclinic bifurcation value from ae : 


As6(hs) —4 [Ise (3) + pJs62(hs) + qJses(h5) + mJsea(hå)| 
+3 [nJses (h$) + LJ566 (hs) + eser (3). +2 [osea (3) + kJs69 (hs) 
=30.6043408 + 1.430604303p + 10.71292984q 


+ 3.860168266m + 11.6428985n + 1.4697409951 
+ 4.071323181e + 3.939085054g + 1.380040031k; 


(22) The heteroclinic bifurcation value from re: 
As(h3) =4[ Jou (1) + pJs2(h$) + ass (1) + mJsa (hi). 


+3 [nss (h$) - HJse(h$) + eJsr(hi)| +2 leJss (hi) + kJs9(hs) 
=30.42297952 + 8.845137676p + 18.30930269q 

+ 12.28655488m + 11.58880433n + 4.6973992951 

+ 6.986516913e + 3.928547774g + 2.372987788k. 


8.3.3 The Values of Bifurcation Directions of Heteroclinic and Homo- 
clinic Loops 


(1) 90 =Ao(hi) — F(1,0) 

= — 0.5021678736 + 0.008628383552p + 0.001096236119q 
+ 0.0009416294268m — 0.7190251233n + 0.031777767481 
+ 2.849669323e — 0.8426870933g + 0.1357139172k; 
(2) ei =A1 (Ri) - F(21, 0) 

=3.091143604 + 0.000004518102844p + 0.0222157829q 
+ 0.0002817271755m + 1.930910283n + 0.00021658866041 
+ 0.01691288606e + 0.846581594g + 0.01170095915k; 
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(3) o121 2A1(h) — F (21,0) 
—0.00000005221480448 + 2.686811594p + 0.0000146116802q 
+ 0.005160125348m + 0.00001111664026n + 1.577968 7451 
+ 0.003907110966e + 0.00266141767 g + 0.633017184k; 
(4) a2 =A2(h3) — F(0, y1) 
=0.0984862936 + 0.007186827272p + 0.004626557344q 
+ 0.0008313208604m — 0.2760647079n + 0.026502034031 
+ 0.00914146392e — 0.5603107162g + 0.11498404165k; 
(5) 2122 =A2(h3) — F(0, y1) 
=0.00000005221480448 + 2.686811594p + 0.0000146116802q 
+ 0.005160125348m + 0.00001111664026n + 1.577968745/ 
+ 0.003907110966e + 0.00266141767 g + 0.633017184k; 
(6) as =As(hg) — F(0, ys) 
—8.450862632 — 10.02887019p + 3.636837927q 
+ 3.134050664m + 3.641439873n — 3.9481066261 
+ 1.823126874e + 1.657717122g — 1.731741165k; 
(7) o281 =A28(h3) — F (0, y1) 
=1.528568166 — 0.7775597819p + 0.02312248899q 
+ 0.003010126949m + 1.159047502n — 0.968994764811 
+ 0.02964874849e + 0.9686132178g — 0.9174889348k; 
(8) a282 —Ass(hà) — F (0, ys) 
=1.372838402 — 14.4217573p + 0.02496369812q 
+ 0.005925672356m + 0.9688062621n — 6.737582318l 
+ 0.03004169472e + 0.6924383026g — 2.610874056k; 
(9) css =Ag(hg) — F(0, ys) 
=9.754388324 — 9.219853288p + 4.30201944q 
+ 3.710142403m + 4.133645955n — 3.434382300/ 
+ 2.15335075e + 1.835487881g — 1.569835488k; 
(10) og =Ae(h8) — F(zs,0) 
= — 23.57576177 + 6.199982264p + 3.530078178q 
+ 3.339413539m — 8.337392138n + 3.0667941991 
+ 1.962417754e — 2.299631533g + 1.590722154k; 
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(11) ees —Aes(h3) — FL, 1) 
= 7.76423828 + 3.426917208p + 2.554180798q 
+ 2.147592822m + 2.254572348n + 1.3373074421 
+ 0.715303318e + 0.37684288g + 0.282926575k; 
(12) 03 =A3(h3) — F(1,91) 
= — 0.037619262 + 2.689099842p + 1.220508667q 
+ 2.071556298m — 0.0358834n + 1.579510355/ 
+ 0.924442032e — 0.017755983g + 0.633682973k; 
(13) o37 =A37(h3) — F(1, y1) 
—8.11002223 + 3.459617804p + 2.61329011q 
+ 2.150962816m + 2.356087002n + 1.3265728341 
+ 0.706034139e + 0.394331786g + 0.267380798k; 
(14) a; =A7(h2) — F(1, ya) 
—9.11694704 — 7.96071512p + 2.13102322q 
— 3.001518404m + 2.590494093n — 3.472491661 
— 0.766476381e + 0.405761824g — 1.092255762k; 
(15) o741 2Aza(h7) — F(1, ys) 
= — 3.214158235 — 7.026395108p — 4.728193934q 
— 6.433924281m — 2.038320113n — 2.8668687931 
— 2.758670082e — 0.897666696g — 0.80342519k; 
(16) o751 =Az51(h7) — F(1, ys) 
—14.40792832 — 8.361609404p 4- 5.074148646q 
— 1.528755436m + 4.576607154n — 3.7323498931 
+ 0.088326114e + 0.965031712g — 1.216186027k; 
(17) 947 —Msz (hi) — F(z1,1) 
=0.1836979928 + 8.87612256p + 0.727260957q 
+ 2.582791512m + 0.1289366967n + 3.4486463431 
+ 0.816706598e + 0.054985206g + 0.910511176k; 
(18) &44 =Aaa(h3) — F(z1,1) 
=0.0450742796 + 10.52043547p — 0.2899575344q 
— 1.022557709m + 0.0323545455n — 1.5314791671 
— 0.458064357e + 0.013602723g — 0.620461203k; 
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(19) o4 -A4(hj) — F(z1,1) 
—0.136436702 + 9.43672181p + 0.380458394q 
+ 1.353611784m + 0.0960087288n + 1.750761078l 
+ 0.382096101e + 0.040876584g + 0.388553358k; 
(20) o55 =A55 (hs) — F(a, 1) 
= — 0.40555743 + 8.81935486p + 6.80672236q 
+ 8.910280666m — 0.12088846n + 3.427436025l 
+ 2.626219128e — 0.023524466g + 0.90521144k; 
(21) oss =As6(hs) — F(x3,1) 
= — 0.12698584 — 2.569395697p — 4.8613343q 
— 4.032680178m — 0.03779961n — 1.530259005/ 
— 1.842313152e — 0.007339168g — 0.619959969k; 
(22) o5 —As(hg) — F(za,1) 
= — 0.30834712 + 4.845137676p + 2.73503855q 
+ 4.393706436m — 0.09189378n + 1.6973992951 
+ 1.06688058e — 0.017876448g + 0.372987788k 


8.3.4 Analysis and Conclusions 


We notice that the above bifurcation parameter values A;(h5), Ai(hj) and the values 
of bifurcation directions of heteroclinic and homoclinic loops c; are 52 linear com- 
binations of the perturbed parameter group GP = (p,q,m,n,l,e,g,k) in which all 
coefficients are determined by the unperturbed parameter group G = (a, b). 

Our main idea is to control the perturbed parameter group GP such that system 
(8.3.1) has more limit cycles and interesting configurations of limit cycles. We now 
assume that the following 9 conditions hold. 

(A1) As(h3) — A4(h1) — 0.000004 = 0, i.e. 


3.305294126 — 9.690458236p + 2.379684137¢ 
+0.338126346m + 2.097605978n — 1.9357506821 
+0.947209555e + 0.927791655g — 0.471385524k = 0; 


(A2) Aag (hà) — Aaa(h4) = 0, i.e. 


— 0.1386317132 — 11.44748963p — 1.017218491q 
— 3.605349221m — 0.0965821512n — 4.9801255101 
— 1.2741 70955e — 0.041382483g — 1.530972379k = 0; 


256 Chapter 8 Local and Non-Local Bifurcations of Perturbed Z,-Equivariant: - - 


(Aa) As(Rh8) = Ass(h&) = 0, i.e. 


— 0.09721031 + 3.974217184p + 4.07168381q 
+ 4.51657423m — 0.02899468n + 1.73003671301 
+ 1.559338548e — 0.005648018g + 0.532223652k = 0; 


(A4) Az(h3) — 0.0000074806 — A4(h3) = 0, i.e. 


12.45986133 — 6.262600610p 4- 6.956259252q 
+3.330384888m + 4.723983471n — 0.938752764l 
+2.005836564e + 1.351309462g — 0.364293978k = 0; 


(As) A44 (h4) — Ass (hg) = 0, i.e. 


— 29.76005356 + 1.70108061p — 21.64360818q 
— 15.79853526m — 10.75695321n — 4.9589151921 
— 7.483556151e — 2.895721255g — 1.525672643k = 0; 


(Ag) c4 > 0, i.e. 


0.1364367020 + 9.43672181p + 0.380458394q 
+1.353611784m + 0.0960087288n + 1.750761078l 
+0.382096101e + 0.040876584g + 0.388553358k > 0; 


(Az) 05 > 0, i.e. 


— 0.30834712 + 4.845137676p + 2.73503855q 
+ 4.393706436m — 0.09189378n + 1.6973992951 
+ 1.066880580e — 0.017876448g + 0.372987 88k > 0; 


(Ag) Aa4 (hi1) — Aa(hG) > 0, i.e. 


9.11694704 — 7.960715120p + 2.131023220q 
—3.001518404m + 2.590494093n — 3.4724916601 
—0.766476381e + 0.405761824g — 1.092255762k > 0; 


(Ag) 0282 > 0, i.e. 


0.0450742796 + 13.46327174p + 0.0780933136q 
+0.1697452370m + 0.0323545455n + 0.2330207921 
+0.0866174355e + 0.013602723g + 0.096053936k > 0. 


8.3 


Bifurcations of Limit Cycles of a Z2-Equivariant: - - 


This condition group implies that 


Let 
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n = —4.959044757 — 218.7859884q — 189.4342184m — 65.57083389e, 


g = 8.145249994 4 
p = 2.735300854 4 
| = —10.43117841 
k = 1348130813 4 


3410.376340q 4 


+ 811.1774884q4 
- 2189.269964q 4 
— 8516.324523q 
- 11324.34856q4 


+ 2967.465567m 4 


+ 704.3383284m + 243.1040413e, 
+ 1906.335655m + 660.0711271e, 
— 7416.925354m 
+ 9863.015869m + 3413.831129e, 


— 2567.734602e, 


+ 1027.306312e < —2.156351598, 


— 390.5034948q — 339.7885394m — 117.7244154e < 0.5724654325, 


79.45248062¢ 4 


m = —0.01983226, 


Then, we have 


+ 69.14974198m 4 


- 23.95556181e < —0.1242491626, 


— 3.493693868 < e < —2.341298974, 
— 0.04501413607 < m < 0.2064423284, 


0.7251234415 < q < 1.075899527. 


n = —5.5693079, 
p = —0.680337, 


q = 0.728, 


g — 10.3882075, 
k — —3.067249. 


Write GP = (p, q, mM, n, l, €; g; k), where 


p = —0.680337, 
| = 2.971005, 


q — 0.728, 
e — —2.3624684728, 


m = —0.01983226, 
g = 10.3882075, 


e = —2.3624684728. 


l = 2.971005, 


n = —5.5693079, 
k = —3.067249. 


Under this parameter group we obtain the following results. 


= 3. 
=3. 


max(A44(h)) = 3.948799772, 


8.0684913, 
3.931781015, 
4.015918357, 


931785676, 
931785105, 


A2 


>» 
a 
t0 ——— 


Asz(h3) = 4.414874768, 
Argi (h$) = 3.946081102, 
A(h3) = 3.931784361, 
As (h£) = 3.931783670, 


Aa(h$) = 3.87092584, 
As (RE) = 3.925790544, 
A1 (h$) = 7.831451565, 
A2(h§) = —0.048460718, 
Age (hg) = 6.441822038, 
Aes(h$) = 4.394373129, 
Az(h3) = 3.931792091, 
Aaz(h$) = 3.931783666, 
Ass (h£) = 3.931782966, 


max(A56(h)) = 3.931785952, 
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and 
co <0, 294 > 0, o2 > 0, 9121 < 0, 0122 > 0, og > 0, F281 > 0, 958» > 0, 


086 > 0, og > 0, os < 0, 063 > 0, 03 < 0, 037 > 0,07 > 0, o741 >O, 
0751 > 0, 044 > 0, 047 > 0, 04 > 0, O55 > 0, O56 > 0, 05 > O. 


It follows that under the parameter conditions of G and PG, system (8.3.1) has 
the graphs of detection curves shown in Fig.8.3.2. 


| A 
8.06| 
A, /NT.83 


(4) 
Aga (h) : - 3.9559 
ah i “L925 3.93178 h 
Ara(h) d » T 
| 2.706 
27 
057 
^()Nlo.o48 
ho hi thy ths h3 hg he h3 hà hz hà hi hs h h; h$ 


Fig.8.3.2 Graphs of detection curves of (8.3.1) with parameters G and PG 


We see from Fig.8.3.2 that when 
XE (Asa (hå), max(Asg(A)) — (3.931785676, 3.931785952), (8.3.4) 


in the straight line A = À intersects the curves À = A37(h), A = Aga(h), A = Aw(h) 
at two points, and also intersects the curves A = A3(h), A = Aes(h), A = Ase(h), 
A = rog(h), A= Ai2(h), A= Az(h), A =As(h) at one point, respectively. 

Hence, by using the Z2-equivariance of (8.3.1) and the results in Section 8.2, we 
obtain the conclusion of Theorem 8.3.1. 


8.4 The Rate of Growth of Hilbert Number H(n) with n 


While it has not been possible to obtain uniform upper bounds for H(n) in the 
near future, there has been success in finding lower bounds (see Bibliographical 
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notes below). In this section, we shall use idea stated in 88.4.1 and the method 
posed by [Christopher and Lloyd, 1995] to investigate some perturbed Z-(or Z4-) 
equivariant planar Hamiltonian vector field sequences of degree n(n = 2* — 1 and 
n — 3 x 2*-! — 1). We obtain some new lower bounds for H(n) in Hilbert’s 16th 
problem and configurations of compound eyes of limit cycles. In addition, we give 
some correct rates of growth of Hilbert number H (n) with n are obtained. 


8.4.1 Preliminary Lemmas 


We consider the following perturbed planar polynomial Hamiltonian system 


dx OH 

d^ oe + eRi(z,y) = filz,y) +eRi(z, y), 

d OH 

= = — + ¢Ro(xz,y) = fo(z,y) + eRo(z, v), (8.4.1) 
dt Ox 


where H(z, y) is the Hamiltonian, 0 < € « 1. 
The following lemma is given by [Christopher and Lloyd, 1995]. 


Lemma 8.4.1. (1) Suppose that Rao(x,y) = 0, p = (Xe, yc) is a non-degenerate 
center of the unperturbed Hamiltonian system of (8.4.1) and let U be a neighborhood 
of p. For n € Z, there is co and a polynomial R3(x,y) of degree 2n + 1 such that 
the perturbed system (8.4.1) has at least n limit cycles in U for 0 < € < £o. Without 
loss of generality, suppose that p = (0, yc) is on the y-axis. Then, the perturbation 
term Ri(x,y) can have the form 


B(z)-— V (d) go", (8.4.2) 
k=0 
where rg = 1 and my «& ne-1 (k = 1,--+ ,n). 
(2) Suppose that (8.4.1) has N collinear non-degenerate centers and Ro(x,y) = 0. 
Then the ng of (8.4.2) can be so chosen that n limit cycles appear around each of 
the centers simultaneously. 


Suppose the following conditions hold: 

(41) The unperturbed system (8.4.1).—o defines a Z,-equivariant Hamiltonian 
vector field (q > 2) for which all centers are non-degenerate and all saddle points 
are hyperbolic. 

(A2) When A € (—oo, hi)(or h € (hi, oc)), one branch family of the curves (I^) 
defined by the Hamiltonian function H(x,y) = h lies in a global period annulus 
enclosing all finite singular points of (8.4.1)--9. As h — hi, T^ approaches an inner 
boundary of the period annulus consisting of a heteroclinic (or homoclinic) loop. 

We know from [Li Jibin and Li Cunfu, 1995] that the condition (A2) holds if 
and only if the Hamiltonian H(z, y) of (8.4.1)-<o is positive (or negative) definite at 


260 Chapter 8 Local and Non-Local Bifurcations of Perturbed Z,-Equivariant: - - 


infinity. Let dọ be the maximal diameter of the area inside the inner boundary and 
A > do. For the “quadruple transformation” defined by [Christopher and Lloyd, 
1995] (p222), we have the following generalized result. 


Lemma 8.4.2. Suppose that (A1) and (A2) hold. Then the map 


(5,9) > (X^ — A, Y* — A) (8.4.3) 


transforms (8.4.1) into a new system which has the same orbits as 


dX ƏH r F 

a ay +eYR(X° — A, Y^ — A), 

dY OH, : > 

di = OX T EX Ra(X = A,Y = A), (8.4.4) 


where Ha(X,Y) = H(X? — A, Y? — A) is the new Hamiltonian of the unperturbed 
system (8.4.4)-=0. Furthermore, we have 

(1) For the unperturbed system (8.4.4)-=0, it has four times as many period 
annuluses as (8.4.1)e=9 which lie in each quadrant and do not intersect the X- 
axis and Y-axis. At all image points except the origin of the singular points of 
(8.4.1)-<0, their Hamiltonian values are preserved. There exist new singular points 
(X;,0) and (0,Y;) on the axes where X; and Y; satisfy fı(X? — A, —A) = 0 and 
f(-A, Y? — A) — 0, respectively. There is a global period annulus surrounding all 
finite singular points of (8.4.4)e=0. 

(2) For the perturbed system (8.4.4), it has four copies of the existing limit cycles 
of (8.4.1). These limit cycles do not intersect the X and Y axes, if the “shift 
constant’ A is moderately large. 


As an example to understand Lemma 8.4.2, we consider a Zg-equivariant Hamil- 
tonian system of degree 5: 


dx 

m ce 20(a? + y?)y — a(x? + y?)?y 
FB[5(z? + y*)?y — 20(z? + y^? + 169*], 

dy 


-B[5(z? + y?)?x — 20(z? + y?)a? + 162°], (8.4.5) 


or in the polar coordinate form 


d 

^ = Brž sin 60, 

do 2 4 
n7 1 — 2ór? + (a + B cos60)r^, 


which has the Hamiltonian 


1 1 
H(r,0) = st 39r (a + B cos 60)r$. 
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1 
Suppose that a > 8 > 0,a +8 > 1 and ô = ze + 8 4- 1). We see that the system 


1 1 
(8.4.5) has 25 finite singular points at (0,0) and (21,0), (22,0), (s. =n) ; e =n) 


and their Zg-equivariant symmetric points. 
Let G = (a, 8,0) = (1.4, 0.25, 1.325). We have z1 = 0.7784989442, z2 = 1, z3 = 
0.6895372608, z4 = 1.352363188 and 


hy = H(z, 0) = —0.12090603, 
ha = H(z, 0) = —0.1125, 


1 

h3 = H (s. 7) — —0.1085647965, 
1 

h= H e J — 0.1290200579. 


In this case, the phase portrait of (8.4.5) is shown in figure (1) of Fig.8.4.1 (only 
homoclinic and heteroclinic orbits are drawn in all phase portraits of this paper). 
Under the map (x, y) — (z?—3, y?—3), the new system of degree 11 is Zo-equivariant. 
It has 109 finite simple singular points and the phase portrait shown in figure (2) of 
Fig.8.4.1. 


(1) Phase portrait of a fifth system (2) Four copies of (1) 


Fig.8.4.1 Four copies of a Ze-equivariant Hamiltonian system 
We also need to use the following obvious conclusion. 


Lemma 8.4.3. Suppose that the Hamiltonian function H(x,y) of (8.4.1)-=0 
is Z,-invariant, then the Hamiltonian function Ha(X,Y) = H(X? — A,Y? — A) 
of (8.4.4)z2o is Za-imnvariant. In other words, the orbits of (8.4.4)£2o9 have Z2- 
equivariant symmetry. Thus, if V^ is a closed orbit around a center C; of (8.4.4)2—0 
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on an axis for any h € (he, hs), then 


I(h) =f (Y R(X? - A, Y? — AdY - X R(X? — A, Y? — A)dX) 
ph 


E ƏR(X?— A,Y? — A) ƏR(X?—A,Y?— A) 
EL ue | esa 7 aeex | 


=0. (8.4.6) 


This lemma implies that the perturbation terms of the right hand of (8.4.4) do 
not create any limit cycle around the neighborhood of a center on an axis. 

In the following subsections, we shall consider the following perturbed Hamilto- 
nian system sequence: 


dr —— OH dy | Hk; 
u^ a (Ww " x TEY), (PHx) 


for k = 2,3,--- ] where 
Hia (2, y) = Hy (a? E AP. y? = AP), 
Pyja(z,y) = Pe(x? — AFT! y? — AF-1), 
Quas, y) = Qala? — AP y? — AP”). 


8.4.2 A Correction to the Lower Bounds of H(2* — 1) Given in 
[Christopher and Lloyd, 1995] 


We first discuss the system given in [Christopher and Lloyd, 1995]. Suppose that 
Ho(x, y) = (x? — 1)? + (y? — 1)?, i.e., we consider the cubic system 


dx 
qz 7a —1) +2 |g@—9) -e@—9)|, 
dy E 2 


Let (8.4.7) be the system (PH2). Then (PH»5)z-o is a Z4-equivariant system 


which has the phase portrait shown in figure(1) of Fig.8.4.2. Since P2(x,y) = t — 
y) — e(x — y) and Qs(z,y) = 0. By using Lemma 8.4.1, it follows that there 
exist at least 3 limit cycles around 3 centers (—1, —1), (0,0) and (1, 1) of (8.4.7)-=0, 
respectively. 

We now consider the map: (x,y) — (x? — 1,y? — 1). By Lemma 8.4.2, under 
this map, the unperturbed system (P H3)«—-o has the phase portrait shown in figure 
(2) in Fig.8.4.2 . For the perturbed system (PH3), the perturbed terms become 


PY (s, y) = yP»(x? — 1,y? — 1). As the first step, the map creates a new system 
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having at least 12 = 4x3 limit cycles surrounding the image points of (—1, —1), (0, 0) 
and (1, 1), respectively. 

As the second step, by using Lemma 8.4.1, we take Pa) = nor! — ma? + 
nox? — 32. Thus, around 3 = 2? — 1 centers on the y-axis of (P H3)«—o, at least 
9—3 x3 limit cycles are created. 


(1) A cubic system 


| XEM 


(3) A system of degree 15 


Fig.8.4.2 Copies of a Z4-equivariant polynomial vector fields 


Let Ps(x, y) = PY (x,y) + PP (a), then the system (PH3) has at least $3 = 
4 x 3+3 x 3 = 21 limit cycles. 
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We next consider the map:(z, y) — (x? — 2, y? — 2). By Lemma 8.4.2, under this 
map, the unperturbed system (PH4)e=0 has the phase portrait shown in figure (3) 
in Fig.8.4.2. The same two-step method as the above shows that the system (PH4) 
has at least $4 = 4 x 21 +7 x 7 = 133 limit cycles. 

By using inductive method for the system (P Hj), first, taking the map: (x, y) > 
(x? — 2F-2,4? —2*-?), we have the perturbed terms po (x, y) = yPx(z? 2572,42 — 
2*-?). Second, by using Lemma 8.4.1 to perturb the 2^ — 1 centers on the y-axis of 
(P Hy43)e-o, we obtain the perturbed terms p (x) as (8.4.2). It gives 2* — 1 limit 
cycles. Hence, by using Px+i(2, y) = Pr (z, y) 4- PE (a, y) as the perturbation for 
(PHy44), we have 


Sk+1 = 4X Sk + [2^ — i)’, 
Let S; = 4*o;,. Then 


1 1 1 
Ok+1 =0k + i A t gT 
er ME: ee 
ORS ORL 47 2E * AR 
1 1 1 1 1 
1 35 1 1 
coh o. d 8.4.8 
72 4^ 48 2* 3x4 SUR 
3 
Note that c9 = —. Thus, 
16 
, 1 , 1 
Sk = 4*7! | k — E +2" —-. (8.4.9) 
6 3 
Remark 8.4.1. It was stated in Ref. [Christopher and Lloyd, 1995] (p223) that 
“We take R(x,y) to be of the form yRa(x) + Ra(y), +--+. We then construct Ro(y), 


--- , to be a polynomial of degree 2*+1 — 1 so that 2^ — 1 limit cycles appear near 

each of the 2* — 1 centers on the x-axis.” The last conclusion is incorrect! Because 
o 

5, 20) = 0, under the perturbed terms given in [Christopher and Lloyd, 1995] (for 
qx 

which Ro(x,y) = 0 in (8.4.1)), it has no contribution to the divergence of the vector 

field. Therefore, the term Ra(y) cannot create any limit cycle from the centers on 

the x-axis. 

In(n + 1) 


Write that n = 2* — 1. Then k = log.(n +1) = Ins 
n 


obtain 


. From (8.4.9), we 


Proposition 8.4.1. By using the Z4-equivariant systems (P Hy) to create limit 
cycles, where Qk(x, y) = 0 and (P Hs) is (8.4.7), we have 
1 ES +1) 2 2 
——— -— 


mc " =. A. 
H(n) > 7(n+ 1) FE 5 nts (8.4.10) 
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This proposition is the correction of Theorem 3.4 of Ref. [Christopher and Lloyd, 
1995]. 


8.4.3 A New Lower Bound for H(2* — 1) 


In this subsection, we consider the perturbed Zo-equivariant vector field (see [Li 
Jibin etc, 1987]): 


dx — 2Y | 2 2 
q UA) terlay — 2° A), 


d 
= a(1 — 2x?) + cy(y? — a? — 1), (8.4.11) 


where 0 < € «& 1. The system (8.4.11)-=9 has Hamiltonian 


Ha(z,y) = —2z* — y* + 2(z? + y’). (8.4.12) 


There exist 9 finite singular points of (8.4.11)-o which are the intersection points 


of the straight lines x = 0,2 = + and y = 0,y = +1. The phase portrait of 
(8.4.11)-<0 is shown in figure (2) of Fig.8.4.3. 

Let (8.4.10) be the system (PH) and suppose that —4.80305 + O(e) < A < 
—4.79418 + O(e). We know from [Li Jibin etc, 1987] that the system (PH3) has at 
least 11 limit cycles having the configuration shown in figure (1) of Fig. 8.4.3. By 
taking the map: (x,y) — (x? — 3, y? — 3), the new unperturbed system (PH3)-=0 


(1) 11 limit cycles (2) The system (8.4.11)-=o0 
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(3) A system of degree 7 


Fig.8.4.3 Four copies of system (8.4.11) 


has 49 finite singular points which are intersection points of the straight lines z = 
il 
0d — 3 Js = £3 and y = 0,y = +v2,y = +vV3,y = +2. The phase 
portrait of (PH3)-=o is shown in figure (3) of Fig. 8.4.3. 
The first perturbed terms of (PH3) have the forms: 


These are polynomials of degree 7. Hence, firstly, we have from Lemma 8.4.2 that 
there exist 4 x 11 = 44 limit cycles of (P H3) under the first perturbations PY) and 
Q9. By Lemma 8.4.3, the above perturbations do not create limit cycle around the 
centers on the y-axis. Thus, secondly, we use Lemma 8.4.1 to add new perturbation 
terms po and QP = 0 such that 3 x 3 limit cycles appear around the 3 = 2? — 1 
centers of (PH3)e=0 on the y-axis. To sum up, two sets of perturbations give rise to 
S3 —4x 11 +3 x 3 = 53 limit cycles of (PHs3). 

By using inductive method, similar to that in $8.4.2, from the “quadruple trans- 
formation” 

(x,y) — (a? — 3571, y? — 3&1) 


and the bifurcations of small amplitude limit cycles around the centers on the y-axis 
for the system (PHy41), k = 3,4,--- , we have 


Seyi =4 x S, + (25 — 1)? (8.4.13) 
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limit cycles. Note that $5 = 11. Thus we obtain from (8.4.12) and (8.4.8) that 


aa (i - >) +2* — ; (8.4.14) 


Proposition 8.4.2. By using the Za-equivariant systems (P Hy) to yield limit 
cycles, where (P H»5) is (8.4.11), we have 
ln(n+1) 1 


(n 4-1)? GIL - 1 +n+-. (8.4.15) 


H(n)z 
in) m2 6 


1 
4 
8.4.4 Lower Bound for H(3 x 2*7! — 1) 


In this subsection, we consider the perturbed Z2-equivariant vector field of degree 5 
(see [Li Jibin etc, 2001]): 


ey(px* + qy* + ga?3? + ma? + ny? — A). (8.4.16) 


or its polar coordinate form: 


d 1 
^; epi 20|(b — a) — (b + a) cos 20 + 2r? cos 20] r° 
—er? (p cos* 0 + qsin* 0 + g cos? 0 sin? 0) 
—er[r? (m cos? 0 + n sin? 0) — A], 
do 1 : 
a g 3a + b) + 4(a — b) cos 20 + (a + b) cos 46]r 
1 
+365 4- 3cos 40)r*, (8.4.17) 
where a > b > 2. (8.4.16)-=0 and (8.4.17)-<o have the Hamiltonian functions as 
follows: 
1,2,,5,1 a 1,6, 6 
H(z, y) = Pis ty“) 4 10 + by*) g(t Hy’), (8.4.18) 


1 1 
Hhing)ce- or + 39 Bla + b) + 4(a — b) cos 20 


1 
+(a + b) cos 48)r* — ris + 3cos40)r$. (8.4.19) 
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Denote that 


a— ya? —4 a+ ya? —4 

a= 2 > £9 = 2 , 
| h-VE-a4 ut a 
mM = 2 ; Ta = 2 . 


It is easy to see that the system (8.4.16) has 13 centers at 


(0, 0), (&,m), (&, =m), (£2, 0), (£2, 2), (£2, =n2), (0, 2) 


and their Z2-equivariant symmetric points, 12 saddle points at 


(0, m), (€1,0), (€1, 92), (£x, =72), (£2, m), (€2, ^m) 
and their Zo-equivariant symmetric points. We have from (8.4.18) that 
‘ =H(0,0) = 0, 
H(&,m) = H(&,-m) 
pec b) — (aè 9) + (a? — )3 + (? — 3], 
1 


5 —H(£5,0) = m [6a a? — (a? 4, 
hs =H (0, n2) = H(0,—72) = 5; [o iP - (p 4, 


hi = => H(£2,72) = A (£», —n) 


--a [6(a +b) - (aë +0) - (a? - 98 - 0? - 8); 
and 
hi = H(G,0)=—3, [6a — a? + (a? — 4)3], 
h§ = H(0,m) = -x [eb — 6 + @? - 8], 
hå = H(& m) = —5; [6(a + 0) - (a? +0) + (a? - 9$ —  — 9], 
hå = H(& m) = -5; [6(a + 8) - (a? +8) — (a? - 93 + - 9] 
Suppose that (a,b) = (2.5, 2.3). We have 


£1 = 0.7071067812, £ = 1.415213562, 
mı = 0.762960789, 2 = 1.310683347, 
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and 


hi = —0.2436732647, 
h3 = —0.1215767351, 
hs = —0.0069934018, 
hg = 0.1596732652, 
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hs = —0.1290899314, 

hj = —0.1145833333, 

hi, = 0.03757673603, 
hs = 0.16666666667, 


—00 < hî < hå < hg «hj < h5 «0 < hj < hi < ho. 


The unperturbed system (8.4.16)-9 has the phase portrait of figure (2) in 
Fig.8.4.4. In [Li Jibin etc, 2001], we showed that when 


(p, q, 9, m, n) 


—(—.144543, 1.157350656, —3.328234861, 3.014502, 6.564525872), 
NE (xn). min ( max(A; (A), max(as(h)) ) 


~(9.319050412, 9.319051762), 


the system (8.4.16) has at least 23 limit cycles having the configuration shown in 


figure (1) of Fig.8.4.4. 


We now take (8.4.16) as (PH2). Under the map (x,y) — (x? — 3, y? — 3), the 
new system (PH3)-—o has the phase portrait shown in figure (3) of Fig.8.4.4. There 


exist 121 finite singular points of (PH3)e=o consisting of the intersection points of 


the straight lines x = 0,z = 


V3 E&, x = V3 and y = 0, y = 


1,2. There are 5 = 3 x 2?-! — 1 centers on the y-axis. 


V3 Em, y= v3,i= 


(1) 23 limit cycles 


(2) The system (8.4.16).—o 
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(3) A system of degree 11 


Fig.8.4.4 Four copies of (8.4.16).—o 


By Lemma 8.4.2, the perturbed terms 


PP (s, y) =y(a? — 3) [p(a? — 3)*  a(y? — 3)* 

g(a” — 3^ (y? — 3)? + m(a? — 3)? + n(y? — 3)? — A], 
Q? (z,y) =a? — 3) [pla — 3)* + a(y? — 3)4 

g(a — 3)?(y? — 3)? + m(s? — 3)? + n(y? — 3)? — X] 


quadruple the number of limit cycles of (PH2), i.e., there exist 92 = 4 x 23 limit 
cycles of (PH3). Next, by using Lemma 8.4.1 to perform secondary perturbation 
for 5 centers on the y-axis of (PH3)-—o, we have PP) = nx! — ma? +--+ nr’ 
nsz, Q? (a, y) = 0. It give rise to 5? = (3 x 27-1 — 1)? = 25 limit cycles. Thus, the 
system (PH3) has at least 92+25=117 limit cycles. 

Again by using inductive method, suppose that the system (PH;) has S; limit 


cycles. First, transform the system (PH) by the quadruple map: (x,y) — (x? — 


35-1, y? — 3*-1). Then perform secondary perturbation to the centers on the y-axis 
of (PHk+1)e=0. We have 


Sexi = 4 X Sp + (3 x 2-1-1). (8.4.20) 
Also let Sp = 4^o;. Similar to the computation of (8.4.1), we have 
9 3.1 1 1 ji 
= —(k-—2 E a MEUM: MEA XIII (SUI NET DR 
Ok —02 is! ) 5 8 213) (15 "i 
9 71 3 1 
=02 16 48 T Qk+1 3 x AR (8.4.21) 
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2 
Notice that o2 = =. Thus, 


' 1 1 
j=. (Fe — >) +3%2*-1_- z (8.4.22) 


1 
Let n = 3 x 2*-! — 1. Then, k — 1 = log; (==) = 


3 
from (8.4.22) that 


In(n + 1) 2 1n3 


9 . We have 


Proposition 8.4.3. By considering the Za-equivariant systems (P Hy) to yield 
limit cycles, where (P H3) is (8.4.16), we have 


1 
H(n) > - 
(n) > z 


In(n+1)—In3 25 2 
In2 27 3 


(n +1)? = +n+-. 


1 
Denote that u = tind £z 0.360673. To sum up, the Proposition 8.4.1 ~ Propo- 
n 


sition 8.4.3 imply that 


Theorem 8.4.1. There are two sequences of n = 2*—1 and n =3x2*-1-1,k = 
2,3,--- , and a constant u = (4 x In2)~+ such that the number H(n) of limit cycles 
of the systems (PH;,) grows at least as rapidly as u(n + 1)? n(n +1). 
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cycles [Ilyashenko, 1991] and that H(2) > 4, H(3) > 12, H(5) > 24, H(7) > 
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of a singular point, H(n) > zb? + 5n — 20 — 6(—1)"] for n 2 6 [Otrokov, 1954]. 

5 5 


3 
Christopher and Lloyd,1995] showed that H(2^ — 1) > 4471 | 2k — — | 4-3:27 — Ż 
6 3 


(for example H(7) > 25) by perturbing some families of closed orbits of a Hamil- 
tonian system sequence in small neighborhoods of some center points and using a 
“quadruple transformation”. The method given by them is very interesting. Un- 
fortunately, the computation of a lower bound is not correct (see Remark 8.4.1). 
Therefore, we need to correct and develop their work. 


Chapter 9 


Center-Focus Problem and Bifurcations of 
Limit Cycles for a Z;5-Equivariant Cubic 
System 


In this chapter, we study the Z2-equivariant cubic system which is represented by 
(ET ?). We first solve completely the problem of center-focus for this class of systems. 
Then, considering the bifurcation of limit cycle created from infinity, we show that 
a cubic system has at least 13 limit cycles. 


9.1 Standard Form of a Class of System (EZ?) 


In this section, we consider the following system (EZ?) having at least two finite 
elementary focuses 


dax 
qr T Zey) + Xss, y) = X (2,9), 
d 


where X(x, y), Yk(x, y) are homogeneous real polynomials of order k with respect 
to r and y, k = 1,3. 
Suppose that system (9.1.1) has at least two finite elementary focuses. We as- 


sume that two of them are at the points (+1,0) (otherwise, we make proper linear 
transformation). 


Definition 9.1.1. If the functions of the right hand of system (9.1.1) satisfy 


X(1,0) = Y(1,0) = 0, 
AX(1,0) _ aY(1,0) 


Ox Oy ee 
AU NN PEU or (9.1.2) 
Oy Ox 


then we say that system (9.1.1) has the standard form. 
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Obviously, when system (9.1.1) has the standard form, the linearized systems of 
(9.1.1) at the point (+1,0) have the forms: 


— = (x x 1) + ôy. (9.1.3) 


Lemma 9.1.1. If system (9.1.1) has at least two finite elementary focuses, then 
by using suitable linear transformation, it makes (9.1.1) become the standard form. 


Proof. Without lose of generality, suppose that system (9.1.1) has two elementary 
focuses at the points (+1,0). We have 


X(1,0) OY (1,0) 


X(,0-Yü,0-0 Sa 40 (9.1.4) 
Write that 
. OX(1,0) | OY(1,0) 
BEEF Oy ' 
OX(1,0) 0Y(1,0) OAX(1,0) ƏY (1,0) 
_ OAV OT S) 1. 
3 Ox Oy Oy Ox mee) 
and 
p? — 4q = —4s*, p—2só, s>0. (9.1.6) 


Then, by the transformation 


ƏY (1,0) .  OY(1,0) " OY (1,0) 5 
Or ^ Ox 7 Oy Bia 
0Y(1,0) . " 
= t= st . 
ag ÜTS, st, (9.1.7) 
system (9.1.1) becomes the standard form. o 


On the basis of (9.1.2) and Lemma 9.1.1, we have 


Theorem 9.1.1. If system (9.1.1) has at least two finite elementary focuses, by 
a proper linear transformation, (9.1.1) can be reduced to the following standard form 


dx ô Ô 3 


Fm Bt (a + Dy + za? + aia? y + azy? + aay’, 
d 1 1 
E. =- + (6 — a4)y + 3" + a4z’y + assy’ + asy’. (9.1.8) 


Obviously, (+1,0) are elementary focuses of system (9.1.8) and the linearized 


systems at the points (+1,0) are (9.1.3). Letting 


zr—t(uctl) y=. t= Er (9.1.9) 
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system (9.1.8) becomes 


3 


? 


d 36 ô 

= = ĝu — v + —u? + 2Qayuv + azv? + =u + aiu? + azuv? + 43U 

dt 2 2 

d 3 1 

ar + Óv + <u? + 2a4uv + asv? + <u? + a4u?v + asuv? + agv?. (9.1.10) 
dt 2 2 


9.2 Liapunov Constant 


s, Invariant Integrals and the 


Necessary and Sufficient Conditions of the 
Existence for the Bi-Center 


When 6 = 0, system (9.1.8) becomes 


dx 


3: = —(ai + 1)y + a1z?y + azzy’ 3 azy?, 
d 1 1 
= = 39 — aay y + a4z?^y + aszy? + asy? (9.2.1) 


and system(9.1.10) becomes 


a = —v + ai(2 + ujuv + ao(1 + ujv? + agv’, 
dr 
d 3 1 
Sut utu a4(2 + u)uv + as(1 + ujv? + agv?. (9.2.2) 
dr 2 
We denote that 
Aj = 2(1 E à5)04 + (2 + ay + a5) a2, 
A» = 2(1 ai à1)(1 + as) — a3, 
Ag = 3a4 + (a1 + a5)(5a2 + 4a4), 


A4 = 6(a1 + a5)(1 + a1) + (Sag — 2a4)a4. (9.2.3) 


By using the transformation z = u + iv, w = u — iv, T = it, system (9.2.2) can 


become its associated system. Applying the formula in Theorem 2.3.6, we obtain 


the first Liapunov constants at (4 


-1,0) of (9.2.1). We find that there exist 6 terms in 


V3 and when V3 = 0, there are 25, 118, 350, 831, 1717 terms in V5, V7, Vo Via Vis, 
respectively. By some tricks of the simplification, we know that 


Theorem 9.2.1. The first 6 Liapunov constants of (9.2.1) at the singular points 


— 
| 


+1,0) are as follows: 


(a2 + 2a, 


az — 2a4 + 2a2a5 — 2a4as + 3a¢), 


Vs ~ ac (-34aAa + 241 A4), 
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1 
~ ggah 
861 o3, 


Umm 35360 0 


—— — hoh 
Vas sn ise 
—44 


Vis ~ 35562001 


az(ag E à4)(2a2 — à4)(4a2 = aa) 
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x (5a2 = a4)(2a2 + a4)(4a2 + aa)hohe, (9.2.4) 


where 


ho —3(a1 + as) Aa — 2a4A1, 
hs =30a2 — 54a1a» — 84a2a» + 70a3 — 105a2a3 + 36a4 + 36a1a4 
—'10a2a4 — 84a3a4 — 52a3a2 + 16a} + 126a5a5 + 126a1a2a5, 
ha =108(1 + a1)? (5a2 — 8a4) 
—12(1 + a1)(525a3 — 420a2a4 — 110a2a2 + 9203) 
+5(539a3 — 560a3a2 + 448a2a3 + 96a3a4 — 6403), 
hs = | — 4(1 + a1)? (128a5 — 97a4) 
+4(1 + a1)(3136a3 — 2401a2a4 + 440a2a2 + 94a) 
—a4(T007a$ — 784a3a4 + 2352a2a; — 1256a2a, + 16a1)] 
x (9 + 9a4 + 4a2), 


he — 9038315a2 + 4146497a3a4 + 191510a7. (9.2.5) 


Lemma 9.2.1. The resultant of ha, hs with respect to a, is 


R(ha, hs, a1) = a$(a2 — a4)? (2a — a4)(4a2 — a4)? 


x (5a2 — a4)(2a2 + a4)(4a2 + a4)A (a2, a4); (9.2.6) 


where 


A(ag,a4) = 2003 — 35a2a4 — 202202 — a3. (9.2.7) 


This lemma tell us that if the first six Liapunov constants at (+1,0) of (9.2.1) 


are all zeros, then, the common factor between Vig and R(ha4, hs, a1) is zero. 
we have 


Lemma 9.2.2. If the first six Liapunov constants at the singular points ( 
of (9.2.1) are all zeros, then, 


'Thus 


+1,0) 


a2 (ag = a4)(2a2 = a4) (4a2 = a4) (5a2 = a4)(2ag + a4)(4ag + a4)ho = 0. (9.2.8) 
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Theorem 9.2.2. The first sir Liapunov constants of (9.2.1) at the singular 
points (+1,0) are all zero, if and only if one of the following conditions is satisfied: 


1 
(Ci): 84 0, a, = —a5, a6 = -395 


(C3) : a4 = 0, a, +a5 #0, a2 = ag = 0; 
(C3): ho — 0, a1 + as #0, 


ag = -(—a2 — 2a1a» + 2a4 — 2a»as + 2a4a5), 


2(1 + a3)(a1 + as)? — a2(1 + 2a; + 2a5) = 0; 


ag = =(—a2 — 2a1a» + 2a4 — 2a»as + 2a4a5); 


(—2 + 3a), a2 = aa, 


az = a2(1— a2 + as), ag = a4(1 — a2); 
1 1 


(Ce) > a4 Æ 0, Q1 = 38 E Das). 5 = 394; 
1 1 
5 —3(8 + a4) a3 = 354. ag = que mm a4); 
1 
(C7): a4 #0, a = -33682 + 15a2), 
1 1 
az = Du d3 = z574(64 + 15a2), 
3 
a5 = -3;06 + 17a4), a6 = -15«ü + a2); 
(Cs): a4 #0, a = -Z0 + 2102), 
1 1 
a2 = 504, a3 = 155540250 + 63a2), 
1 1 
a5 = — 5 (200 4-39a2), ag = —3594(35 + 9a2); 
1 
(Co): a4 #0, a = — 9 0 + 42), 
2 
a2 = 0, a3 = 0, ac zul + as); 
1 > 1 
(Cio) : a4 #0, a4 = -g(8 --3aj), a2 = 504 
3 1 
a3 = je ag = g ^4 (4 — a4 + 8a5); 


(C11) : 4 0, a1 = — 592 + 15a), 
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1 1 
az = 744,03 = 575 04 (832 + 495a?), 
1 1 
a5 = 35 (160 + 11103), ag = 1ga« (76 + 4522). 
Proof. We first prove the sufficiency. 
Substituting each condition (C;) (j = 1,2,---,11) into the above formulas of 
V3, Vs,--- , Via, respectively, it follows that V3 = Vg =--- = Via = 0. Thus, the 


sufficiency of this theorem holds. 

We next prove that every condition (C;) is the necessary condition such that 
V3 = V; =--- = Vis = 0. By Lemma 9.2.2, we need to consider the following four 
cases. 

(1) If a4 = 0 and ho ¥ 0 then Lemma 9.2.2 implies that az = 0. Hence, the 
relationship 


4V3 = 3ag = 0, 
ho = 3(aı t à5)(2 t 2a4 a3 d 2a5 t 2a1a5) = 0 (9.2.9) 
follows the condition (C2). 
(2) If ho zz 0 and az(a2 — a4)(2a2 + a4) = 0, by solving V3 = V; =--- = Vig = 0, 
we have 


18a, = —18 + 25a? + 10a5a4 — 87, 


12a3 = —as(—20a3 + 8a4 + basa + Ta} — 20a2a5 + 84a), 


6ag = 2a» + 4a4 5a2a4 4202 4a3a5 + 4a4a5. (9.2.10) 


Thus, when az = 0, we obtain the condition (C9). When az — a4 = 0, we have the 
condition (C5). When 2a2 + a4 = 0, it gives rise to the condition (Cio). 

(3) If ho # 0 and (2a2 — a4)(4a» — a4)(5a2 — a4)(4a2 + a4) = 0. By solving 
V3 = Vs =--- = Vig = 0, we have 


6a4a1 —160a3 — 6a4 — 45a2a4 — 10a2a7, 
18a2a3 = a» (1920a3 — 1344a2a4 + 132a2a4 + 647a3a; 


+30a3 — 556a2a3 + 103a2a + a3), 
6atas = —(960a3 — 672a2a4 + 36a2a7 + 320a3a 
+36a} — 237a2a; + 28a3a1 + 625), 
9a2ag = —(960a3 — 672a2a4 + 39a5a2 + 400a3a 
--24a3 — 269a2a3 + 29034 + 5a). (9.2.11) 


Hence, when 2a2 — a4 = 0, we have the condition (Cg). When 4a» — a4 = 0, we 
obtain the condition (C7). When 5a2 — a4 = 0, we have the condition (Cg). When 
4a» + a4 = 0, we obtain the condition (C11). 
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(4) If ho = V3 = Vs = 0, we consider the following three subcases. Aj = Ag = 0 
imply that (C4) holds. If | A1|-- |42| Z 0 and |a4|+ |a1 - a5| 4 0, (C3) holds. Finally, 
we get condition (C4) when |A| + |A2| 40 and a4 = a1 + as = 0. o 


We now prove that the origin of (9.2.2) is a center when each condition (C1) ~ 
(C11) of Theorem 9.2.2 holds. 

(1) Suppose that the condition (C1) holds. Under this parameter condition, 
system (9.2.1) becomes 


dx 
rm (a, + 1)y + a12?y + azzy? + azy’, 
dy 1 1 3 2 1 3 
sw io 2.12 
W. 2 "4^ MUN = gay id 


It is easy to see that the following conclusion holds. 


Proposition 9.2.1. System (9.2.12) is a Hamiltonian system with the Hamilto- 
nian quantity 


L 
— 57/32" — 12a4z?^y? — 8asxy? — 6a3y^]. (9.2.13) 


As an example, we use Fig.9.2.1 to show some phase portraits of system (9.2.13). 
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Fig.9.2.1 Some phase portraits of (9.2.12) 


(2) Suppose that the condition (C2) holds. Under this parameter condition, 
system (9.2.1) becomes 
dx dy 1 


— = 1 } 2 } 2 Ss 
dt y( ay + AIT azy“), di 97 


(—1-4 2? + 2asy”). (9.2.14) 


Proposition 9.2.2. Let 


gı = (2 + aı + as) — (a1 4 as)a? 2(a3 — a1as 4 az)y”, 
g2 = —1 + 27 + 2asy’, 
^ = 2as + (a1 — a5)”. (9.2.15) 
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System (9.2.14) has an integral factor 


M(x,y) = fr* (9.2.16) 
and a first integral 
Fi(z,y) = fifi "9, (9.2.17) 
where 
hg — 192; 
1 
+ vm 
(2 — J if^ > 0 
m v192 
2 
=s exp—, if 1 =0; (9.2.18) 


gı 


arctan 2), ify«0. 


2 
exp 
(- =y gı 


(3) Suppose that the condition (C3) holds, we have 


Proposition 9.2.3. Under the condition (C3), system (9.2.1) has an integral 
factor 
Boni" (9.2.19) 


and a first integral 
Kyu yes fe ty (9.2.20) 


where 
fa — (a1 + ag) — aay, 
fa=(2 + a1 + as)[aaz + 2(1 + a1)(a1 + a5)y] 
—(1-4-a3 + ag) [aa2? + 2(1 ---a1)(a1 + ag)a? y 
+2a4(1 + as)ay? + 2a3(a4 + as)y?]. (9.2.21) 
Remark 9.2.1. Suppose that the condition (C3) holds. Let 


aı +a5 =y, G4 = bay. (9.2.22) 


By solving 2(1 + a1)(a1 + a5)? — a3 (1 + 2a) + 2a5) = 0, we obtain the expression of 


ài. By solving ho = 0, we obtain the expression aa. Thus, condition (C3) can be 


reduced to 
v3 0, ag = bay, a = 5(-2 463 + 2629), 
as = 5(2— b} + 27-26), 
(Cs) a6 =3( az — 2agr + 4bay — br + 2b47? — 2b37?), (9.2.23) 


1 
Q3 = -ghí(Baa = 12b4 + 3bj SI 4a3^y 


—14b4^y + 8b3y — Aba"? + 46377). 
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(4) Suppose that the condition (C4) holds. Let 


4o — lcaj-càs, Y3 —2-2a; +a, 
g3 = 1 — 2? — 2y? — 2agy*. (9.2.24) 
We have 


Proposition 9.2.4. Under the condition (C4), system (9.2.1) has an integral 
factor 


Ma(z, y) = fs ^ fg ! (9.2.25) 
and a first integral 
Fa(z,y) = fsfefz^, (9.2.26) 


where 


és, if aa = 0, 
fa — a? + 2a4xy — 2(1 + a1)y?, 


=| (L+ 93), if 2 #0; 


1 
+ = Nar 
(eto = VEN ay aoa 
z + aay + /ys y 
—2 
fr-4 exp ————, if 44 —0; (9.2.27) 
£ aay 


—2 y ) : 
exp arctan as i 3 <0. 
G =% z + aay re 


Remark 9.2.2. Under the condition (C4), if a3 = a4 = 0, then, ag = A = 0. 
Thus, when a, + as = 0, the condition (C1) holds; When a; + as 4 0, the condition 
(C2) holds. In addition, if |a2| + |a4| 4 0, then, A1 = 0 implies that there exits a 
constant ^ such that 

24-a14-a5 —2ya4, 1+a5 = —*vaa. (9.2.28) 


In this case, the condition (C4) can be changed to 


a204 #0, a1 = —1- (a2 + 2a4)9, 
(C4) : 4 a3 = —2a0(a2 + 2a4)y?, (9.2.29) 
a5 = —l-— asy, ag = a»(1l-— 2a47). 


(5) Suppose that the condition (Cs) holds. Under this parameter condition, 
system (9.2.1) becomes 


dx 3 1 
P 5 4U 3t 2-- 3a2)27y + aay? + a2(1 — a2 + ag)y?, 
dy 1 3 2 2 


1 
2 gt aay | 5% - a4z?y + assy? + a4(1 — a2)y?. (9.2.30) 
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Proposition 9.2.5. Let 


^42 —2 +02 + 2a, 


g4 = 2a2(2 + a2 + 2as) — y4(2 + a2 + 2as)(z? — a2?) 


—(a4 — 2a5)ya(—a + aay)? 
x(—z? — 2a4zy — 2y? + Qazy? — asy”), 


gs —a4 — 2(z^ — azy”) 
+(—1 + o2) (-x + agy)?(—2? — 2a4zy — Ay? + 3a2y?). (9.2.31) 


System (9.2.30) has an integral factor 


Mear ~ (9.2.32) 
and a first integral 
Fs = fofi; eu 
where 
fs =T — aay, 
1 
f [aj + (-1-- aj) (72? + a3y?)] 3, if 1- a3 40; 
g= 2,2 ] 
gin if 1-aj=0, (9.2.34) 
1 
a if y4 #0; 
fio = exp ER if w= 
4a3 


(6) Suppose that the condition (Cg) holds. Under this parameter condition, 
system (9.2.1) becomes 


de 5 1 1 2 
pm guy | 2 8 + 5az)a7y + g my i 35 44V, 
1 1 
dy | 1. asy + za? + a4x?y 
dt 3 2 
1 1 
—5(8 + aoy? za — yf. (9n) 


Proposition 9.2.6. System (9.2.35) has an integral factor 


—16-5a2  —8-a2 
—— 


Me(x, y) —fu^" fiz (9.2.36) 


and a first integral 
Fe = fh fiefs, (9.2.37) 
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where 
fir =22 — asy, fie = 2u+ 5a4y, 
1 
[8 + (-2+ a2) 4 — 407 + agy’) ?*3, if —2+03 £0; 
fiz = 21,2 (9.2.38) 
2-2 
eo TW. if —2+a7=0. 


4 


(7) Suppose that the condition (C7) holds. 
system (9.2.1) becomes 


dx 15 4 
— 32+ 15 
dt 32 47 zí Flat 
1 1 
vay er 
aH s M a t € H aaz? 
"e No ee 


1 Am d 
—35 (96 + 1Taj)zy sk: 


a4(4 + a2)g?. 


Under this parameter condition, 


, 


(9.2.39) 


Proposition 9.2.7. System (9.2.39) has an integral factor 


=8 
Mr(x,y) = fid 


and a first integral 
F(z, y) = fii fis: 


where 


fia = 4803 (4x + 3a4y) — 
fis = 2560a4(4a + 5aay) 


(9.2.40) 


(9.2.41) 


(8 + 3a2) (4x + asy)”, 


—80a2(16 + ba2) (4x + asy) (4x + 3aay) 


+(8 + 3a2)(16 + 5a) (4x + aay)?. 


(8) Suppose that the condition (Cg) holds. 
system (9.2.1) becomes 


dx 21, 1 
d^ 599 ~ gg goo t 
1 
2 
*gaamy += ze a4 (250 + 63a2)y? 
dy 1 zl; 2 
dt^ ge Ut Be Hary 
1 1 
— gg (200 + 39a1)a y^ -— gg 44 (35 + 9a3)y* 


(9.2.42) 


Under this parameter condition, 


, 


(9.2.43) 
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Proposition 9.2.8. System (9.2.43) has an integral factor 


Ms(z,y) = fie (9.2.44) 


and a first integral 
Fs(x,y) = fie fir, (9.2.45) 


where 


fig = 22502 (5a + 3a4y) — (25 + 9a2) (bx + asy)”, 

fiz =1968750a8(52 + Ta4y) 
--525a2(25 + 7a2)(25 + 9a2)(5x + aay)^ (5x + 3a4y) 
—78750a4(25 + Ta2) (5x + aay)(5x + 3aay)? 
— (25 + 7a2)(25 + 9a2)? (bz + ay)". (9.2.46) 


(9) Suppose that the condition (C9) holds. Under this parameter condition, 
system (9.2.1) becomes 


dr 4 I 
d gal = 9 (9 + 4a4)a7y, 
1 1 2 
ow 9? — aay | st + a4x?y + aszy? 4 344 + as)y*. (9.2.47) 


Proposition 9.2.9. System (9.2.47) has an integral factor 


2 
9—8a2-F18ag 


Mo(z,y) = fi fig ? (9.2.48) 
and a first integral 
= 9(3+2a5) 
Fo = (3x + 4aay) fis fig 7 
9(3+2a5) 
7 dyr 
—6(1 i ee 9.2.49 
( +08) f ope y LES ( ) 
where 
fig =3x + 2agy, 
1 
fo a dod € c-r 
f= p PERO OPI e. dur a (9.2.50) 
et, if 9+4a2 =0. 


Remark 9.2.3. When 9+ 4a2 — 0, a4 is a complex number, the above results of 
the integrability of (9.2.1) are also true when the parameter group (a1, a2, a3, a4, a5, ag) 
is complex. 
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(10) Suppose that the condition (Cio) holds. Under this parameter condition, 
system (9.2.1) becomes 


dx 3 1 
LT gay -368+ 3a4)a^y 
1 3 
—zaazy? + —a5(4 + aj + 4as)y?, 
2 16 
d 1 1 
T = -37 — asy + 3 + a4z?y 


1 
tasry? + ga — aî + 8a5)y*. (9.2.51) 


Proposition 9.2.10. The singular points (+1,0) of system (9.2.51)are centers. 


Proof. By using the transformation 


¿= 1 2(2x + 3a4y) 
2 (2z+ay)}’ 
2 1 
) 4 2 TH t (9.2.52) 


~ Oa + aay’ d 1 — 2€ 


system (9.2.51) becomes 


d 1 

5 = Tae. — 2£) [-16 + 3a2(8 + aj + 8a5)n?] , 

d 1 

+ =; [8E + (8 — 3a$ + 8a5)n? — a4 (8 + a3 + 8a5)n"] . (9.2.53) 


The above transformation makes (+1,0) of (9.2.51) become the origin (0,0) of 
(9.2.53). In addition, 


E= (x—1)+h.o.t., ņn=y + h.o.t., near (1,0), 
E= —(x +1) + h.o.t., n=-—y + h.o.t., near (—1,0). (9.2.54) 


Clearly, the vector field defined by (9.2.53) is symmetric with respect to the 
€-axis. It implies that the conclusion of this proposition. O 


(11) Suppose that the condition (C11) holds. Under this parameter condition, 
system (9.2.1) becomes 


dr 155  l 
dt- 32749 39 


1 1 
—-aa4zy? + —-a4(832 + 495a2)y?, 


(32 + 15a2)2?y 


4 512 
dy 1 1 3 k 2 
EU 37 a4y q 9T ra4T y 


1 1 
+35 (160 + 11laj)xy? + 154 (76 + 45a)y. (9.2.55) 
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Proposition 9.2.11. The singular points (+1,0) of system (9.2.55) are centers. 
Proof. Let 
ge = (2562? + 576a42?y — 528a2xy? — 540adxy? — 932a2y? — 585ay?). (9.2.56) 


By using the transformation 


¿= 4y 12x + 13a4y 
— Ax + 3a4y V 3(4x + 3a4y)’ 
1  8(4z+5asy)? 4y? (12x + 13a4y) 


2 (4¢+3aay)>  3(4r + Baay)® 95 


(Ar4-3a4y)? |3(4x + 3aay) 
dr = ————————— | — dt 9.2.57 
r 16(4r4-5ba4y) | 12x + 13asy ` ( ) 


system (9.2.55) becomes the following Lienard system 


d 1 

- =n + s E H8 + 19203 — a3(528 + 297036"), 
dn 1 2,2 2 22 

Ir = gélt- 304g [4 (48 + 2708) 7) 


x [32 — a3(240a2 + 135a2)£?]. (9.2.58) 


The transformation (9.2.57) makes the singular points (+1, 0) of (9.2.55) become 
the origin of (9.2.58) and we have 


E — y + h.ot., n = (x — 1) + h.o.t., near (1,0), 
E = —y h.o.t., n= -—(x + 1)+ h.o.t., near (—1,0). (9.2.59) 


Obviously, the vector field defined by (9.2.58) is symmetric with respect to the 
y-axis. It implies that the conclusion of this proposition. m 


Theorem 9.2.1, Theorem 9.2.2 and Propositions 9.2.1~ Propositions 9.2.11 imply 
that 


Theorem 9.2.3. The singular points (+1,0) of system (9.2.1) are centers if and 
only if the first 6 Liapunov constants are all zeros, namely, one of 11 conditions in 
Theorem 9.2.2 holds. 


9.3 The Conditions of Six-Order Weak Focus and 
Bifurcations of Limit Cycles 


We know from Theorem 9.2.1 and Lemma 9.2.1 that if (+1,0) of system (9.2.1) are 
weak focus of order 6, then we have 
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A(az, a4) = 20a3 — 35a3a4 — 20a2a4 — a; — 0, asho 40. (9.3.1) 


Let a2 = Aa4. It is easy to see that the function A(A, 1) has three zeros at 


pm p Buen. oS aR EE a. 
12 6 
7 vo 2n 

EE NL 6, — — | =—0. Ede 

w= + oos ( 0-5 ) 0.05557708 ---, 
7 vo 2 

Aa = — = cos | 0o + = | = —0.40666876 --- , (9.3.2) 
12° 6 3 

where 
1 36/2319 
0o = 3 arctan Eg . (9.3.3) 


By Theorem 9.2.1, we have 


Theorem 9.3.1. For system (9.2.1), (+1,0) are weak focuses of order 6 if and 
only if 


A(A,1)=0,  a4ho #0, (a1, a2, 43, a5, Gg) = (G1, 2, 3, 5, Ge), (9.3.4) 
where 


i 
à; = —[-18 + (—8 + 154A + 3852?)a2], 


~ il 2 2 
äs = — Tapp t4 [2880(8 + 74A + 1432”) 


+(3578819 + 73223024A + 158462585A?)a2], 


1 
ds = — Gp [126 + (44 + 320A + 797*)ai], 


1 
dg = — Fx aa [45(4 19A) + (502 + 6820A + 16105A?)a2]. (9.3.5) 


Lemma 9.3.1. Suppose that A(X, 1) =0 and (a1, a2, a3, a5, a6) = (à1, G2, G3, Gs, 
ag). Then ho = 0 if and only if 


à= A, a? =w, or a? = uw», (9.3.6) 


where 
Ww, = 0.03274565---, we = 0.03453237---. (9.3.7) 
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Proof. When (a1, @2, 43,45, 46) = (G1, G2, G3, G5, Gg), we have 


- a2(5468369 + 111981560 + 24226635522) z (9.3.8) 
593806218257103750 m id 


where 


ho —158348324868561a1 
+260090(1927442096 + 735778623 — 73479818022)a2 
+275(1591628188157 + 1932176311266A — 1198485512456A?) (9.3.9) 


is a quadratic polynomial in a2. A(A,1) = ho = 0 imply that 


2 —5(1927442096+735778623\ —734798180A? ) 
(L4 E 
: 6088212729 


254/6(—2600381406258223— 14988190268053629A 4-73064404117442202? ) 


. (9.3.10) 
6088212729 


When A = A» and A = As, (9.3.10) follows that a2 is not a positive real number. 
But when A = A1, a? = w1, w2, where wu; = 0.03274565---, w = 0.03453237---. 
Namely Lemma 9.3.1 holds L1 


According to Theorem 9.3.1 and Lemma 9.3.1, we have 


Theorem 9.3.2. (+1,0) are weak focuses of order 6 of system (9.2.1) if and 
only if 


A(A, 1) — 0, ag #0, (a1, G2, 43, a5, a6) = (G1, G2, G3, 5, Ge) (9.3.11) 


and when À = X, a2 £ w1, we. 


Theorem 9.3.3. Suppose that (+1,0) are weak focuses of order 6 of system 


(9.2.1). Then, when 
6 


0| + M 7 Jan — ae] < 1, (9.3.12) 

k=1 
by making a small perturbation of the coefficient group of (ô,a1,a2,a3,a5,a6) of 
system (9.1.8), there exist 6 small amplitude limit cycles in a small neighborhood of 


— 


+1,0), respectively. 


Proof. Because (+1, 0) are weak focuses of order 6 of system (9.2.1) and (9.3.4) holds, 
Theorem 9.2.1 follows that when A(A,1) = 0, a4ho Æ 0, the Jacbin of the function 
group (V3, Vs, Vz, Vo, Vii) with respect to (a1, a2, 43,45, as) at (ài, a2, as, a5, ae) is 
given by 
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OV, DV, OV, V, 3 
ða Oa» Oa3 Oas 4 
OV; V; ôV; OV; 0 
Oa ao az  Oas 
7 (s; Vs, Vr, Vo, Vit) m OV; 90V; OV, OV; 0 
-~ Əla, az, a3, as, ag) | Oa Oa; az  Oas 
OV; | 0Vo 
—  — 0 0 0 
Oa Oa» 
OV 
ii Vu 0 0 
Oa, Oa» 
....539(8602456533509-175937693579696--380614976209391A* ) al 3 
a irr hg 70. (9.313 
12538266255360 7 ( ) 
Thus Theorem 3.1.4 follows that Theorem 9.3.3 holds. o 


Under conditions of Theorem 9.2.1 and Theorem 9.3.1, Viz = at'« 4 0, where 


mE 
~ 354294000000 4 1321 
Spoon 40D 99152100 


—3379058706136258840a7 + 50225301517577575587a4) 
+(1161552717525657600 — 69108607749089418880a7 
+1027209339522075478992a4)A + (2512846172532009600 
—149506172061524927560a7 + 2222214298048672809225a4) À?)]. (9.3.14) 


'Theorem 9.2.1 and Theorem 9.3.2 imply that 


Lemma 9.3.2. If 


a4 #0, A(4,1) 9 0, 6 = 259200kaile'", 


ay = ài T coet ; 


104 
a2 = Gig + E + 220A + 46022) a2&?, 
a3 = 43 Ce" Coe” cze? cae, 


a5 = as alr cse? him Cees == c7e® alr cge®, 


ag = üg cg? c1o€* t GIE t cie? t 1369, (9.3.15) 


and a2 # wi, we, when X= X1, where co ~ cia are given by 89.7, then the first six 
focal values at (+1,0) of system (9.1.8) are as follow 


vi (2x) — 1 = 518400al!kz&'? + o(c!?), 
vs (27) = —773136al!kne!? + o(e!9), 
vs(2x) = 296296al'«ne? + o(&?), 
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v7(2m) = —44473al! kn + o(e9), 

vg(27) = 3003al!«ne* + o(e^), 

141 (2m) = —9lal kre? + o(e°), 

143(2m) = a} kr + o(1). (9.3.16) 


Theorem 9.3.4. Under the condition in Lemma 9.3.2, there exists a positive 
number £o > 0, such that system (9.1.8) has exactly 12 limit circles, which are close 
to the circles (x #1)? + y? = k?e? when 0 < |e| < £o, k = 1,2,3,4,5,6. 


Proof. By Lemma 9.3.2, the quasi succession function at (+1,0) of system (9.1.8) is 
that 


L(h, €) = al!&an(518400c€?? — 773136h?&1? + 296296h*e® 
ee + 30034824 — 91h'c? + 1?) 


=a, ver TL? — ke") (9.3.17) 


(9.3.17) and Theorem 3.3.3 imply this theorem. 


9.4 A Class of (EZ?) System With 13 Limit Cycles 


In this section, we consider the following system having two weak focuses of order 
6: 


d. " a m " 

P- — —(à4 + l)y + àja?y + üazy? + ã3y’, 

d 1 il 1 

= = 3T 3^ ary z2", (9.4.1) 


where (à1,ü2,à3,ü5,üg) are given by (9.3.5), A(A,1) = 0, a4 #0 and a? 4 wi, we 
when A = A1. 
Write the functions of the right hand of system (9.4.1) as follows: 


~ 1 
Xi(z.y) = -(à + Dy, Yı(z,y) = 52 — aay, 
X(x, y) = áiz?y + dox? + day, 


1 - z 
Y3(z,y) = z” + aaz’ y + ügzy? + ey’. (9.4.2) 


By (9.3.5), every component of the group (à, à», à3, à5, àg) is a polynomial in À, a4 
with the rational coefficients. A € (11, 45, 43] and a4 is a free parameter. We are 
going to consider the bifurcation condition of limit cycles of (9.4.1) created from the 
infinity (i.e., the equator Fa of the Poincar'e sphere). Let 
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P(x,y) =2[eX1 (x, y) + yYi (x, y)] = —(8 + 241) ay — 2aay?, 
Qx»(z, y) =2[2¥i (2, y) — yX1(2, y)] = —a? — 2a4xy + 2(1 + ã1)y’, 
r,y)=2 
( 


Pa( xX (x,y) + yY3(a, y) 
1 4 2à,)2?y + 2(G + ag) xy” + 2(à3 + ãs)ry? + 2àgy*, 
Qalx, y) =2[xY3(x, y) — yX3(z, y) 


—z^ + 2a4235y + 2(às — G1) x? y? + 2(Gg — Ga)ay? — 2a3y*. (9.4.3) 


It is known that system (9.4.1) has no real singular point on the equator Fa if 
and only if Q4(z, y) is positive definite. 

Suppose that Q4(x,y) is positive definite. In order to investigate the stabi- 
lity and bifurcations of limit circles on the equator rə of (9.4.1), by making the 


transformation 0 in& 
NES js E (9.4.4) 
p 
system (9.4.1) becomes 
dp ^ Pi(cos0,sin0) + Po(cos 9, sin 0)p* (9.1.5) 
dð P Qa(cos 0, sin 0) + Qo(cos 0, sin 0)p? Uv 
According to (9.4.3), 
Qa4(cos 0, sin 0)|o-o = 1. (9.4.6) 


Clearly, the right hand side of (9.4.5) is an odd function with respect to p, Hence, 
the solution of (9.4.5) satisfying the initial condition p|gio = h has the form 


p = Da Dok 3 (0) 2 FH . (9.4.7) 
k=0 


Substituting (9.4.7) into (9.4.5), we obtain 


? — Py(cos y, sin p) 


pı (0) = d 9.4.8 
aO = exp [ ee ap, (9.4.8) 
" " ? | Pa(cosy, sin y),Qa(cosy,siny)) — p2(y)d 
i3(0) = v4 (0) n PENCIL M (9.4.9) 
o | Py(cos o, sin ),Q»(cos o, sin y)| Q1(cos v, sin v) 
Because 
d 
4P,(cos 0, sin 0) = 2Ro(cos 0, sin 0) — 35 9495 0, sin 0), (9.4.10) 
where 


Rə = a4 cos? 0 + 2(à, + Gs) cos Osin 0 + (G2 + 3àg) sin? 0. (9.4.11) 
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(9.4.8) and (9.4.10) follows that 


i (0) = */Qa(cos 6, sin 0) - € 9, 


i (20) —1 = e€ 0m — 1, (9.4.12) 


where " 
Biü)mc s eme (9.4.13) 
2 Jo Qa(cos p, sin p) 
By (9.4.12), we know that the infinity is a weak focus of (9.4.1) only if Q4(z, y) 
is positive definite and G(27) = 0. 
We see from (9.4.9), (9.4.12) and (9.4.13), when G(27) = 0, i4(0) is a periodic 


function of period 7 and 


nen-2[ 


Lemma 9.4.1. Suppose that system (9.4.1) has no real singular point om the 
equator Tœ and G(2x) — 0. Then, a4 is a real zero of the following polynomial Hı 
of degree 15 in ai: 


P,(cos o, sin y),Qa(cos v, sin y) eC) qo 


(9.4.14) 
P2(cos o, sin q),Q»(cos v, sin q) 


a 
Qj (cos p, sin v) 


H = 24488801280000000000 + 770943744000000000000a2 
—469421964289260000000000a7 
--36075095205512305500000000a$ 
—1143110740438000496812500000a7 
--11013872157343419644770312500a1? 
--67294307690668435658116875000a1? 
+8216045042989819669497109375a}* 
—455712654622496257745066187500a4° 
—817172022465840200592407725000a]1? 
—571549976589616052075594587500a2? 
--1286475949345038306506007073750a2? 
--1637228153622181244360199321500a24 
+934842729588870230115343355500a7° 
+263170086745751773461987484900a7° 
+29615860952895797456782793171a2". (9.4.15) 


Theorem 9.4.1. System (9.4.1) has no real singular point on the equator T's; 
and G(21) = 0 if and only if a4 = aj, A = Aa, where a4(— 0.81233628 ---) is the 
largest real zero of the function Hy. 
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Lemma 9.4.1 and Theorem 9.4.1 will be proved in Section 9.5. 


Lemma 9.4.2. 


dG(2 
Cu = 17.00901058 - - > 0. (9.4.16) 
daa aa=taj, A=A2 
Lemma 9.4.3. 
3(27) a~ 3-5.36546 x 10". (9.4.17) 
a4—-raj, A=A2 


The proofs of Lemma 9.4.2 and Lemma 9.4.3 will be given in Section 9.6. 

We see from Theorem 9.4.1, Lemma 9.4.2 and Lemma 9.4.3 that the equator [x 
of system (9.4.1) is a unstable (stable) inner limit cycle when A = Ao, a4 = ai (or 
a4 = —a4). When à = As, a4 = aj(1— o) (or ag = —a$(1— o )) and 0 < o <1, the 
equator I'4 of system (9.4.1) is a stable (unstable) inner limit cycle. 


By using well known Hopf bifurcation theorem, we have 


Theorem 9.4.2. When A = Ae, a4 = a$(1— c) (or a4 = —ai3(1— ce)) for 
0 « c <1, system (9.4.1) has exactly a unstable (or a stable) limit cycle near the 
equator. 


'Theorem 9.3.3 and Theorem 9.4.2 imply the following main result. 


Theorem 9.4.3. For system (EZ), 6 limit cycles can be created respectively in 
two small neighborhoods of two weak focuses of 6 order. In addition, in a inner 
neighborhood of the equator, there exists a larger limit cycle. Therefore, there exist 
13 limit cycles with the scheme 1 D (66). 


When A = As, a4 = cai, by solving (9.3.14), we have «x = 0.00037809--- > 0. 
'Thus, Theorem 9.3.4 and Theorem 9.4.3 follow that 


Theorem 9.4.4. Suppose that the coefficients of system (9.1.8) are given by 
(9.3.15), where X = Aa, a4 = a4(1 — o) (or a4 = —a4(1— e)). Then, we have 

(1) When £ = o = 0, (+1,0) are unstable (or stable) weak focus of 6 order, the 
equator l'a; of system (9.1.8) is a unstable (or a stable) inner limit cycle. 

(2) When £ = 0, 0 < o <1, (+1,0) are unstable (or stable) weak focus of 6 
order, and in the neighborhood of the equator, there exists a unique unstable (or 


stable) limit cycle. 

(3) When 0 < |e| «& o « 1, there exist 6 limit cycles in a neighborhoods of 
(+1,0), respectively. In a neighborhood of the equator, there exists a unique unstable 
(or stable) limit cycle. Namely, there exist 13 limit cycles. Furthermore, the equator 


Tæ is a inner stable (or unstable) limit cycle. 
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9.5 Proofs of Lemma 9.4.1 and Theorem 9.4.1 


In order to know the exact value of G(2x), we need to have factorization of Q4(x, y). 
Because the coefficient of the term z^ in Q4(z, y) is 1. It implies that Q4(z, y) is 
positive definite if and only if there exist two positive numbers o, 9 and two constants 
71, Y2, such that 


Qa(z.y) = [(z + ny)? + o?y?][(x + yay)? + 8^y?]. (9.5.1) 


Expanding the right hand of (9.5.1) and comparing the coefficients of the same pow- 
ers with (9.4.3), it follows from (9.3.5) that a, 6,71, ya are solutions of the equations 
fi fe fs fa 0, where 


fi=aa — 71 — fa 

fo=36 + 4a? + 45a? + 458? + 1090a2\ + 272202? 

+4577 + 18012 + 4593, 

fs = 180a4 + 502a? — 180a4A + 682003 + 1610503? 

+6758? + 6750772 + 6759772 + 6759192, 

fa = 230400? + 3578819a1 — 32400028? + 2131200? 

--73223024a4A + 411840a2X? + 15846258544)? 

—3240087? — 324000742 — 324004242. (9.5.2) 


Remark 9.5.1. It is easy to show that if (a, 8,71, Y2) is a complex solution group 
of the equations fı = fo = fa = fa = 0, then Qa(a,y) always has the factorization 
(9.5.1) whether Q4(x, y) is positive definite or not. 


Lemma 9.5.1. System (9.4.1) has no real singular point on the equator if and 
only if there exist three positive numbers a, B, y, such that 


Qa(z, y) = [(x + Lasy — a4yy)? + o?^y?][(x + Lasy + aayy) + 6°y’]. (9.5.3) 


Proof. Because a4 # 0, we see from fı = 0 that there exists a y such that 


1 1 
i= z% — ya4, VZS o + yaz. (9.5.4) 


We can assume that y > 0 and prove that y Z 0. In fact, we see from f; = f2 = 0 
that 


4 1 
o? 4 P = + 247a? 99 (143 + 2180A + 5444X2)a2. (9.5.5) 


5 
Since we have A(X, 1) = 0, (9.5.5) implies that a? + 8? < —2 + 25?a2. It follows 
that y z 0. O 
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Substituting (9.5.4) into (9.5.2), we know that fo = f3 = 0 if and only if 
w= fs, B= fo, (9.5.6) 


where 
1 2 2 2,3 
fs = —— (180 — 269a? — 10807 — 2145a2» + 2700a2 
27007 
--360A + 2710a2A — 32700a24A + 8620a7\7 — 8166002722), 
1 

~ 27007 

—360A — 2710a2A — 32700a24A — 8620a2A? — 81660a24A?). — (9.5.7) 


fe (—180 + 269a} — 10807 — 2145a2» + 2700a24? 


Lemma 9.5.2. System (9.4.1) has no real singular point on the equator if and 
only if F| — 0, fs » 0, fe » 0 and y > 0, where 
F, — 32400 + 213480a2 + 8910016a} + 129600 
--6988320a2A + 179010340a4A + 1296002? 
--15915600a22? + 38632886544)? 
—180(6480 — 5760a2 + 255463a4 + 136800a2A 
--5439976a4A + 465120a2? + 11877880a22?)4? 
4-162000a2(72 + 143a + 218024 + 5444a2A?y* 


—29160000a47°. (9.5.8) 
Proof. Submitting (9.5.4), (9.6.6) into f4, it is easy to show that f4 = A(A,1) = 0 
if and only if Fı = 0. Thus Lemma 9.5.2 holds. E 


Denote that 


ni —(f? — a?) 

x(—1440 + 943a? + 900a? — 4320A + 31780a2A + 75700a22?) 

—60(3o? + 8?) (—72 — 43a$ + 150a2A + 37607”) y 

-4a2 (—1440 + 943a2 — 6750? — 2258? 

— 4320A + 31780a2A + 75700a2A?)4? 

240a2(— 72 — 43a? + 150a2A + 376a2A?)4? — 3600a2»y*, 
nz — —(8? — o?) 

x (—1440 + 943a? + 9006? — 4320A + 31780224 + 75700224?) 
60(o? + 387) (—72 — 43a} + 150024 + 376a2A?)^ 
4a2(—1440 + 943a2 — 2250? — 675? 

—4320A + 31780a2A + 75700a2A?)4? 
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+240a3(—72 — 43a7 + 150a2A + 376a2A?)4? — 3600077", 

fia —15(o? — 8*3(—72 — 4322 + 150a2A + 37624?) 

--a2(—1440 + 943a2 + 4500? + 4506? — 4320A 

+31780a7 + 75700a2A?)^ + 900a1^?. (9.5.9) 


Substituting (9.5.3) into (9.4.13) and using the method of partial integration, we 
have 


T T 
Lemma 9.5.3. When 0 € (-5, z) 
O OGO- OOOO OOOO O quy 
1800ap(a? 248 F A? + 4o? t ap F a a OA 
4a 
2a4(1 + 27) + [az (1 + 27)? + A8?]tan0 
AB 
A4o?tan?0 + (2 + a4 — 2asy tan 0)? 
Aff?tan?0 + (2 + a4 + 2a4^y tan 0)? 


G1(0) = a4ßnı arctan 


-Fa4om» arctan 


+2a gna log (9.5.11) 


Lemma 9.5.4. 


—a4n(afz + Bfs) 


2 7 o o 
CO") = ae + 208 4- P? aT 


(9.5.12) 


where 


fr =1440 — 943a% + 9008? + 43207 
+2580a77 + 900a2^? + 4320\ — 31780a2A 
—9000a24A — 75700a2A? — 225600277, 
fa —1440 — 943a2 + 9000? — 43207 
—2580a2^ + 900a24? + 4320A — 31780a2A 
--9000a24A — 75700222? + 22560a24?. (9.5.13) 


Proof. Because the integrand of the right hand of (9.4.13) is a periodic function of 
period m, Lemma 9.5.3 implies that 


sen-:e(5) -« C9) 


~ 1800a(o? — 2a8 + B? + 4a272)(a2 + 2o8 + B? + 4a242) 
s 2ma4(m1 + ang) 

— 1800a8(o? — 2a8 + 8? + 4a27?) (o? + 208 + 8? + 4027?) 
(9.5.9) and (9.5.14) give the conclusion of this Lemma. o 
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Remark 9.5.2. When afz -- Bfa 40, the function G(0) has jump discontinuous 
points at 0 — ad tkr, k=0,1,2,---. When af7+ Bfa — 0, for 0 € (—o0,oc), G(0) 


is a continuous periodic function of period m. 


Lemma 9.5.5. Suppose that system (9.4.1) has no real singular point on the 
equator. Then G(27) = 0 if and only if fzfa € 0 and Fy = 0, where 


F> =777600a7(48600 — 99630a2 — 4001235a4 + 142751540a$ 
+194400A — 1590300a2A — 78937845a4A + 2920922183a$A 
—3877200a2X? — 170418660a4\? + 6319248215a$\7)74 
—216(104976000 + 1138989600a2 — 83650309200a4 
—949863385800af + 68019121524943a$ + 419904000A 

--24686856000a2A — 1705595216400a4A — 19423812453480afA 

+1391129313186520a§\ + 5185814400022? 

—3691578067200a2A? — 42021926420400a$\7 

4-3009500477048005a5A?)4? + 1133740800 + 685843200043 

—3027453103440a4 — 30040565308416a$ 

+2789782868404321a + 15116544000A + 170222083200a7\ 

—61921065003840a4A — 614438279223480a$A 

--57056708189236408a5A — 133959025108800a2A? 

+30233088000\? + 37662589440044)” 

—1329260609063880a$A? + 123433679684533387a2A?. (9.5.15) 


Proof. Lemma 9.5.2 follows that if system (9.4.1) has no real singular point on the 
equator, then, Fı = 0. We see from (9.5.12) that G(27) = 0 if and only if f7fs < 0 
and a? f? — 6? f2 = 0. From (9.6.6) and (9.5.13), by using Fı = 0 and A(A,1) = 0, 


we have i 
2 r2 2 p2 
x fr — B fa 30375a243 7 


It follows the Lemma 9.5.5. Li 


(9.5.16) 


Proof of Lemma 9.4.1. Lemma 9.5.2 and Lemma 9.5.5 follow that if system 
(9.4.1) has no real singular point on the equator Tæ and G(27) = 0, then Fy = Fh = 
A(A, 1) — 0, aay # 0. Thus, using Mathematica program, we obtain 

Res(Res(Fi, F2, y), A(A, 1), A) = a$$ H H1 = 0, (9.5.17) 
where H; is given by (9.4.15) 


, 


Ho = —28800 — 1389200a7 + 1293760a4 + 5630539a$. (9.5.18) 
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Next we prove that Ho 4 0 by finding contradiction. Suppose that Ho = 0, then 
Mi = Res( Ho, Fi, a4) = 0, M» = Res(Ho, F5, a4) = 0. 


By using Mathematica, we know that Mi, M» are two polynomials with respect to 
^, A. The highest common factor of Res( Mi, A(A, 1), A) and Res( Ms, A(A, 1), A) is 
y. Thus, when Ho = F1 = Fp = A(), 1) = 0, we have y = 0. This contradicts the 
conditions of Lemma 9.5.2. Thus Lemma 9.4.1 holds. 


Lemma 9.5.6. When Fi = Fo = Hı = A(X,1) —0, a4 £0, A is a polynomial 
of degree 14 of az with rational coefficients, i.e., A = Hz, where 


14 
1 
Hy = = È bpa?” (9.5.19) 


and m, bo, bı, ++- , bia are given by §9.7. 


Proof. By using Mathematica, we see that 4/ Res(F1, F5, y) is a polynomial in a4, A. 
Making this polynomial with A(A,1) to do mutual division with respect to A, we 
have a$(F3 — F4A) = 0. Hence, when F1 = Fp = Hi = A(A,1) — 0, a4 Æ 0, we have 


(9.5.20) 
where F5, F4 are two polynomials of a2 with rational coefficients. The highest com- 
y 4 


mon factor of F4 and H; is 1. By the polynomials theory, there exist two polynomials 
Fs, Fs in a$ with rational coefficients, such that 


Fy Fs + MH, Fe = 1. (9.5.21) 
(9.5.20) and (9.5.21) imply that 
F3F5 
KC (9.5.22) 


when Fy = Fh = Hi = A(X,1) = 0, a4 # 0. Using Hı = 0 to eliminate the terms 
of a4 with power exponents larger than 28 in the expansion of F3F5. We obtain the 
conclusion of the Lemma 9.5.6. O 


Remark 9.5.3. Using Mathematica, we obtain 
A(H2,1) = Hı F7, (9.5.23) 
where Fz is a polynomial of aj. Thus, Hı = 0 follows that A(H2,1) = 0. 


Lemma 9.5.7. Suppose that y 4 0, Hı = 0, A = Hə. Then, F, = F> = 0 if 
and only if Fə = 0. 
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Proof. By using Mathematica, it is easy to verify from A(H»,1) = 0 that 
484 Fı + (1800a2g9?? — 91) F2 = H3(a4, A)? + Ha(aa, A), (9.5.24) 
where 


qo = 48600 — 99630a2 — 4001235a4 + 142751540a$ + 194400 
—1590300a2A — 78937845a4A + 2920922183a$A 
—3877200a2X? — 170418660a2? + 6319248215a$)?, 
qı = —17496000 — 42573600a7 + 11777807700a4 
—640423404750af + 11135043548357a — 69984000A 
—1567836000a2A + 240482822400a4\ 
—13097306243370a§\ + 227734631514230a5A 
—3316464000a2? + 52053649920044)? 
—28333646277600a$\" + 4926700929770450)”. (9.5.25) 


In (9.5.24), H3(a4, A) and H4(a4, A) are two polynomials in a4, A with rational coef- 
ficients, for which the highest power exponent of A is 2. And we have 


Ha(a4, H5) = Hı Fs, H4(a4, H2) = Hı F9, 


where Fg, Fo are two polynomials in a2. Thus when Hı = 0, A= Hə, we have 
H; = H4 = 0. Hence, when Hı = 0, A — Hs, (9.5.24) follows that 


48q& Fı + (1800a2go? — qi) F2 = 0. (9.5.26) 


Again using Mathematica, we know that Res(qo, H1,a4) is a polynomial in A, for 
which with A(A,1) are relatively prime. Thus, when Hı = A(A,1) = 0, qo Æ 0. 
Therefore, from (9.5.26), we obtain the conclusion of this Lemma 9.5.7. o 


Remark 9.5.4. Notice that all operations in the above lemmas are rational op- 
erations, by using Mathematica to polynomials of a4, àA, y with rational coefficients. 
So that, they have no any rounding error. 


The Proof of Theorem 9.4.1. Necessary: It follows from Lemma 9.4.1, 
Lemma 9.5.5 and Lemma 9.5.6 that if system (9.4.1) has no real singular point 
on the equator and G(27) = 0, then Hı = Fy = 0, A = Hə. We can find that 
Hy |q2=¢ has exact four positive zeros a2 = Çk, k = 1,2,3,4, where 


61 = 0.65989022---, C2 = 0.37330788 - -- , 


3 = 0.03359415---, C4 = 0.01780119--- (9.5.27) 
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and ¢; = (a$)?. Thus, in order to make Hı = 0 and \ = Ma, it has to satisfy the 
following 4 conditions: 

Cite, = T US 

C2: a4 = Q, A s, 

Casa] =Q, À= A, 

Cai emp À = in (9.5.28) 


From (9.5.26), when H4 = 0, à = Hə and 


2 qı 
= =" . 2 
7 = 1800algy 2) 
we have F; = 0. For 4? given by (9.5.29), we obtain the following computational 
results: 

—0.08092370-..., ifal—ü,AÀ-Js, 
, J 0.01951104---, if a2 =G, A= A2, 

T —3 022561073..., if a2 =¢3, À—X, (95:30) 
190.45459957 ---, if a2 = %4, AX=A1. 


By (9.5.30), if one of the conditions C2, C3, C4 is satisfied and 4? is defined by 
(9.5.29), then F1 = 0,4? > 0. Furthermore, (9.5.5) and (9.5.30) imply that 


—0.94577861..., if aJ=G, À= ì2, 
a^ 8? =} —12.58941028..., if a? =3, A= à, (9.5.31) 
—0.27130003-.., if ał = %4, À= Ài- 


Clearly, a? + 8? is negative. By Lemma 9.5.2 and Remark 9.5.1, we obtain the 
necessary of this theorem. 
Sufficiency: When the condition Cı holds, we see from Fy = 0 , (9.6.6) and 
(9.5.13) that 
y = 0.95518279---, 
o? = 0.02182871---, 67 =0.09886412---, (9.5.32) 
fr = 8243.65696363---, fg = —3873.59848007---. 


Lemma 9.5.2, Lemma 9.5.5 and Lemma 9.5.7 imply the sufficiency of this theorem. 


9.6 The Proofs of Lemma 9.4.2 and Lemma 9.4.3 


When A = A» and a4 is varied in a small neighborhood of +a, Theorem 9.4.1 implies 
that Q4(z, y) is positive definite. Thus, we see from Lemma 9.5.1 and Lemma 9.5.2 
that Q(x, y) has the factorization as (9.5.3), where a, B," satisfy 


a? = fs; a = fe, Fi = 0. (9.6.1) 
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OF 
It implies that a, 3,7 are continuous functions of a2. When a # 0, we can 


d d d dG(2 
calculate baal cs 2T and by using (9.5.14), we can find uud By (9.5.14) 
da4' da4' da4 Q4 
and (9.5.16), we have 
G(2n) = HsFo, (9.6.2) 
where 
eel (9.6.3) 


i ee 
5 27337500a408-73 (a2 + 2a8 + B2 + 40272) (afr — B fa) 


By (9.5.32), when A = Ag and a4 is varied in a small neighborhood of +a3, we 
obtain afz — B fa > 0. 


OF; 
Lemma 9.6.1. When Fi = Hi = A(\,1) = 0, we have = +0. 


OF 
Proof. By using Mathematica, we know that Res (n. e) is a polynomial in 
y 


a4, À. For the resultant of this polynomial and A(A,1) with respect to A, it is 
a polynomial of a4, which is prime with the polynomial Hı. Thus, this lemma 
holds. m 


Proof of Lemma 9.4.2 


Proof. When À = À» and a4 is varied in a small neighborhood of taj, Lemma 9.5.2 
implies that Fı = 0. We see from Lemma 9.6.1 that 


dy OF, OF, 


= —-— j| —. 9.6.4 
day Qa4/] y ( ) 
(9.6.2) and (9.6.4) follow that when A = As, at a4 = aj, we have 

dG(27) dF» OF, OF» OF» OF, OF, 
——— = Ae * = Ae | ——. 9.6.5 
dag 5 daa i ( Oy Oa4 Oy a) Oy ( ) 

Using (9.5.32), (9.6.3) and (9.6.5), we obtain 
dG(2 
E) = 17.00901058---. (9.6.6) 
a4 ag=+a4j, A—A2 

'Then, Lemma 9.4.2 holds. Oo 


Proof of Lemma 9.4.3 


Proof. By using (9.4.14), (9.5.10) and (9.5.32) to compute, we have that Lemma 
9.4.3 holds. o 
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9.7 Appendix 


CQ — gah gs (594561331--121598538402 4-26305992745A? aS, 


Cy =- qd (-1074510--452297684a3 — 21857085A 
--9250222925a2 4 —47246400A? --20011444745a2 A? )a$, 
C9 =- ay gg tiam (2558716387449552--1013924199420034321a2 


--52332524917779600A--20736808593910992256a2 A 


+113214060155936160A? +44860994915155953859a2 A?)a$, 
C3 = vpe 0037; (—2505649578712461828360+1435447422350937850454657a3 
—51245617654399769951760A429357812780720622598192416aj A 


—110862255246939470854440A? 4-63511252100124300505455635a2 A?)a$, 
c4 = —13 

x (—31834460290713919579083281019136199779853763043200000 
+50280260932461639855623872865520590812238414266800000a7 
+6365021324691796815400929707842167502489513617516480000a4 
+57259561083570503256091720196239707527029823176530770400a{, 


—5746283610376483087751237895938940357206343623688256986400a5 


--649846631231070052107661520445798338133894874027033648917807 a1? 


651171308515396915028594335554609014646473804062080000A 

+ 028322466139960504393080463711907756405729048913680000a2 A 

+ 30177523057425237007563600201174967602039292098802208000a4 A 
+ 171074244239424146532781705576096546132899285293528528000a§ A 


—117523160886860981291242154839583128481670374217405899553280 a5 À 


+ 3290682359031702403896437369325210492560868821295597635210000a1? A 
—1408739766249350098044568988501631958183010730094080000A? 
--2224618732623284121083329748456342776528481557535040000a2 A? 
+2816196441272179781759222203742040920259502346491 15680000a4 i 
+2533444581900216017380135702052534033344828405678997364000a$ A 


—254243841462741792188480943393426556725577682816903219855200a" X? 


--28752410275787415274115592423234227686652051162404968443078445a1? A?)a2, 
C5 = E (180--18317a2 —2025\+373439a7 4 —6660A? 4-807620a2 A?)a2, 


— 52 2 
C6 =55221875 (—146408258904+277794403047 a7 —297642955430A 


9.7 


Appendix 


C7 


C8 


C9 


C10 — 


C11 


C12 = 


--5682054029130a2 À—643354561400A? --12292426157715a2 A? aj, 


= tgp gzs (7 20183385331212507--2971382709418174442a2 —412796851484198355A 


--60770804241575838161a2 A—893026165172960340A? --131468576418175907831a2 A? )a$, 
1664 


x (108860103505395151810421890871440964979720 
+174103681879414520761 136159458903752571815a2 

— 10557357616993051187063587884723483133192010a4 
+156861433129261054037861541885554846857378251a$ 
+2311942086469272701580432648879926909975400A 
--3621108841362360016619289562154317939678125a2 À 
—215846749820364988164980114966120038295542310a4 A 
+3208158102172947586570870728190270495607385813a{ A 
--5027394357647431888386160966577548423111200A? 
+7851739732470236473683967444019078955305700a; A^ 
—466930391365533503019328911089191159220412440a4 A? 


+6940378973092320074653506846195325346427210480a$ oy; 


Tos 2679--67652a2 —53790344-1389194a2 A —117060A? +3007532a5A7 Jai, 


XTODUNUAUE (1522172755804-25959189233645a2 +310611 1900860A--530914901675948a2 À 


+6717064481280A? -1148554667524115a2 A? a5, 
9126 gp25 (7 55324412125423200--27911714110836463963a7 
—1131514912456026120\+570851179670703914920a2 A 


—2447869640821698600A? +1234951436665000410505a4 A* Jai, 


1664 


x(—15583426332122373999281701317970676482828104000 

— 23891 149373767040074636852963343188844405944500a2 
+1398494859372864280452777486185639782423058722200a4 
—20793724322697563749127889076387518827736461552550a$ 
—9707002224940525802338273507828750607471648608651812a$ 
+1429035705368691279125794047999381 103393371923503049563a1? 
—308838558171646666927676025307026981981932112000A 


—481657725556160268425252765418742742402603296500a2 À 
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+28610443258382367246628444191252339953749095009000a4 » 
—425271 149947718077830876419109038170441002139083300a9 À 
—198527896338605010832955718278602835685067281710568300a7 A 
+29226680152648068103911007398642534109910980164052081012a4° A 
—665120046911974977664090336426461197656217280000A? 
—103990905661218933661532569362418937952581 1690000a2 AP 
+618969708147227278722132878922475 16133181626834000a4 A? 
—920009919003345718714045444351200198668529238142550a9 X? 
—429485513310802642360546161 171960366525002618072581080a" X? 
+63227566203473001110005154354345428715380731301618997941 al? A? Jaa, 
C13 = 3355907STUSETT-ISUU0USSÜESUUGTISTZUGUGUSUSTSU X 
(—4040205092075217603862475032779911919096132362403840 
—6313720500235766190675753060783427329906110269870080a2 
+375651463192764333261425365487437865341361202842787840a4 
—5583567470484805513994084581188403174298092037520826368a9 
+46937662961 12163253393898683177878958618737696194359680a7 


—279263824441095674891306422385346838792741503249616883320a1? 


+4150892602142403983926935824603530249787675757718894268751a4" 
—82632819838886726884258829868258612352273189240012800A 

—128 30109212039115957602442092652287080925644033945600a2 A 
+7682832680274963868683889895540070630201612896542924800a4 À 
—114 95286313436287529831721901137693721362327782148632576a5 AÀ 


--95997046040395840702680712182933461502967213072165324800a2 A 


—571151 1926905246144144229474804367855377698640154882394240a]1? À 


--84894177226224001992666441721005962217714575442125870700816a1? A 
—178764503729383404203403601980269512002134207034163200 A? 
—279354249526317031945953522931124592655758960850944000a2 X 
+16620662751872805587639269962363364226394854431066030080a4 A? 


—247044481054784797022208066454576065774106626431621836800a$ X? 


+207675300550152899924828413787343853013720775912715420800a¢ X? 


- 12356004739316987035148856963617616057492861928103728203880a]1? Ad 


9.7 


bo 


by 


b2 


b3 


ba 


bs 


be 


bg 
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+18365589874890219875842642577682092687513513855938237 103092544" A?)a3, 
=41768861099732811507005593611646374236805368532722796304266557197195552700000000 
40269749660833784102730754868241173225875313540958021030644938927835937920050666 
60140089967669946316611433155969040351460015344542405511035570117375152062710, 
—133044732241688250129897645400021066090787419135379646332915211181851004248541 
33074443255206144160082848298871381787422856569544217176386954421990273292015801 
94110039187275928082176088793039126831249241415685346698100477058442570825000000, 
—1934234333754748946841567262351339056161062881680376463975517652845723302 
37593455612044682944712048056992395396957872838664842053837667629212299915007276 
5450055602803114392713055900512548736710402698508094834731289270886348800000000 , 
= —1304086348652361001504528329700875532056818601220393247517143398575230655319 
66015172812800179804978560701304020511967849367060216459026837192352946746385599 
72851827031031632566019361322811477543817721009100136779391416121070540800000000, 
—103572979665013063817681177641403590462440193902902884676511988412878390186393 
27908024921638778609056804200520176323188746642895922493614282349832731909920992 
12062565245562426201672460230309648002075930824242396963357840881994478840000000, 
= —3460089866550368464115993377149611861085983900612920426835200721074487360806731 
35640227253191954709488674460537317215542982703744822887815376493192915183887486 
81693099420924226663330813424207204782943964064431644448241366153766864679000000, 
—40268480405535264666026335762209781098632654229856321754438831540885455299110807 
84536121208490652906224184294417903710712261498631604275499765696065112488974511 
13576747645034682498705532813119661391531685620417255350204783974586683544725000, 
=78039454039961170914384772040880996940137141355112920288216945991979382573568304 
96396716256962035053198167397759898221743273266600626539983493606941561946111039 
47424392967563838044014685779506651507583047675051175402270906818823761126621875, 
— —300182457140231178604251863371151864149881728448383375632262387574260513198215899 
20016392408324507364145794241993059100657117059767940037273233977641093481750995 
47202927563542202059490306652133862900553259677827175137705363782242284278652500, 
— —869565851019757275424312259473714626201935566018902874848586658678384836299613261 
18584564266834474549631419735132815626720746305252067760582202899623888879219632 


10388043070402781239360014924074377800878165544067697215604197082137278595275000, 
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bo ——3512158959445917096699580299922914721777924645159423648585456748610439038468724173 
31876868416434077877520832728387553549296093296068600637174930021814620752528369 
9760268964065707016059698892649273598719535138119499434467174672913633103496500, 
bio =1136734450218184171868703323402624899193778935067822782343810554037144092784693946 
9694936062270258789013022233978282296183597310914589599475309120050094795980126 


3978360199546544363857996470132228766300966062769477324868138447442219392301110, 


bit =1758537836625989707675920419880598705835165713131162670862091838470166751372796326 
495456353861581178421560718111590200465284815825448565542694778325 2095775914348 
36976364035424660761708522472839528481644522771064844337498003568656527343117700, 
bi2 =1090207524559549387874861711346072433102837433983516445965949895646153252938941281 
87679233530160151431933195777501859766129895098057209186046743779570574334805468 
12913648850418781253711176096485628875358010200191617158012607460091024125124080, 
bi3 =322651898840812916854837680011336850966749180188399810590009633200100408087458236 
41291757383448775615551522083856805273297884172070469517508008409636013814501143 
4182126360928623007670493543325841879976810480383697 1289380534968847770021460476, 
bia =37581541338721502665448857904407239421659394133860592481017760576209065297804531 
14149594176635059879272781147765426412700898207260332189646547073028908102374075 


37509832177899639544708691594205316929398289424810073677303066024011374998517151 


Bibliographical Notes 


The center-focus problem at the origin of system (Ef) was solved by [Sibirskii, 
1965], furthermore, shortened expressions of the first five Liapunov constants of 
the origin had been given by [Liu Y.R., 1987] and [Liu Y.R. etc, 1989]. If system 
(E£?) have two elementary focuses, the first result of there exist at least 12 small- 
amplitude limit cycles was proved by [Yu P. etc 2004; Yu P. etc 2005a; Yu P. etc 
2005b]. In [Liu Y.R. etc, 2005], for a class of system (EZ?) with five free parameters 
and two elementary focuses, shortened expressions of the first six Liapunov constants 
were obtained, center-focus problem was solved, a new proof of there existing 12 limit 
circles for (EZ?) system was given. 

In [Li J.B. etc, 2010] and [Liu Y.R. etc, 2011b], the authors considered the most 
general case that system (E is a six-parameter system which has two elementary 
focuses (or centers). For this system, shortened expressions of the first six Liapunov 
constants of two elementary focuses are obtained, center-focus problem was solved 
completely. The conclusion that there exist at most 12 small-amplitude limit cycles 
with the scheme 6 (J6 was proved. Because the system having two elementary weak 
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focuses of order 6 keep to have a free parameter, in [Li J.B. etc, 2010] and [Liu Y.R. 
etc, 2011c], the authors obtained a larger limit cycle by the bifurcation from the 
equator. Therefore, the existence of 13 limit cycles with the scheme 1 D (6| 6) had 
been proved. 

By considering Poincar'e bifurcations from some period annuluses, i.e., investi- 
gating the numbers of some Abelian integrals, [Li C.Z. etc, 2009a] also obtained the 
existence of existence of 13 limit cycles for a symmetric cubic system with different 
disposition. 


Chapter 10 


Center-Focus Problem and Bifurcations of 
Limit Cycles for Three-Multiple Nilpotent 
Singular Points 


Suppose that the origin of a real planar analytic system is an isolate singular point 
and at this point, the eigenvalues of the coefficient matrix of the linearized system 
are all zeros, but the coefficients of the linear terms are not all zero. In this case, the 
origin is called a nilpotent singular point, for which the study on the center-focus 
problem and bifurcations of limit cycles is more difficult. Recent years, the authors 
of this book made some new contributions on this study direction. In this chapter, 
we introduce their new results. 


10.1 Criteria of Center-Focus for a Nilpotent Singular Point 


Let the origin be a isolate singular point and it is nilpotent. Then, by making a 
proper linear transformation, a planar autonomous analytic system can be reduced 
to the following form: 


dx = " 
qo 7909) -ut J ayey, 
k+j=2 
d = 
= =0(z,y)= Y^ busty, (10.1.1) 
k+j=2 


where ®(x, y), V(z, y) are analytic in a neighborhood of the origin. Clearly, a nilpo- 
tent singular point is a multiple point. By the discussion in Section 1.2, we have 


Proposition 10.1.1. Suppose that y = f(x) is the unique solution of f(a) + 
P(x, f(x)) = 0 in a neighborhood of the origin of system (10.1.1), where f(0) = 0. 
If we have 

V(x,f(x)) = ax" -Fo(z"), «40, (10.1.2) 


then the multiplicity of the origin is m. 
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The result in Section 1.2 tell us that a m-multiple singular point can be decom- 
posed exactly into m complex elementary singular point. 
On the basis of the discussion in [Amelikin etc, 1982] we have 


Proposition 10.1.2. The origin of system (10.1.1) is a focus (or an enter) if 
and only if 


T(x, f(£) = az?! + o(x™71), afd, 
= + A = Br”! +.0(2"—"), 

Ox Oy |, ps) 
f? +4na < 0, (10.1.3) 


where n is a positive integer. 


In order to solve the center and focus problem, in [Amelikin etc, 1982], the 
authors made the transformation 


c= (—a) =? 21, y= (—a) ==, + f(x) (10.1.4) 
and introduces the Lyapunov polar coordinates 
zx1-—rCsÜ, y=—r"Snv, (10.1.5) 


such that the concepts of focal values and the successor function of the origin for 
system (10.1.1) were defined. 

The normal forms of system (10.1.1) are discussed in some paper. Form Theorem 
19.10 in [Amelikin etc, 1982], we have 


Theorem 10.1.1. /f condition (10.1.3) is satisfied, then there exist the following 
formal series 


oo 
E d 
ucc J akj Y, 


k+j=2 
oo 
v=y+ xy, 
k+j=2 
dt = T 
gode » day. (10.1.6) 
T k+j=1 


such that by the above transformation, system (10.1.1) is reduced to the following 


Liénard equations 


d 
d =v+ F(u), Z = aut, (10.1.7) 
= 


where i 
F(u) = bu" +o(u”). (10.1.8) 
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According to [Alvarez etc, 2006], we have 


Theorem 10.1.2. If condition (10.1.3) holds, then there exist the power series 
having the form (10.1.6) with non-zero convergence radius, such that by the above 
transformation, system (10.1.1) is reduced to the following Liénard equations 

du dv 


qd ces aunt E v 2. PU Bn-1 = f. (10.1.9) 


In addition, for all k, Box play the role of Lyapunov constants of the origin of 
(10.1.1). 


To find the coefficients aj, bhjs cj; of transformation (10.1.6) and By in (10.1.9), 
it is very tedious and hard work. 
Especially, if system (10.1.1) is symmetric with the origin, which can be written 


as 


dx 


dt =y+ 2 Xni 9). dt = 2 Yale y), (10.1.10) 


where Xək+1(x, y), Y2k+ı(x£, y) are homogenous polynomial of degree 2k + 1 in a, y. 
Amelikin et al in Chapter 18 of [Amelikin etc, 1982] gave the following conclusion. 


Theorem 10.1.3. For system (10.1.10), if the conditions in (10.1.3) are satis- 
fied, then there exists a positive definite formal power series F(x,y) in a neighborhood 
of the origin, such that 
-= = X he (10.1.11) 
(10.1.10) k= [284] 


Remark 10.1.1. Generally, for (10.1.1), when the conditions in (10.1.3) hold, 
there always exists a positive definite Lyapunov functions in a neighborhood of the 
origin. However, the Lyapunov functions may be not a formal power series of x,y. 


Example 10.1.1. For system 


Z =y + uz? + Àz’, E = —23? + 2uzy + Qryc*, (10.1.12) 
we have the Lyapunov function 
F = (x^ + y?) exp (2uarctan $), (10.1.13) 
such that dP , 
— = 4A( cia exp (2 arctan 5). (10.1.14) 


Clearly, F is not a formal power series of x,y. 
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10.2 Successor Functions and Focus Value of Three-Multiple 
Nilpotent Singular Point 


In this section, we assume that m = 3 in (10.1.2). Then, Proposition 10.1.2 follows 
that 


Proposition 10.2.1. The origin of system (10.1.1) is a three-multiple focus(or 
center), if and only if 


boo = 0, (2a20 — b11)? + 8b39 < 0. (10.2.1) 
Without loss of generality, under condition (10.2.1), we can assume that 
a20 =H, 039 — 0, bıı — 2n, b39 = —2. (10.2.2) 
Otherwise, by letting 
2a20 + b11 = 4p, — (2a2o — b11)? + 8b39 = —16X? (10.2.3) 
and making the transformation 
£—Azx, n= y+ T (230 — b11) A? 2", (10.2.4) 


it gives rise to the mentioned case. When (10.2.2) holds, system (10.1.1) becomes 
the following: 


d > ae 
^ = y+ pa? + 2 ange’ y) = X (m, y), 
k+2j=3 
dy 3 V kj 
Fu 2uxy —2z* + y» biz y) = Y (m, y). (10.2.5) 
k-4-2j—4 


By using the generalized polar coordinate transformation 
rz —rcos0, y-—r?sin6, (10.2.6) 
system (10.2.5) is changed as follows: 


dto r(1-4- sin? 0) 


r oo 
mot Roy 
TEDA e(8)r 


dð  cos0Y (r cos0, r° sin 0) — 2r sin 0X (r cos 0, r° sin 0) 
dt -— r?(1 + sin? 6) 


r oo 
————— 1 Q)r* 10.2.7 
1 + sin? 0 Z Qk( )r ? ( ) 
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where 


Ri(0) = cos 0[sin 0(1 — 2 cos? 0) + u(cos? 0 + 2 sin? 6)], 
3 


Qo(0) = —2(cos* 0 + sin? 0) < MS (10.2.8) 
'Thus, we have 
rX Hp 
Lx = m r+o(r). (10.2.9) 
S Qn (0)r* 
k=0 
Let " 
r = F(0, h) = S eR, (10.2.10) 
k=1 


be a solution of (10.2.9) satisfying the initial condition r|ọ=o = h where h is small 


and 
° Ri(0) 


o Qo(0) 


Submitting (10.2.10), (10.2.11) into (10.2.9), v&(0) can be solved successively. 
Especially, we have 


v,(0) = exp dð, vj(0 —0, k-2,3,. (10.2.11) 


1 
iA (8) = — — — —— 74d (10.2.12) 
(cost 0 + sin? 0)* exp (žr arctan =) 


It follows that 


ni(kr)=1, k=0, £1, 42,---. (10.2.13) 


Proposition 10.2.2. Under the transformation r —^ —r, 0 — m — 0, equation 
(10.2.9) is invariant. 


Proposition 10.2.3. When |0| < 47, |h| « 1, we have 


F(m — 0, h) = f(0, —7(n, h)) (10.2.14) 


Proof. By Proposition 10.2.2, r = —r(sx — 0, h) is a solution of (10.2.9) satisfying 
rla2o = —r(m,h). On the other hand, r = r(0, —r(v,h)) is a solution of (10.2.9) 
satisfying the same initial condition. Thus, by the uniqueness of solution, (10.2.14) 
holds. O 


Moreover, (10.2.9) is invariant under the transformation r — —r,0 — 0 — 2n. It 
implies that 
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Proposition 10.2.4. When |0| < 4r, |h| <1, 


7(0 — Qn, h) = F(0,#(—27, h)), (10.2.15) 


(0 + 2x, h) = F(0, P (2m, h)). (10.2.16) 


dé 
Because for all sufficiently small r, we have — < 0. Hence, we can define the 


successor functions of system (10.2.9) in a small neighborhood of the origin as follows: 
A(h) = f(-2m,h) - h = Y  w(-22)h*. (10.2.17) 


Proposition 10.2.3 and Proposition 10.2.4 follow the following result. 


Theorem 10.2.1. For any positive integer m, vos, 41(—27) has the form 


Tri 


Vomsi(—2m) = M ^ &P va (—2m), (10.2.18) 
k=1 


where elk) is a polynomial of v;(m), v;(27), v;(—27) (j = 2,3,--- , 2m) with rational 
coefficients. 


Definition 10.2.1. Let fk, gi be continuous and boundary functions with respect 


to u and aij, bij, k = 1,2,---. Suppose that for an integer m, there exists a group 
( (m) gom) tee B of continuous and boundary functions in u, aij, bij such that 
fim = gm + (ef? f Ale eU? p, peter 2 does] . (10.2.19) 


Then, we say that fm and gm are equivalent, written by fm ~ gm. If for any integer 
m, we have fm ~ Gm, we say that the sequences of functions {fm} and {gm} are 
equivalent, written by {fm} ~ {gm}. 


Remark 10.2.1. It is easy to see from Definition 10.2.1 that the following con- 
clusions hold: 

(1) The equivalent relationship of the sequences of functions is self-reciprocal, 
symmetric and transmissible. 


(2) If for some integer m, fm ~ Gm, then, when fı = f = --- = fm-1ı 0, we 
have fm = gm. 
(3) The relationship fı gi implies that fı = gi. 


By Theorem 10.2.1, we have 


Proposition 10.2.5. For any positive integer m, vag 41(—2m) ~ 0. 
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Remark 10.2.2. We know from Theorem 10.2.1 that when k > 1 for the first 
non-zero vy(—27), k is an even integer. This fact is different from the center-focus 
problem for the elementary singular points. 


Definition 10.2.2. For system (10.2.5): 
(1) For any positive integer m, Vam(—27) is called the m-order focal value of the 


origin; 
(2) If vo(—27) £0, the origin is called 1-order weak focus; if there is an integer 
m > 1, such that va(—2r) = v4(—277) = +++ = Vam—2(—27) = 0, but vom(—27) F 0, 


then, the origin is called m-order weak focus; 
(3) If for all positive integer we have vo, (—2m) = 0, then, the origin is called a 
center. 


Theorem 10.2.1 follows that 


Theorem 10.2.2. If the origin of system (10.2.5) is a m-order weak focus, it is 
stable when V2m(—27) < 0 and unstable when vom(—27) > 0. If the origin of system 
(10.2.5) is a nilpotent center, then in a neighborhood of the origin of (10.2.5), all 
solutions are periodic solutions. 


10.3 Bifurcation of Limit Cycles Created from Three-Multiple 
Nilpotent Singular Point 


In this section, we consider the perturbed system of system (10.2.5) 


da: 2 i kj 
qe ORT Xn y) = Oa ty + um + 2. akj£ Y, 
k+2j=3 
d a : 
= = 28y + Y (x,y) = 28y + 2ury — 22+ M buja"y). — (10.3.1) 


k+2j=4 


Clearly, when 0 < |ó| < 1, in a neighborhood of the origin, there exist one elementary 
node at the origin and two complex singular points of system (10.2.5) at (a1, y1) and 
(£2, y2) where 


—ó +i6? 
pt) tols), 41.2 = (uti)? 


When 6 — 0, those three singular points coincide to become a three-multiple singular 
point O(0, 0). 
By generalized polar coordinate transformation (10.2.6), the linearized system 


+ 0(67). (10.3.2) 


212 = ( 


dx dy 
P um Ox, ur 26y (10.3.3) 
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becomes T Ro(6) a 
T Tito 
oe hy NE s 10.3.4 
de Tyee’ dt ee 
where 
Ro(0) = (1 + sin? 0)6. (10.3.5) 
Nonlinear system (10.3.1) is transformed into 
XO Re (O)r* 
d = 0 
es E — Fol) + O(r), (10.3.6) 
dð ,  Qo(0) 
3 Qu (0)r 
k=0 
by the same transformation (10.2.6). 
Let m" 
r = P(0,h, 8) = vo(0,0) + V 5 w(0,6)h*, (10.3.7) 
k=1 


be a solution of system (10.3.6) satisfying the initial condition r|gzo = h, where h is 
sufficiently small and 


19(0,6) 20, ™(0,6)=1, (0,6) =0, k=2,3,---. (10.3.8) 
Denote that 


vo(0,0) = Ao(O)d + o(8), 
vy (0,8) = vk(0,0) + Ap(A)5 + 0(5), kK=1,2,---. (10.3.9) 


We have from (10.2.13), (10.3.7) and (10.3.9) that the successive function in a neigh- 
borhood of the origin of system (10.3.1) is as follows: 


A(h, 5) =#(—27, h, 6) — h 
= [Ao( —2x)8 + 0(6)] + [A1 (—27)6 + o(8)] h 


+ 3 [v (—27,0) + Ay(—27)6 + o(6)] h*. (10.3.10) 
k= 


N 


Proposition 10.3.1. In (10.3.9), 


A(0) = —v: (0,0) [ (1 + sin? 0)d0 (103.11) 
j 2 o 11(8,0)(cos4 0 + sin? 6)’ _ 


where 1 
y, (0,0) = —-AAA A. (10.3.12) 


1 sin ð 
46 + 2 0 i s t 
(cos 0 + sin“ 0)* exp zH arctan 5 
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From (10.3.11), we have 


p pet (1 + sin? 0)q0 
Ag(-27) = 5 —— >. 10.3.13 
oan) 2 f V4 (0,0) (cost 0 + sin? 0) ( ) 


Proof. Submitting (10.3.7), (10.3.9) into (10.3.6), we have 


ans) = zd [(1 + sin? 6) + cos R1 (0) Ag(6)] . (10.3.14) 


(10.3.8) and (10.3.14) follow the results of (10.3.11) and (10.3.12). o 


We see from (10.3.7) and (10.3.9) that 7(0, h, 6) = 11(0,0)h + o(h) if 6 = o(h), 
when 0<h « 1, |0| < 47. Thus we have 


Theorem 10.3.1. If the origin of system (10.3.1)52o is a center, then there is 
no periodic solution in a neighborhood of the origin of (10.3.1) when 0 < |ó| <1. 


Theorem 10.3.2. Suppose that the origin of system (10.3.1)52o is a m-order 
weak focus. Then, we have 

(1) When 6v2m(—27,0) > 0, there is no periodic solution in a neighborhood of 
the origin. 

(2) When 6v2m(—27,0) < 0, there exists a unique limit cycle which encloses the 
elementary node O(0,0) with initial value 


rle-o = E "aaah, (10.3.15) 


Proof. Under the condition of this theorem, we have from (10.3.10) that 
A(h, 0) = ves (—21,0)h?"* + o(h?"), A(0,8) = Ao(—27)5 + o(8). (10.3.16) 
By using the implicit function theorem to solve 
A(h,6)=0, ó|n-o = 0, (10.3.17) 


we have uniquely the following result: 


o Vom (—27,0) 2m 2m 
ô= TRE er + o(h?™). (10.3.18) 
Thus, we obtain 
[4o27] oa 


This means that Theorem 10.3.2 holds. O 


10.3 Bifurcation of Limit Cycles Created from Three-Multiple Nilpotent: - - 317 


Remark 10.3.1. Under the condition of Theorem 10.3.2, when 6 is varied 
from zero to nonzero, the origin (three-multiple nilpotent singular point) of system 
(10.3.1)s=0 is split to become one elementary node at the origin and two complex 
singular points. A limit cycle enclosing the elementary node O(0,0) is created. This 
an interesting bifurcation behavior which is different from usual Hopf bifurcation. 


Example 10.3.1. Considering the system 


dx ; 
g T27 tY t+ rax(s* + yy. 


Ua 


gc 2ôy — 22? + 2ay(a* + y?)*, (10.3.20) 


where k is a positive integer. When 6 = a = 0 system (10.3.20) is a Hamiltonian 
system with the Hamiltonian 


H(a,y) = z* +y’. (10.3.21) 
We see from 
H 
cd = AH (6 + aH") (10.3.22) 
dt |(10.3.20) 
that there exists a unique limit cycle aH* = —6 enclosing elementary node O(0,0) 


of system (10.3.20) when da < 0. 


In order to consider multiple bifurcations of the origin, we next discuss the per- 
turbed system as follows: 
dx 


dt —óx + y + Le, 6) x? + p? ie 6)z^ y? = X (x, Y, €, ô), 
j= 


d = bd 
ES —26y-F2u(e,0)my — 22? + M^ b;(e,ó)s"y) =Y (s,y,e,0), (10.3.23) 
k+2j=4 


where X (x, y,£,0), Y (, y, 6,6) are power series of x, y, €, ô with real coefficients and 
non-zero convergence radius. 

Under generalized polar coordinates (10.2.5), write the solution of (10.3.23) sa- 
tisfying the initial condition r|ọ=ọ = h as follows: 


r = f(0, h, €, 8) = vo(0, £, 8) + XC (0,6, 5)h*, (10.3.24) 
k=l 


where |h| is sufficiently small and 


vo(0,¢,0) 20, 14(0,5,9)— 1, (0,¢,6)=0, k= 2,3,---. (10.3.25) 
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Denote that 
vi (0,€,0) = Ve (0, £, 0) + dgn (0, 6,0), (10.3.26) 
where gí(0,2,0) are analytic for sufficient small £, when |0| < 47. It is easy to 
prove that 
Proposition 10.3.2. v9(0,£,0) =0, go(0,0,0) = Ao(0), vı (—27, ,0) = 1. 
(10.3.27) 
We now suppose that ô = d(€) be a power series of € with real coefficients and 


non-zero convergence radius, 6(0) = 0. Then successor function of (10.3.23)s=s(e) in 
a small neighborhood of the origin is given by 


A(h, €) =7(—27, h,e,d(e)) — h 


— vo(—2m,6,0(&)) + [n (—27, £, 0(€)) — 1]h + S vy (—27, €, 6(€))h*. (10.3.28) 
k=2 


We see from (10.3.26), 10.3.27 and (10.3.28) that 


A(h,€)=6(€) Y gx(—2m,€, (e) 
k=0 
+ So vp (-2n, e, 0)h*. (10.3.29) 
k=2 
Definition 10.3.1. Suppose that for |e)| « 1, h = h(e) is a continuous func- 
tion of real variable ©, which takes its value in the complex field. If h(0) = 0 and 
A(h(e),¢) = 0, then h = h(e) is called a zero of A(h, £). 


Similar to Proposition 10.2.3, we obtain 


Proposition 10.3.3. For 7(0,h,¢,0) defined by (10.3.24), when |0| < 4r, |h| < 
1, we have 
-P(n —0,h,€,5) = (0, —i(m, h, £, ô), e, ô). (10.3.30) 
It follows that 


Proposition 10.3.4. For a sufficiently small €, if h = h(e) is a real zero of the 
successor function A(h,¢), then so is h = —r(m,h(&), e, ó(&)). 


Proposition 10.3.4 tell us that there exists a pair of the real zeros of A(h, €). 


Definition 10.3.2. Suppose that k is a positive integer and k > 2. If there exist 
k—1 power series £2(£), €(€), +-+- , €x 1(£) and vy(&) in & with non-zero convergence 
radius, such that 

k-1 
vk(—2m,6,0) = vx (e) + V ^ &(e)vs(—2n, €, 0), (10.3.31) 


s=2 
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then, we say that vz,(—27,¢,0) and vy(£) are analytic equivalence, denoted by 
vi (—2m, €,0) ~ ix (e). (10.3.32) 


Furthermore, if for any positive integer k > 2, v4(—25,6,0) = v»(&) and vg(—2r, £, 0) 
~ Vy(£), then we say that the two sequences of functions (vi (—25,6,0)) and (vy(e)] 
are analytic equivalent, written by 


tox (—27,6,0)) = (x (6)]- (10.3.33) 
By Theorem 10.2.1, we have 


Proposition 10.3.5. For any positive integer k, 
Vo~41(€,0) c 0. (10.3.34) 


Because for any k, vy(—2m,h,&,0(£)) is power series of e. By Theorem 10.2.1, 
when 0 < |e| < 1, if A(h,£) is not always equal to zero, the following conditions 
hold. 


Condition 10.3.1. There exist a natural number N and a positive integer m, 
such that 


Ao(—2T)6(&) = AoE HN + ofe tN), 
va(—2r, £, 0) = Apeh *N 4 o(e tN), 


vak(—27,6,0) = Age&*N +o(e tN), k=2,3,-,m, (10.3.35) 


where Ig,l1,-++ ,lm—1 are positive integers, Ao, À1,::* , Am are independent of e. In 
addition, 

ln =O, Am0, 

Vom+2k(—27,€,0) = O(e%), &=1,2,---. (10.3.36) 


Remark 10.3.2. (1) In (10.3.35) and (10.3.36), if there is a s € (2,3,--- , m— 
1}, such that v2,(—27,¢,0) =0, then we take A, = 0, ls = +00. If N — 0, we take 
e" z 

(2) If Condition 10.3.1 holds, the origin of system (10.3.23)5-.—o is a m-order 
weak focus when N = 0 and a center when N > 0. 


Proposition 10.3.4 and the proof of Weierstrass preparation theorem imply the 
following conclusion. 


Theorem 10.3.3. Suppose that Condition 10.3.1 holds. Then, we have 
(1) There exist positive number ho, €o, such that function A(h,&) has exactly 2m 
complex zeros (in the multiplicity) at the region {|h| < ho, |e| < £o}. 
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(2) When 0 < |e| & 1, in a small neighborhood of the origin, system (10.3.23)5—5(e) 
has at most m limit cycles enclosing the elementary node O(0, 0). 

(3) When 0 < |e| «& 1, in a small neighborhood of the origin, system (10.3.23)5—0 
has at most m — 1 limit cycles. 


Definition 10.3.3. Suppose that Condition 10.3.1 holds. The function 
L(h,&) = Aue t qe Age the decode Ape ht esee A Legum (10.3.37) 
is called a quasi successor function of (10.3.23)5—5(<) in a neighborhood of the origin. 


Similar to Theorem 3.3.2, we have 


Theorem 10.3.4. Suppose that 

(1) Condition 10.3.1 holds and 0 < € «& 1. 

(2) There exist exact s zeros having positive first term in all 2m zeros of L(h, &). 

(3) These s positive first terms are different each other. 
Then, 

(1) A(h,&) has exact s positive zeros. 

(2) System (10.3.23)5-5(., has exactly s limit cycles in a neighborhood of the 
origin. 

For the case 0 < —e « 1, replacing € by —e in the quasi successor function, we 


obtain the corresponding result. 
Similar to the proof of Theorem 3.3.3, we have 


Theorem 10.3.5. Suppose that 
(1) Condition 10.3.1 holds and 0 < € «& 1. 
(2) There exists a positive integer d, such that 


l; =(m—k)d, k-0, 1, , m. (10.3.38) 
(3) G(n) = 5 Apn?! has exact m simple positive zeros m, la, >°, Mm- 
k=0 
Then 
(1) A(h,e) has exact m positive zeros h = nke? + o(e2), k=1, 2, =, m. 


(2) System (10.3.23)s=s(e) has exactly m limit cycles in a sufficiently small neigh- 
borhood of the origin. 


The same as Theorem 3.3.4, we have 


Theorem 10.3.6. Suppose that Condition 10.3.1 holds. In addition, 
Ak—-1åk <0, k=1, 2, +++, m, 


lp_1 — lk > lk — lk41, km 2. naia m — 1. (10.3.39) 
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Then, when0<e <1, A(h,£) has exact m positive zeros h = hy(e) given by 


+o 3 ), k=1, 2, +++,m. (10.3.40) 


Correspondingly, system (10.3.23)5—5(2) has exactly m limit cycles in a sufficiently 
small neighborhood of the origin. 


Theorem 10.3.7. If d(¢) = Ave + O(€), Ao # 0 and the origin is a center of 
system (10.3.23)5—.—o, then there is no limit cycle of system (10.3.23)5—5(<) in a 
sufficiently small neighborhood of the origin when 0 < |e| <1. 


Proof. Under Condition of Theorem 10.3.8, the quasi successor function of system 
(10.3.23)5—5(c) is L(h, €) = Aoe. Theorem 10.3.4 follows the conclusion of this theo- 
rem. Li 


Finally, we consider system 


dx = - 
moet yt vO, ba? + XO anj(y,d)a*y’ = X (x,y, y, ô), 
k+2j=3 
d = ; 
Z = By + u(y, jezy- 229. YO bs (y Sey = Y (zy, ð), (10.3.41) 
k--2j—4 
where y = (*1,99,::: ,^yn] is a vector in the n-dimension parameters space. X 


(x,y, y,0), Y (x,y, y, ô) are analytic with respect to z, y, ,"y in the region {|x| << 
1, [yl «€ L fo] € L [Y= vol < 1}. 
Similar to Theorem 3.1.4, we have 


Theorem 10.3.8. Suppose that 
(1) The origin of system (10.3.41)y=y,, 5o is a m-order weak focus, n > m —1. 
(2) There exist 31,j2,:** ,jm—1 € 1,2, ,n}, such that 


D(vo, V4,°°° , V2m—2) 


eee ee +0, (10.3.42) 
Dip mE Yma) Y= 


where vay is the k-th focus value of system (10.3.41)s=0. 

Then, by choosing proper parameters in the region {0 < |ly—Yo|| < 1, 0 < Jó| «& 
1}, system (10.3.41) has exactly m limit cycles in a sufficiently small neighborhood 
of the origin. 
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10.4 The Classification of Three-Multiple Nilpotent Singular 
Points and Inverse Integral Factor 


On the basis of Theorem 10.1.1 and Theorem 10.1.2, we know that 


Theorem 10.4.1. For system (10.2.5), one can derive successively the terms of 
the following series with non-zero convergence radius: 


oo 
u(x, y) =x + 5 deg ty, 


a+B=2 
v(z,y)-y- Y, bagy’, ba --u 
«18-2 
C(z,y)=1+ M chenty® (10.4.1) 
a+B=1 
such that by the transformation 
u=u(e,y), v=v(x,y), dt =C(a,y)dr, (10.4.2) 


system (10.2.5) is reduced to the following Liénard equations 


a =v + 2yu? + 5 Apu + b» But + 5 Cpu?™tt = U (u,v), 
T k=1 k=1 k=1 
d 


In addition, the origin of system (10.2.5) is a center if and only if for all k, Cy, = 0. 


Definition 10.4.1. Write that Bo = 2. 

(1) If u # 0, the origin of system (10.2.5) is called a three-multiple nilpotent 
singular point of 0-class. 

(2) If u = 0 and there exists a positive integer s, such that Bg = By =--- = 
B,_-, — 0, but B, £0, the origin of system (10.2.5) is called a three-multiple nilpo- 
tent singular point of s-class. 

(3) If u = 0 and for all positive integers s, Bs = 0, the origin of system (10.2.5) 
is called a three-multiple nilpotent singular point of oo-class. 


If the origin of system (10.2.5) is a center, system (10.4.3) has the form 


du 2 o Ak 3 Ak+2 
g TUT 2u +) Agu +) Bru ; 
k=1 k=1 
dv 2.3 
— = —2(1 + u^)u*. (10.4.4) 


dr 
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The vector field defined by system (10.4.4) is symmetry with respect to v axis. By 
the transformation 
w=u, v=v, dr=—-— (10.4.5) 


system (10.4.4) can reduce to 


dw = 
_ 2k 2k+1 
a —v — 2uw — 3 Agw" — 2 Brw ; 


dv 2 

Obviously, in the wOv phase plane, the origin of system (10.4.6) is an elementary 
singular point (focus or center). For any positive integer k, let v5, , , (27) be the k-th 
focal value of the origin of system (10.4.6),,=0, it is easy to see that 


Gian }~ [2 EE Ba (10.17) 


If u Æ 0, the origin of system (10.4.6) is a rough focus. In this case, Theorem 
2.1 in [Qin Y.X., 1985] follows that by using an analytic transformation 


E= w + h.o.t., mn-wv-dpw-4 h.o.t., (10.4.8) 


system (10.4.6),,40 can be reduced to a linear system 


d£ dn 
y; cun, n eee (10.4.9) 


When u = 0, Theorem 4.1 in [Amelikin etc, 1982] tell us that for system 
(10.4.6), —o, one can construct successively the terms of a formal series of w, v 


&£ —w-Fhot, n=vth.ot., (10.4.10) 


such that system (10.4.6),29 becomes a normal form as follows: 


d I 
s == 3: = TE em, 
dao 1S 2, 2k 
m7 5 (tHE + VEN) (E Ta), (10.4.11) 
k=1 
where 
va Q7) } ~ Um. (10.4.12) 


and when all yk = 0, €,7 are power series of w, v with non-zero convergent radius, 
Tk is the k-th period constant of the origin of system (10.4.11). 
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When u = 0, (10.4.7) and (10.4.12) imply that 


x) [22 mcm n) ~ E Vi. i (20) \. (10.4.13) 


We see from (10.4.1), (10.4.5), (10.4.8) and (10.4.10) that when x = r cos 0, y = 
r? sin0 , 
u=xz+o(r), v-y-gz^-o(r?), w-z?-o(r?^, 
£z2sg?*--o(r^), g=y+o(r’). (10.4.14) 
It is easy to prove that 


Theorem 10.4.2. If the origin of system (10.2.5) is 0-class, then, system (10.4.9) 
has an analytic inverse integral factor 


E +n c y t olr?) (10.4.15) 


and a first integral 
(€? +n?) exp (—warctan 2). (10.4.16) 


If the origin of system (10.2.5) is s-class, then, the origin of system (10.4.11) is 
a s order weak focus and (10.4.11) has a formal inverse integral factor 


Degree (: 1253 d = HH (10.4.17) 
kai 45 

and a first integral 
fü 


m. 10.4.1 
1+ sys f(H) arctan 2 Ue 


In addition, if the origin of system (10.2.5) is co-class, the origin of system 
(10.4.11) is a center, and (10.4.11) has a formal inverse integral factor 


Ix " 
Dy =1+ go HH (10.4.19) 


and a first integral H, where 


H-g.g- z^ -- y? - o(r^), 


1 


oo s+1 
H=H (: +5 d = zt +y? + o(r^), 
Ys 
k=1 


f(H)= (^f uoi att) = H* + o(H*). (10.4.20) 
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Remark 10.4.1. By Theorem 10.4.2, if the origin of system (10.2.5) is co-class, 
then, when the origin is a center, for any natural number s, system (10.4.11) has an 
analytic inverse integral factor (EÈ? + n?) tiD. 


In order to obtain the inverse integral factor of system (10.4.4) when the origin 
is a center, we need to use the following result which can be proved by the chain 
rule for the differentiation. Write that 


— OE) Aw, v) dr 


= ale 10.4.21 
O(w,v) O(u,v) dr’ (10 ) 
eo ee if s=0, 
M(u,v) 2 4 Hg, if 0 « s « oo, (10.4.22) 
(E +n?) (Dog t), if s oo, 


g, M are formal series of u,v, and g = 1 + h.o.t.. Moreover, when x = rcos0, y = 


r? sin 0, 
M(u, v) = uf + (v + uu2)? + o(r*) = z + y? + o(r*). (10.4.23) 
By Theorem 10.4.2 and Proposition 1.1.4, we have 


Theorem 10.4.3. If the origin of system (10.4.4) is 0-class, then, in a neigh- 
borhood of the origin, system (10.4.4) has an analytic inverse integral factor M and 
a first integral (10.4.16). 

If the origin of system (10.4.4) is s-class, in a neighborhood of the origin, system 
(10.4.4) has a formal inverse integral factor Mt and a first integral (10.4.18). 

If the origin of system (10.4.4) is oo-class, in a neighborhood of the origin, system 
(10.4.4) has an analytic inverse integral factor D..g~ tand a first integral €? + 7?. 
In addition, for any natural number s, Mt! is also an inverse integral factor of 
system (10.4.4). 


We see from Proposition 1.1.4, if the origin of (10.2.5) is a center, then for systems 
(10.2.5) and (10.4.4), we have 
O(u, v) dt 


— = 1-4 h.o.t. 10.4.24 
O(a, y) dr TNR (10 ) 


Theorem 10.4.3 implies the following result. 


Theorem 10.4.4. Denote that 


M =z +y?  o(r*) 2 zt +y? + 5 chek yl. (10.4.25) 
k+2j=5 
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If the origin of system (10.2.5) is 0-class, then, when the origin of system (10.2.5) 
is a center, in a neighborhood of the origin, system (10.2.5) has an analytic inverse 
integral factor M and a first integral (10.4.16). 

If the origin of system (10.2.5) is s-class, then, when the origin of system (10.2.5) 
is a center, in a neighborhood of the origin, system (10.2.5) has an analytic inverse 
integral factor M**" and a first integral (10.4.18). 

If the origin of system (10.2.5) is oo-class, then, when the origin of system 
(10.2.5) is a center, in a neighborhood of the origin, system (10.2.5) has an ana- 
lytic inverse integral factor 


Mæ = 1 + h.o.t. (10.4.26) 
and an analytic first integral €? +7. 


Theorem 10.4.5. If the origin of system (10.2.5) is oo-class and it is a center, 
then, for any natural number s, system (10.2.5) has the inverse integral factor M+, 
where M = z^ +y? -- o(r^) is a power series of x,y with non-zero convergent radius. 


Proof. Under the conditions of Theorem 10.4.5, Theorem 10.4.4 follows that system 
(10.2.5) has the inverse integral factor Ms; = 1 + h.o.t. and a first integral £? +n? = 
z^ + y? + o(r^). Hence, for any natural number s, M,.(€? + 7?)**1 is the inverse 
integral factor of system (10.2.5). Hence Theorem 10.4.5 holds. Li 


Theorem 10.4.6. If system (10.2.5) has a inverse integral factor M{*', where 
Mi(z,y) = x* + y? + o(r*) is a power series of x,y, s € N, then (10.2.5) must be 
s-class or co-class. 


Proof. Suppose that system (10.2.5) is k-class which is different from natural num- 
ber s, by Theorem 10.4.4, system (10.2.5) has inverse integral factor MES where 
Mo(x,y) = x* + y? + o(r^) is a power series of z, y. Then system (10.2.5) has a 
first integral F(x,y) = Ms$*1M; 6*0. Therefore, we have that the origin of system 
(10.2.5) is a center and (10.2.5) is oo-class. it is contradict with condition. Li 


10.5 Quasi-Lyapunov Constants For the Three-Multiple Nilpo- 
tent Singular Point 


By Definition 10.4.1, the origin of system (10.2.5) is 0-class when p Æ 0. 
Proposition 10.5.1. If the origin of system (10.2.5) is s-class, then, 
sp = 0. (10.5.1) 


Theorem 10.5.1. If the origin of system (10.2.5) is s-class or oo-class, one can 
construct successively the terms of the formal power series M (v, y) = zt +y? +0(r*), 
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such that 
o X '2 Y 
Ox \ Mst1 T Ms 
1 oo 
E 3 (2m - 4s — 1)Am [17+ + o(r?H4)] , (10.5.2) 
m-—1 
1:6. 


ax oY aM. ƏM 
a a een (Fix + My) 


= o Am |(2m — 4s — 1)a?"** + o(r?™t4)]. (10.5.3) 

m=1 

Proof. If the origin of system (10.2.5) is s-class or oc-class, Theorem 10.4.3 follows 

that system (10.4.4) has inverse integral factor M+! in a neighborhood of the a 
where M given by (10.4.23) is a power series of u,v. Thus, for system (10.4.3), w 


have 
o U o V 7 ð 1 oo -— 
Ou (x) + Ov (a) ET Id 2, Ome 
1 
~ M > Gu [((2m — 4s — 3)(1 ++ Vu 2m--4 
m=1 
+2y(2m — 2s — 1)u?™**y + (2m + Tu? y? + o(p?m4]. (10.5.4) 
1:6. 
DAR aM, OM 
yr ME — D[—— 
(5. 5.) c+ (4 u+ y) 
= 2. Cm (2m — 4s — 3)(1 + wee 
m=1 
42u(2m — 25 — 1)u2" 2 + (2m + 1)w2"v? + o(r2+4)], T 
Write that 
‘= : 7 2m+1 
M* = api 2 Ome v, (10.5.6) 
then, 


ou avVN 8M*,.. 8M" 
(+ Z) m -6+9 (S204 7 v) 


E 2u(2ms --2m - s—1 
- d » [X (1 + u?) udmt4 m u( AT ) 2m+2,, 


—(2m + 1)u2"v? + ofr au], (10.5.7) 
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Let 
M=M+M* = ut + (v + pu?) + olr’). (10.5.8) 
By (10.5.5), (10.5.7) and (10.5.8), we have 
8U , 0VN .- OM, 0M 
- 316m - 4s - 11 + ufum 
m=1 
-SEEE D) pama, + gm. (10.5.9) 
By (10.5.1) and (10.5.9), we have 
8U , 0VN -~ OM, OM 
=Y On [2m — 4s — 1)(1 + p2)u2mt4 + apr] l (10.5.10) 
m=1 
It implies that 
La aca Ge 
Ou M7 Ov M31 
1 = Tri Tr 
"a 2- em — 4s — 1)(1 + 12)C,, [utt + o(r?9*)]. — (10.5.11) 
Denote that m 
i =N dlu v)| F 4,2 4 
M(xz,y) = M l LLL =x +y" or^), (10.5.12) 
where u = u(x,y),v = v(x, y), = w(z,y) are given by (10.4.1). (10.5.11) and 
Proposition 1.1.3 follow that 
af xj ay 
dx (M) 8y (M 
_ Ou,v) | 8. U 53 o V 
— A(a,y) (Ou V M1 Ov V Mst1 
ae (2m — 4s — 1)(1 + 12)C,, [u?** + o(r?*4)]. (10.5.13) 


From (10.4.1), (10.5.12) and (10.5.13), we obtain (10.5.2). Since Am = (1 + u2)C,, 
o 


it follows the conclusion of Theorem 10.5.1. 
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Theorem 10.5.2. For system (10.2.5), if there exists a natural number s and a 
formal series M(x,y) = y? + x4 + o(r*), such that (10.5.2) holds, then 


[vom (—21)] ~ {omAm}- (10.5.14) 
where 
Nod 1 + sin? 0) cos?”+4 gd 
Om = J eee (10.5.15) 
0 4 . 2 2m-+7 2m —1 : sin 0 
(cos 0 + sin* 0) exp arctan 
2 cos? 0 


The proof of Theorem 10.5.2 is given in next section Section 10.6. 


Definition 10.5.1. If there exist a natural number s and a formal series M(x,y) 
= y’+a4+0(r*), such that (10.5.2) holds, then, Am is called the m-th quasi-Lyapunov 
constant of the origin of system (10.2.5), m = 1,2,---. 


We see from Theorem 10.5.1 and Theorem 10.5.2 that 


Theorem 10.5.3. If the origin of system (10.2.5) is s-class, then, the origin of 


system (10.2.5) is a center if and only if there is an inverse integral factor M**1, 


where M = z^ + y? + o(r^) is a power series of x,y. 


Theorem 10.5.4. If the origin of system (10.2.5) is oo-class, then, the origin 
of system (10.2.5) is a center if and only if there exist a natural number s and an 
inverse integral factor M**!, where M = x^ + y? + o(r^) is a power series of x,y. 


10.6 Proof of Theorem 10.5.2 


Let Q(h, h^) be a region (see Fig.10.6.1) enclosed by the following four oriented curves 
I3, Po, Ts, I4 given by 


Ty: r-r(0,h), 0: 0 —2m, 

Toi g-—0, c: h — N, 

T3: r—f(0,h), 0: 2n —^ 0, 

T4: y=0, z: k oh, (10.6.1) 


where 0 <h’-h<h<1and 


h = f(—2m, h), hi = F(—2r, h’). (10.6.2) 
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y 


Fig.10.6.1 The region Q(h, h’) 


Let M(x, y) = x* + y? + o(r*) be a formal series of x,y, s be a natural number. 
Define that. 


o Y 
e TE dy. 10.6. 
ee E -SI E ESSE Oy (x) dzdy (10.6.3) 
e h’) 
We have the following conclusion. 
Lemma 10.6.1. 


2 oo 
Ion Y (2m — 4s — 1) V_m(—2)gm(h)h?™, (10.6.4) 
m=1 


where for all m, gm(h) is a formal series of h, and gm(0) = 1. 


Proof. Notice that the integrand function of (10.6.1) has no singularity in the region 
Q(h, h^). By using known Green formulas, we obtain 


4 
. 1 Xdy —Ydx 


In the orbits Tı and L3, we have 


Xdy — Y dx Xdy — Y dx 
——a—— = 0, = = 0. 10.6.6 
n Ms pn Mst ( ) 


Let 
Y(z,0) _ —2g9(2) 
Ms+1(a,0) m gastl , (10.6.7) 


where g(x) is a formal series of z, and g(0) — 1. We see from (10.6.5) and (10.6.6) 


10.6 Proof of Theorem 10.5.2 


that 


172 0, Wh 


1 K g(x) ^ g(x) 
hih h-—h | q4sT1 af gAstl 


=2 lim 
1 | ("om , f* 
Nh h'’ —h " x4s+1 h q4sT1 


—2 lim 


(10.6.2) and (10.6.8) follow that 


h 
pao tt g(x) 
dh h stl 
 2g(h)dh  2g(h) 
—ojaenidh o hi8 
. 2g(h) 
v h4s+1 


dx 


=F +I, 


where 


(10.6.10) implies that 


where G;(h) is a formal series of h, and G;,(0) = 1, k = 1,2. 
By (10.6.9) and (10.6.11), we know that 


2 


I= Era DS [kGa(h) — (48 + 1)G1(A)]ve(—27)hë. 
k=2 
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(10.6.8) 


(10.6.9) 


(10.6.10) 


(10.6.11) 


(10.6.12) 
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Thus, (10.6.12) and Theorem 10.2.1 imply that 


2 oo 
Ie h4s*2 5 (2m — 4s — 1)Vom(—27)h?"”" gm (A), (10.6.13) 


m=1 


where gm(h) = 1+ o(1) is a formal series of h. This gives rise to the proof of Lemma 
10.6.1. m 


Theorem 10.6.1. If there exists a formal series of x,y given by M(x,y) = 
z^ + y? + o(r*), such that 


a( X SE 1 Š 
rm (xn) EE y (x) = MS 5 dy Fm, y), (10.6.14) 


m=1 


where Vm, Km #0, then 


da Kan, 
ota - EN. LA 10.6.1 
(vam(—2n)} ~ f= l| (10.6.15) 
where 
Falt, Y) = fm(2?,y) + o(r4™**) (10.6.16) 
is a formal series of x,y, fm(x?,y) is a homogeneous polynomial of degree m+ 2 of 
z?,y, 
Me o 1 + sin? 0) fm (cos? 0, sin 0)d0 
m=z) (1 ++ sin“ 0) fm (cos? 0, sin 0)d (10.6.17) 
2 Jo (cost 0 + sin? 0) ^x^ ex Hue arctan EP 
P 5 ^ cos? 0 
Proof. The Jacobin of the transformation (10.2.6) is as follows: 
o 
Ja OD) A asus. (10.6.18) 
O(r, 0) 


For the double integral defined by (10.6.3), making the transformation (10.2.6), then, 
we see from (10.6.14) that 


"MW. "PO d x af Y 
T= lim Woh Lobo E: (xn) T By (xi) J dr 
9 r8 X o Y Or(0, h) 

= [las Gar) + ay (seem) met D 


By (10.6.14), (10.6.18) and (10.6.19), we have 


Pe dmAmlh), (10.6.20) 
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where 


PETS ne r?(1 + sin? 0) F,, (x, y) Or(60, h) h) dé. 


NM Ms+? ðh 
n (10.6.21), we have set 


z=rcosé, y=r°sinð, r-—f(0,h) =™4(0 MEn 


and we have 


F= v (0h + o(h), 


F(a, y) = fm (cos? 0, sin 0)v ariete pp mta ohn), 


M = (cost 0 + sin? 0)vi (8)h* + o(h^). 
Thus, (10.6.21) and (10.6.23) imply that 


i 3 
Am(h) = Tisizonh Õm(h), 


where jg, (A) are formal series of h, 


-— l (1 + sin? 8) fm (cos? 0, sin 0) y2m—45—1 (6) 48. 
0 


(cost 0 + sin? 0)s*? : 
(10.2.14), (10.5.1) and (10.6.25) follow that 
Cm = 2g. 
By (10.6.20), (10.6.24) and (10.6.26), we have 


2 = 2m ~ 
lcg ECCO AC 


m=1 


We see from (10.6.13) and (10.6.27) that 


oo 


5 (2m — 4s — 1)Vom(—27)h?” gm (h -X adt aan). 


m=1 


It follows (10.6.15). Hence, Theorem 10.6.1 holds. 
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(10.6.21) 


(10.6.22) 


(10.6.23) 


(10.6.24) 


(10.6.25) 


(10.6.26) 


(10.6.27) 


We see from (10.5.15) and (10.6.17) that if f(x,y) = z?"*^, then km = om. 


'Thus, we know that Theorem 10.5.2 is a special case of Theorem 10.6.1. 
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10.7 On the Computation of Quasi-Lyapunov Constants 


In this section, we study the computation method of quasi-Lyapunov constants. For 
the right hand of system (10.2.5), we write that 


X(z,y) =y + Xi(2,y) =y+ akjz"y, 
k=2 k+j=2 
Ying es Wage * byaty, (10.7.1) 
k=2 k+j=2 


where X;,(x,y), Y.(z, y) are homogeneous polynomial of degree k of x, y and 
a20 = H, bao = 0, bii = 2u, b30 = —2. (10.7.2) 
We have 


Theorem 10.7.1. For any positive integer s and a given number sequence 


{cos}, 823, (10.7.3) 


one can construct successively the terms with the coefficients Cag satisfying a £ 0 of 
the formal series 


M(z,y) - y? - M, caga^y? = V Mehz, y), (10.7.4) 
«18-3 m=2 
such that 
Qu. X ðo (/ Y 1 < - 
a; (are) + 35 (n) - i2. e y. — QS 


where for all k, My(x, y) is homogeneous polynomial of degree k of x, y, cap, ws are 
all polynomials with rational coefficients of u and akj, bkj, cog. 


Remark 10.7.1. Because su — 0, we see from (10.7.4) that 


— 2sb 
€30 — 0, C21 = —2 — =0, &2 = mE 
28? U2 

C40 = 1 + (s4- 13 zu 

1 H 2s+1 b 
c31 = — a30 — ——— 411 — — —~ 
31 = yg TEESE 11 3(s-t 1) 21; 
oon = LM sbi2 — cog , (28bo2 — a11)(2bo2 + a11) 
= sl 2(s + 1)? i 
ag ies (2s — 1)bos + (2sbo2 — a11)ao2 + [a11 — (35 + 1)bo2]co3 
T —— —————M—M————————————7À, 

s+1 


m su[(s + 1)? + s?2u?] = 
wg = 8 a (10.7.6) 
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Thus, when x = rcos0,y = r? sin, M(x,y) = 2* + y? + o(r*). 


Remark 10.7.2. By Theorem 10.5.3, we can determine a natural number s 
and constant sequence {cog}, such that {wor41} = (0). Therefore, Theorem 10.5.3 
implies that if s and {cog} are solutions of the equations {wək+1} = {0}, then 


W2m+4 
{Am} ~ Iz D (10.7.7) 
Equation (10.7.5) is equivalent to 
ax oY OM. OM > 
i EN e es ue gti 10.7. 
(mw (+1) (x+ Oy ) ae x (10.7.8) 


Clearly, equation (10.7.8) is linear with respect to the unknown function M, so that, 
we can find the following recursive formulas for the computations of cag and wm. 
Namely, we have 

Theorem 10.7.2. For a > 1l,a+ > 3 in (10.7.4) and (10.7.5), cag can be 
uniquely determined by the recursive formulas 


1 


LN Oe CERTUM 10.7.9 
Cas = CS Da | 1841 + 1,641) ( ) 


when m 2 5, Wm can be uniquely determined by the recursive formulas 


Wm = Amo + Bm,o, (10.7.10) 
where 
a+6-1 
Aag = »» [k — (s - 1)(o — k -- 1)] akjĉa-k+1,6-5, 
k+j=2 
a+8—1 
Bop = $, [j -(8+1)(8-j+1)] bxjca- kai (10.7.11) 
k+j=2 


Notice that in (10.7.11), we set 


Coo = Cio = 0 = co1 = 0, 
C20 = C11 = 0, co2 = 1 (10.7.12) 


and when a « 0 or B « 0 , cag = 0. 
Proof. We have 


OX OY OM OM 


= 0M,, 
= -6 + AU + 9, (x, y) + Va (zx, »| (10.7.13) 


m=3 
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where 
OMn a-—1, B+1 
Be P= 2.2 ocu y 
a+B=m 
=Cim—1y™ + 2c2,m-2zy" | +++ + memoz™ ty (10.7.14) 
and 
m-—1 
OX, OMm-+i—n 
On = Mm —n - +1 ———— Xn , 
2. | ns iam EFU a | 
m-—1 
OY, OMm341-n 
Un= Mii -ty (10.7.15) 
4 l Oy Oy 
are homogenous polynomials of degree m of x,y. (10.7.15) implies that 
m-—1 
m= >, >) [k- (s 1)o]as;cagz ty t, 
n=2 k+j=n 
a+B=m+n—-1 
m-—1 ] 
y,— $3 p -(-108 bjcsoso y^. (10.7.16) 
n=2 k+j=n 
a+B=m+n—-1 
Thus, 
m= M Aqu), Um= M. Bagr"y), (10.7.17) 
a+B=m a 8—m 


where A45, Bag are given by (10.7.11). Hence, (10.7.13), (10.7.14) and (10.7.17) 
follow that 


OX OY OM OM 


=X | XL -(s+1)aca gryt + M7 (Ass Bag) a?y? |. (10.7.18) 
m-—3 | oa--8—m a--8—m 


By using (10.7.8) and (10.7.18), we obtain the conclusion of Theorem 10.7.2. o 


10.8 Bifurcations of Limit Cycles Created from a Three-Multiple 
Nilpotent Singular Point of a Cubic System 


In this section, we discuss the following cubic system 


dx 

qp guy (a4 + ar) y + asy 
dy 3 2 2 2 3 

a —2r* + aix y -- y^ + aaxy^ + asy". (10.8.1) 


2 2 
F aozy^ + asy, 


10.8 
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By Theorem 10.7.1 and Theorem 10.7.2, we can determine a positive integer s anda 
formal series M(x, y) = x*+y?+0(r*), such that (10.7.5) holds. Using the recursive 
formulas and computer algebra method, for example, Mathematica, we have 


Theorem 10.8.1. For system (10.8.1), the first 8 quasi-Lyapunov constants of 
the origin are as follows: 


where 


A2 
A3 
M4 
A5 
AG 
^r 


Às 


fe = 30866913000 + 2089303650a7 — 118849500044 + 29397690a2 


fr 


fs 


1 


Ai = 34 
2 
ry 5 (a2 + 3a), 
4 
~ 51 47(3a3 — 5a6), 
4 
2d ggg 2007(735 — 105a4 + 71a;), 
8 
^ 351575 601176400 + 183755 + 5460a7 + 12250a; — 3247), 
32 : 
GO 
7449316875 9 ^46 
32 r 
an Aaaa na Ae Oe 
895908296236078125 9 ^" 
32 


SM cae fa. 
31270967072166673965472734375 


—15232875aza7 — 110996a2, 


= —44389456322515920000 — 2155807164550977000a7 


+1647138037233150000ag + 11437991172477450a2 
+910916029415875a2 + 22121192499656250a§ 
—798220526556a%, 


= 942337931244168289745 1542400000 


+1514298765681319947369112800000a7 
--82859324997946429848009339000a2 
+1864567030459291902188584650a? 
4-14562086011231729200961815a1 
—2666191085683953547508a3. 


(10.8.2) 


(10.8.3) 


Lemma 10.8.1. If the origin of system (10.8.1) is a center, then, agay = 0. 
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Proof. By theorem 10.8.1, it only need to prove that equations fg = f; = fs = 0 
have no real solution. In fat, let 


mı = 22(1066395363913341000 + 28799529917404050a7 

+10618172399835000ag + 262642872352770a2 

+136092531222375aza7 — 991653026468a3), 

ma = 3(64680 + 829a7)”, 

m3 = 12997486087387652517672078195922800000 
—365468973428419037174314657615275000a7 


—6636084295245265658315014527681000a2 
—193072016330746017200389316240550a3 
—158395474078481780708311488885a2 
—442002223918290634023459292a2, 

m4 = —829(604792809107550 — 26154872314410a7 
+10468656247875a% + 76281002036a?). (10.8.4) 


Then 


mı fe + mof7 = 687241 R1, 


ma fe + m4Rı s 
TALL — = —29799150274903772537775000005 — R2, (10.8.5 
56703582655256691000 ag — Rə, ( ) 


where R4, R2 are polynomial of a; as follows: 


Ry = 243072129127249422000000 

+39631081641240889800000a7 

+2255796909810283455000a? + 55422352230619563000a3 

+524676790165767750a7 + 492626020125225a2 

+1128890456908a89, 

Rə = —5598205484096735678668500000 
—103015830580161330796965000a7 

+13819265426965160101653000a2 

+338887648622295179419950a3 

+278022008486800728465a7 + 775819806495910828a9. (10.8.6) 


(10.8.5) and (10.8.6) imply that 


R, =0, 297991502749037725377150000a2 = — Ro. (10.8.7) 
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if fe = fr — 0. 
Because fg is also a polynomial of a7, which has no common factor with R,. 
Therefore, Lemma 10.8.1 holds. o 


Theorem 10.8.1 and Lemma 10.8.1 follow that 


Theorem 10.8.2. The first 8 quasi-Lyapunov constants of system (10.8.1) all 
are zeros if and only if one of the following conditions holds: 


aı =0, az= —3a3, a= 0; (10.8.8) 
Q1 — 0, ag = 0, a3 = 0, ao = 0. (10.8.9) 


When condition (10.8.8) is satisfied, system (10.8.1) becomes 


dx 

d 2xy — a4z?y + asy? — 3aazy? + asy”, 

d 

= = 223 + y? + agry? + agy”. (10.8.10) 


When (10.8.9) is satisfied, system (10.8.1) becomes 


d. 

^ = y — 2zy + (—a4 + a7)27y + asy’, 

d 

E = 235 4 y! + amy". (10.8.11) 


Obviously, (10.8.10) is a Hamilton system. System (10.8.11) is symmetric with 
respect to the x-axis. Hence, we have 


Theorem 10.8.3. The origin of system (10.8.1) is a center if and only if the 
first 8 quasi- Lyapunov constants are all zero, i.e., one of conditions of Theorem 
10.8.2 holds. 


By Theorem 10.8.1 and Lemma 10.8.1, we have 


Theorem 10.8.4. The origin of system (10.8.1) is a 8-order weak focus if and 
only of 
5 1 
a =0, az=-3as, ag = 306, a= qm 
—2 


= 88200 + 2730a7 + 6125a2 — 16a? 10.8.12 
18375 G n 


(735 + 71a;), 
a5 


and ag,a7 satisfy (10.8.7). 
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Remark 10.8.1. By using computer to do computations, we find that equation 
Rı =0 has exact solutions az = Az and az = Az, where 


Az = —13.506311..., A; —28.122170.... (10.8.13) 
(10.8.7) follows that 
Oglay=Ay = 8.42971..., a$|, 4, = —2.85598.... (10.8.14) 


Thus, the origin of system (10.8.1) is a 8-order weak focus if and only if (10.8.12) 
holds and 


a7 = Az, 297991502749037725377750000az = — Ra. (10.8.15) 
Finally, we consider the perturbed system of system (10.8.1) as follows: 
= 6x + y — 2zy + (—a4 + a7) x?y + asy? + azry? + asy”, 
- = Wy — 2a? + a1a?y + y? + amy? + azy’. (10.8.16) 


Theorem 10.8.5. If the origin of system (10.8.16)s=0 is a 8-order weak focus, 
making a small perturbations to the coefficients of system (10.8.16)s=0, then, in a 
small neighborhood of the origin, there exist at least 8 small amplitude limit cycles 
of system (10.8.16), which enclosing the origin O(0,0) (an elementary node). 


Proof. When one of two conditions in Theorem (10.8.15) holds, we have 


—. D(A1, 2, A3, A4, 45, A6; A7) 
i D(a, Q2, 03, Q4, Q5, 46, a7) 
OAg | OAg 
| ð` OAz 003 004 OAs | Dag ðar 
~ Qa; Oaz Jaz 0a4 Oas | OX; OX 
das Oa; 
B 524288a3a7 Jo 
~ 1458500346352820079235 10207264053225 163895703125 


J 


(10.8.17) 
where 


Jo = —35556835165626695730382523897078827369474800000 
—5744800734016092753769033241386032801141960000a7 
—323075438519129601860973591482667203995191000a2 
—7693402576858950297023303846220072236593800a2 
—64394670570018037637346981474598827583140a7 
4-76862330062195974590661486322086814547a7. (10.8.18) 

Because there is no common factor between Jo and Ry. Thus, when the origin of 


system (10.8.16)so is a 8 order weak focus, we have J #0. Theorem 10.3.8 implies 
that Theorem 10.8.5 holds. O 
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Bibliographical Notes 


There are different topological phase portraits in a neighborhood of a nilpotent 
singular point (see [Zhang Z.F. etc, 1992]). In Section 17-19 of [Amelikin etc, 1982], 
the authors introduced some study results before 1980s. 

In[Amelikin etc, 1982; Takens, 1974; Strozyna etc, 2002; Moussu, 1982; Álvarez 
etc, 2005; Álvarez etc, 2006], by considering the normal forms of (10.1.1), the authors 
studied the computation problem of the focal values. 

The content of this chapter is taken from the recent papers [Liu Y.R. etc, 2009a; 
Liu Y.R. etc, 2009b; Liu Y.R. etc, 2011a; Liu Y.R. etc, 2011d]. 
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